2. ETERIEETE APT

2.4. T EARIREME DA &5 AR A
(= IE S REHALT ({Z 1B T4 ¥ 7E 5 RE )
AN TOT95LAEFNAD AN X
HA: ANXZEEZTETSEREWLVONR)ELETEIN?

EHE2.17 HaltlEEt E A AT BE
(FIEBA)
BEE HathEtE &R EL TFEZEEL.
HaltAZt B AIEDHaltZz 5t H I 5707 SLHNFET 5.
ZDHZRAWT, RDKIGETAYT S LXEES.
prog X(input w: X*): X*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f

end.



Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input X to it.
Output: Whether does it stop 1f X is given to A?

Theorem 2.17: Halt is incomputable.
(Proof)
By contradiction : Assume that Halt 1s computable.
Halt is computable=» There is a program H to compute Halt.
Using the H, we obtain the following program X.
prog X(input w: X*): X*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP

else halt(0) end-1f
end.
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x=|X]&EL, X% Aw) .
OS5 L XI= AT T055 L] [SwEA ALIEE LT B

| - - E5hETOY S LHERERHLTHEL,
(1) W—TITADTLED, or | &5 true HSERIL—FIZAY,

(i) 0ZzH AL TELL. 2 false 0% H AL TEIET S

(i) ZiIRETSE...
- TGS LNIL—TIZASH 6, H(x,, X, )=true
- DEY X(x) [EFLT S REIZFE

(i) ZIRET SE...
- TAY S LM T TS50, H(x, x,)=false
» DEY X(X) [TFELELEL: REIZFE

ELLDEELFEEELS,
L= o Tl HaltlEFH R R BE 1 ELVIIRE FERY.

A7~

E \Z O A —
AEBAH H:oao5.4
Halt: R EE
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Let X,= |_X_‘ and 1nput X, to the program X

(1) enters an infinite loop, or
(11) stops normally with the output 0.

Case (1)
- Since it enters infinite loop, —Halt(x, X, )
-at the if statement in the program X we have H (X, , X, )=false
So, halt(0) is executed (normal termination) : contradiction
Case (11)
-Since it stops, Halt(x,, X,) 1s true.
-at the if statement in the program X we have H (x,, X,)=true
So, 1t enters an infinite loop: contradiction

In either case we have a contradiction.
That 1s, the assumption that “Halt is computable” is wrong.
End of proof

H:program or function, Halt:predicate



TEIH2.18 RDEAR diag [(XETE A A &E
diag(a) =f a(a)# 0, Halt(a, a)DE=
=g, TDDEE

AlEER -
STREAIRELZ (151 HD) ARERDEEEF LT 5.
7003 LOa—FIEZ O tzhin,

“SGEMICIELWWT AT S LOa—RZ/INEWEIZa, 3, ..., 4, ...

EiRBHIEMNTES. (RSEBEDHERIERF)
F.OBE#Bf a,f a,..,fa,. EHRHEIEHNTES.
a,,a,,a,, ..., a4, A By, A3, ..., Ay
fa [l € 00 0
fa,|0 1 1

f ad{E diag(a,) DB

diag(a)=w#0, f_a (a)DEWAREE LTHELEE
€, TDMmDLE

9/13



Theorem 2.18 The following function diag is incomputable.
diag(a) =f _a(a) #0, if Halt(a, a)
= g, otherwise

Proof:
Let F, be a set of all computable functions (with one argument) .

Since a code of a program 1s an element of 2*,

we can enumerate all grammatically correct program codes

a;, &,, ..., a ... 1n the psuedo-lexicographical order.
We can also enumerate all the functionsof F, .f a,,f a,, ..., f_a,,...

a,,a,,a,, ..., a4, A By, A3, ..., Ay

fa, |1 € 00 0
fa,|0 1 1 €
fa, |0 11 0 11

values of f_a; values of diag(a;)

diag(a;) = W#0, if the value w of (f_ &, , &, ) is not undefined | .
g, otherwise

9/13



diaglEEDf a bt EBHS.
HH diag)& f a0k, XIBEORTYRT EGD.

I diag(a,)= f _a.(a)
diag ¢ F,

DFEY, BA#diaglXEtE RIRETAILY.
%0 SRR
(R DEZIL[GTETEHE ]
DEZLYE 2LV
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% F SR ik -
DEOERNEBESICEILGWNLETRT-OHDME,
HAHBBDES CGHEALNTEE, TOESIZEILZL
E# gz IT5AEZ5ZTLVS,

OLTHERL- g ld. AR N DORIZCELS=5H.
BMES GIZIZESELY,
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diag is different from any f_a..

Why: diag() is different from f_a;() at its diagonal position.
diag(a,)= f _a.(a)

(two functions f,() and f,() are different if
g there exists an input x such that f,(x) #,(x).)

diag ¢ F,
That 1s, the function diag 1s not computable.
End of proof

°0

The number of functions is “greater” than
the number of computable functions.

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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AIEHERES: BREEAROESLEORBICINIMIGHAHOIEEND L.

AR ARFLEFIFFEERTHLIEEDIL.

DFY, 1DFDEFRZMYHLTET, thGEZTHRSNDED

Bl EQBHEFEOESELIAIREERTHS.

BAMEARDEENDER i & EOER 2 ZXETHIRIREIHA.

B2. ZBHERDREZIIARTERTHS.

11D HD. =&, 2={0, 1,-1,2,-2, 3, -3, ..} EHETES.
fBl3. EEHLAEDESIINEERETHS. (GEMN?)

EE RPEHEDOKERIIFARTHS.

BARBDI R I EEHD!

EfR 11

‘B (EFEICIERE) HHED
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that 1s, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable.

The “number” of natural numbers and
the “number” of real numbers are
different (“number” =cardinality).



EE RPEHRDOKERIIFARTHS.

OLLLIREDRBERDERSHIFRETHA LT AIRE

0.a;,@,a3...
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A TILEAT 5.
AIETHAERET DL, TRNTHDERZETURDIIENTES:

O a21a22 a23...
O.a31a32 a33...
O.a41a42 a43...

0.8,,8,8,3... 1=f=L, a; ={0,1, ..., 9}
FRHUVTHAELEIC 373%’);& ISEBL, $if=GER/DEK
X =0.b,b,b;..

0.2,,2;,3...
0.8,,85, ,5...
0.8;,a3, a55...
0.84,a4, 3y3...

0.2,,3y, Ay3...

5165, OO,
if a, =1 then b, = 2 else b,=1
ELThZEEDS.

DI NT-FEE/NIBASHNIZ0EIDBIOEMTH S.
LML, EUADLS, EICHZELIEDBEREIHZF LGV HIAKBDORRT

nh9T RBE5).
DFEY, XIXSICBESHZW EIZHY, FETHS.
L7=M>T, SHAAIETHHEVREIZRYAH S.



Theorem: The set R of all real numbers is not enumerable. 12/13

Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:
O.a11a12 a13...

O.allalz a13...
O.a21a22 a23...
O O.a21a22 a23...
.a31a32 a33...
O O.a31a32 a33...
.a41a42 a43...

O.a41a42 a43...

0.8y,8y, 8y3... Wwhere a; {0, 1,...,9} 0880 -~ A
Define a new real number x by collecting those digits in the diagonal
X =0.b,b,b;...
where b, is defined by
if a,=1 then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it 1s different at its diagonal position.
That 1s, X does not belong to S, which 1s a contradiction.

Therefore, our assumption that S is enumerable is wrong.
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512.17 Halt Dt E R AT e DFEBAD R TR =TRY 5 LX
prog X(input w: X*): 2%;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f
end.

f X: 7RIS LXHEET DR
fa(@)=Lo &t &, —Halt(a, a)
s f X(@)=0
“a(a)=L D& X, Halt(a, a)
L X(a)=L
DFY, f X=f allidf ald
ﬁﬁTﬁE&F‘aﬁ%‘&@%AF DHIZFELLELY.

* TS LDEKIFFAIEERIZH . EHOERIFIETEER
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Ex.2.17 Program X used in the proof of incomputability of Halt
prog X(input w: X*): X*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f
end

f X: function computed by the program X
if f _a;(a;) =L then —Halt(a;, a,)

L X@)=0
iff _a(a)=Ll then, Halt(a, a)
sof X(a) =1

That is, there is no function f_a; in the set F, of functions
such that f X=f a..

% The number of programs is enumerable, while the number
of functions is not.
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F4EF FHEDOEHIAM

4.1 ST EOFEH SO EHBEER
[BFtRAIEEN ? IDTEDEEDFHIARNTHERGEN ? |
ATEDEH D E SR (Computational Complexity Theory)
() ETE=D LRI Faﬁ?‘éﬁﬁju
) FTEEDTRICET 5Y
3) STEDEHLE(C OL\’CON%LE’JEﬁn

l_

-

1) STEED LRICET MK
MEOLNTILT 'JXAOD ZEH (7O X LIEE)
HAHMRE X [T LT, TNEBTILTV XL AL BHY,
HAL X nDEALREBEFIZLTEH A QBBFEEN
T(N) LLATHDESE, ZILOUXL ADEBEHEED
LERIE T(n)

(REFOIHIMNFEREGTES)
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Llup o I

4.1. Survey on Theory of Computational Complexity
“Computable?”=»“How much cost is required for computation?
Computational Complexity Theory
(1) Studies on upper bound of computational cost
(2) Studies on lower bound of computational cost
(3) Structural studies on hardness of computation

(1) Studies on upper bound of computational cost
Algorithm Theory: design of efficient algorithms
Suppose we have an algorithm A which solves a problem X
in at most time T(n) for any mput of size n. Then, an upper
bound on the time complexity of the algorithm A 1s T(n).
(asymptotic worst case time complexity)
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Q) FHAEEDTRICETHHMR
BIRE X [T HEALTILTYALHREDIGEIZIE T(n)
R IT g > TLEHEE, B X OFFHEFTEED
TBRIE T(n).
P #= NPFHE
"BBEVATLDES

Q) FFEDHLIITOLWTOREMHR
“XxBEOELI" DL OFHICOVLTHANDIL.
HLSDREEICLIEREE.
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(2)Studies on lower bound of computational cost
If any algorithm for a problem X takes time T(n) in the worst
case, a lower bound on the time complexity of the problem X
1s T(n).
P # NP conjecture
 Robustness of crypto system

(3) Structural studies on hardness of computation
Studies to characterize hardness in the level of “xx-hardness”
hierarchical structure depending on the hardness



4.2 HHEBEOHYKA 3/18
421 BEBTRTSLBE

« £{KI(% while JL—TF
TEEzA.1. (EJriH%Faﬁo)E%)/

« BITIE
A: kKANEEERTOTSL > 12D if X+pc~DEA

X1, Xoy ooy Xis AND A S > EARGBHT1IDHpe~DHRA

ADwhile)L—T1EIY 73 DEITEATD 1 RTYTENS.

AFTIX;, Xy, oy X T L TADMEIL T HETIZE SWhile)L—T D
A EZADX,, X, ... X <X T DETEEFE (BELTAX,, X5, ..., X
n‘l’gﬁﬁiﬁ)tb\j T~T_L f".IJ:U';L\t% ﬁ%ﬁfﬁliﬂﬂﬁi

time_A(X;, Xy, ..., X)) = A(X;, Xy, ..., X, ) 5T BB S
time _ A(l) = max {time _ A(X, X,,... X)) Y | X [<1}

1<i<k
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4.2 Measuring Computation Time

4.2.1 Revisiting Programs iry It consists of one while loop of
the Standard form »one if + substitute to pc
»one basic states + sub. to pc

Definition 4.1 in each line

(Computation time)
A: program with k inputs in the standard form

X{, X5, vy X2 INPULS 10 A
Single execution of while loop in A is “one step” In A.
The number of iterations of the while loop required before
A halts is called the computation time of A for inputs X, X,,
..., X, (in short, computation time of A(X,, X5, ..., X,)).
If A does not halt, its computation time is infinite.

time_A(X,, Xy, ..., X,) = computation time of A(X,, X,, ..., X,)

time _ A(l) = max {time _ A(X, X,,... X)) > | X [<1}

1<i<k



mﬁﬁ,jl:l? 7A 18

pc:=1;
while pc 70 do
case pc of

1: (30): £ () DRF

2: (3); - if EL#R3L  then pe:=k, else pc:=k, end-if
3: (3); - XA pe:=k;
k(XC) DT D,
end-case
end-while;
halt(C* B DEHD ;
end.
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Programs in the standard form /18

prog program

PiYs VP QAL P B ey
var pc. X5 2 Ly 2T
begin
pc:=1;
while pc 70 do
case pc of

1: (statement); Each statement must be either
2: (statement); if comparison then pc:=K, else pc:=k, end-if
3: (statement); or
........... substitution; pc:=Kk;
k: (statement);
end-case

end-while;

halt(variable of type X*);

end.
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'%Stt)\ REHFEF TRITTES=HDHHY

D IERIDEH, v, V: 2RI TS
c: B DFEH, s: >*HRIDTE
(FRAX) (1) u:=c; 2)u:=Uu’;

(3) U :=head(V); (4) U := tail(V):

(5)Vv:=5; (== 77

(7)V :=right(v): (8)V := left(V):

OV =Uu#Vv; (10)v:=v#uU;
(LE832) (1 u=c (12)v=s

V=V DD LLERIFEIEENTIS.
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- Constraints to execute each statement in constant time

u, u’: variable of type X, Vv, V’: variable of type X*
C: constant of type X, S: constant of type 2*
(Substitution)
(1)u:=c; 2)u=u’;

(3) U:=head(v); (4)u = tail(v);
(S)V:=s; (=T 72
(7) v =right(v); (8) Vv :=left(v);
O V:=Uu#V; (10) v:=V#u;

((‘nmnnrmnn’)

\ = Ui

(I1)u=c (12)v=s
 comparison of the form v =V’ 1s forbidden
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422 . 7S LOEMEEE
JO0JSLDEREAEEXF AN A ADORE#ELTRIR
(ADXFEIDOED)

F 40— FiE:
TEDORROY A X EHIEDHEN THEEI—F1E

{514.5: 1 EFRFEE2HERED
(DY A XXZ DI EDILIHTIE
2ERSEIFIZYLEO—FETHBAN,
IEREITIRKGZI—FE
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4.2.2. Time complexity of a program

The time complexity of a program is represented as a function of
Input size (length of an input string)

Valid Encoding:
Encoding into at most constant times larger than the original.

Ex.4.5: Unary and binary representations

Binary representation 1s a valid encoding in the standpoint

f\'p ‘ {“11’7/\ f\'p k29| 1M1/\f\1ﬂ 1ﬁ 4‘{“1 1/\ 1/\/'\1ﬂ 'pL +{“1,, L 11111111111
Ul S1ZC O1 d NUIMOCT 1S 1TS NUMOCT O1 D1LS ' UUL ulldl 'y UlIL

1s redundant.
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- OO >

TEFz43: BAM LD T, g (XL,
3c,d >0, Vn [f(nN)= cg(n) +d]
LB EE, fITA—F —qgTHBELWY, f=0(g) LECT 5.

* EHC, dFInEEBERICEFTHENDE.

EH4.1: BRARLEOEEDREKS, g, h ITHLRDEFRAALIL,
(1) Vn[f(n) = g(n)] = f=0(9)

(2) Ic >0, vn[f(n) = cg(n)] = f=0O(Q)

(3) [f =0(g) 2 g=0(h)] > f=0(h)
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Definition 4.3: For functions f and g on natural numbers, if
3c,d >0, Vn [f(n)= cg(n) +d]
then we say f is in the order of g and denote it by f = O(Q).

Remark: the constants ¢ and d must be determined
independently of n.

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:

L. Vn[f(n) = g(n)] = f=0(g)

2. Fc>0, yn[f(n) = cg(m] > f=0(g)

3. [f =0(g)and g =0O(h)] > f=0(h)
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423. BEDOERETES

EFEL4 O FETEMBEEL, tZEARABMLEOREEET 5.

WEDOZEEHETEITATSLAEES ¢, d>0NFEELT,
VI [time A(l) = ct(l) +d]

i, OIXOWN)FMETERRE, HAWNIODEFMHETE =T

O THHELD.

FE CCTIIETERIBEELT, £60FHMBEXETELTLS.
EfRMICITTRIECE t BFELL T CEtE eI LUV ERK,

GED)ADOBERMETEZE t KYELIELNALY.
GE2) A LY ELOFEETHTO0T S LB HAMELNEL.
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4.2.3. Time complexity of a problem

Def.4.4. Let ® be a computing problem and t be a function over
natural numbers. If we have a program A to compute @ and some
constants ¢ and d > 0 such that

VI [time A(l) = ct(l) +d]
then we say that @ is computable in O(t) time, or time complexity
of @ is O(t).

Notice: We assume here that a computing problem 1s that of
recognizing a set.

Intuitively
problem @ 1s computable within time t
* time complexity of A may be less than t.
- there may be a faster program to compute @ than A does.



4.7 RBHIEBBORETES
FREBHIERBE(PRIME)

BiE:nlXREM?
PRIME ={[n] :nld&E%

prog Natve(inputn); 2 ~ n- 1D TEI>THB
begin
foreach1:=1<1<ndo
if n mod 1 = 0 then reject end-if
end-for;

accept \ log n=log | B ]

end.

time Naive(n) < Zl

(clognlogi+d)

<i<n

AN BAR#n(f=1ZL, 2 ERED) N

(g
20024E (=
0(°)
D7 ILI) X L

k75)“%2?’%&“14,7‘:!!

=Clognlog n+dn = O(n(log n)z)

n DEIF |1 & 5L, | IXIFIXlog nfEhV 5, time Naive=0(122))
I, RYFIEFBEDORREGEZX(ER) O(22)
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Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)
Input: a natural number n (binary representation)|  Stirling’s Formula:

Question: Is n prime? ' (n)”
. : lx=+/2 —
PRIME = {|n]| :nis prime} TRV g

prog Naive(input n);  try to divide by numbers between 2 — n-1

begin
for each i:= 1 <i<ndo O(I°) time algorithm has been
if n mod 1= 0 then reject end-i1f developed in 20021
end-for; '\ .. _
accept log n-log I time
end.

time Naive(n) < Zkkn (clognhlogi+d)
= clog n log n'+dn = O(n(logn)?)

When the length of n is |, | is approximately log n. So, time Naive
=0(I?2". Thus, time complexity of PRIME is O(122).



TE2&4.5.
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BAMEDRERtIZXL, BRIFE=EN O1) LLLHEE
(i.e.. 7o MERE) DERERZE Of) FEFTEEITARAELLY,
ZTDIZRETIME(M)ERT

Ffz, t DRI E R Z il

'R BF ] &P

/b\

F=EZ &, O(22) BRI CRRMAIRE R B =R OT-UF AN
TIME(I22YTHY, £& PRIME [(FZD—EX.
PRIME € TIME(I?2)

®
O

g dESE

4 Tl& PRIME € TIME (1°)
ZIE
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[y

MNAaFf [
L/CTIl.4.J.

~

For a function t over natural numbers, the set of all sets
(1.e. recognition problems) with time complexities O(t) 1s
called O(t)-time complexity class, and it is denoted by TIME(t).
And such a function t 1s called a time limit.
For example, a class of sets recognizable in time O(I22) is
TIME(I22"), and the set PRIME is one element.

PRIME € TIME(I?2"

Exponential




55 KR E

0
gl
J
Jl
N

IJuh

:“dw
Hllﬁ

\

51 KERMLGHMEREEISR
P=U,gmst TIMEQ(D)

g =\U..| TIMEQ®)
EXP= U _JIMEQH)

CHSE: E+ﬁ§77ZC(:JK%>$é.
CRlRE: CEEDRHEREE °

HAERENPIZADTULVELNE S,
HEMIZIEFIZEZLL. ..
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Chapter 5
Representative Complexity Classes

5.1. Representative time complexity classes
P = U p:polynomialTIME(p ()
g =\UL.| TIMEQ®)

exp= U TIME@O)
P:polynomial

Cset: setin the complexity class C.
C problem: problem of recognizing a C set.
° 0

Problems not in ‘P are intractable

from the practical viewpoint...
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B15.1: VS AP, £, EXPTIE, ZIRARMEREDZELIMHERE
TIFARLN.
P: ZIA X ZIENAS>ZIAN
E2MFRMTE x LRI > 20 E
EXP:2MZAAFE X ZIAN > 20 FAARK

f515.2: PRIMED St BB Y5 R ( 225 500248 (= O(19)
f514.7 > PRIME € TIME(2)) 0)7 ,l,:, | ) X LAPEEX
812, PRIME e & n=-0T. STIEP

/

EZ=5.1. T HIERFREDES

\_J < TIME(t): T RISt H 2552
—SCNETIME(TERT .

EHS.1: (1) P= Ue(TIME(I®),  (2) EXP= Ugs( TIME(2")
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EXx.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
P: polynomial X polynomial->polynomial
&: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.5.2: Complexity class of PRIME

Ex.4.7 > PRIME € TIME(2')
Thus, PRIME ¢ &

Vs
O(I°)time algorithm puts
it into P!!

Def.5.1: T: set of time limits

Ut . TT IME(t): T time complexity class
—1t is denoted by TIME(T).

C
Theorem5.1 (1) P=U, JIME(I9),  (2) EXP=U_ TIME(Q2'")

0




EH5.1: (1) P= UesoTIME(I),  (2) EXP >0 TIME(2!Y)
RERA: (2)DEERA L A BE.
Ti: cELSFEDZIERDERS.
T, ZIHKX D EIK
> T, S T,7EMT, TIME(T,) € TIME(T),)
p: FEDZIEERX (PpET,OEENER)
ZIHApDIwRARAREEKET HE, pdl) = 0¥
EIE43&Y),
TIME(p(l)) S TIME(I¥) < TIME(T))
L7=mM>T, TIME(T,) = TIME(T,)
\ EIEEE%
E 14 .3:

I AN TOHIREER t,t, IZ®L.

t,=0(t,) %5 X TIME(t,) S TIME(t,)
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. C

Theorem 5.1: (1) P= Uso TIME(I®), (2) EXP= U C>O”IME(2' )

Proof: The proof of (2) 1s omitted.
T,: set of polynomials of the form of I°.

T,: set of all polynomials

> since T, S T, , TIME(T,) € TIME(T>)
p: arbitrary polynomial (p is any element of T,)

if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,

TIME(p(l)) < TIME(I¥) € TIME(T))

erefore, TIME(T,) = TIME(T,)
ﬁ Q.E.D.

Theorem 4.3:

For any times t,,t,,
t,=0(t,) implies TIME(t,) < TIME(t,)
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f515.3. an =B w32 TCFT (il F RE(PROP-EVAL)
AKN:<F,<a,a,..,a, >
FIELEE S EERER AV - > ©
@, a,,...,a, ) [T FIINTHEEERYHT
B F@a, a, ... ,an)z 1?

X—Y X <y
%Y) |[(XVY) (=) AY—=X)
0,0) |1 1
0,1) |1 0
(1,0) |0 0
(1,1) |1 1
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<a,, a,, ..., a,>>
F 1s an extended prop. expression
(@, ,, ..., a,) is a truth assignment to F
Question: F(a,, a,, ..., a,) =17

X—Y X <y
%Y) [(XVY) (=) AY—=X)
(0,0) |1 1
0,1) |1 0
(1,0) |0 0
(1,1) |1 1
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1515.3. fn rE w3 05T {f fE RE(PROP-EVAL)
AHN:<F, <a,a,..,a,>>
F[i*ff\gﬁﬂﬂhnﬂﬁ B AV == ©
@, a,, ..., )[IFIZTH2EEEZIUHT
BR: F@a,a,, ... ,an)= 1?

theRanREamIE T F ANO—KMESn =320 [F] MoEtERZES.
n‘fﬁ*liOﬂ [FP)EFEI TR TE 5.
FERMNELONTLIDNIE, IRFLTYTRT
F@,a,,...,a ) DIEITBESZIZHERRE. | |

Bl F (X, %, %) = X A ] VI —X] 09\1 O"
F(0,1,0)=1 (A
F(1,1,0=0

£>T PROP-EVAL € P 0
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)

Input:<F,<a;, a,, ..., a,>>

F 1s an extended prop. expression

(@, ,, ..., a, ) is a truth assignment to F
Question: F(a,, a,, ...,a,)=1?

Construct a computation tree from a code |F ] of ext. prop. expression
It is built in time O(| | F | ]3).
If computation tree is available, we can easily obtain the value

F@a,, a,, ..., a,)1n abottom-up fashion.  ;
Q\ computation
Ex.: F(X), Xy 5 X3) = [X) A %] v [X) —=Xs] 0(/5 o tree
F(0,1,0)=1
F(1,1,0)=0

Hence PROP-EVAL € P
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1515.3. anRBamIE = 7T B (S FIRE  2FNFE 2 (2SAT)

AJ1:<F> FIE2f0FE RS an BRI =X

B F@a, a,, ...,a,) = 1ZE=TEYETHAHZH?

MiEH:
F=(@®OVOV.VOANGYV..VOAN...N(.)
-TZIILDFEBHNOMBEETRIEIN-ED

SEtIEA
KFIFE TS (k SAT) D&IL
- MBEEOZSBENNNAKEDO)TIILESD

- 3SAT, 4SAT L RIFRIZEEZETES,
-SAT: HRBANOYTIILDOEIKIZEHIFRAZLNED
- ExSAT: AND LR RERIER (=P «obiF9)
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F 1s 2-conjunctive normal form

Question: Is there any assignment such that F(a,, a,, ... ,a,)=1?

Conjunctive Normal Form (CNF)

F=(OVOV.VOANGOV..VOIA...N(..)
- described by /\ of V' of literals.

exactly/at most

k SAT =

- Each closure contains K literals

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.

- EXSAT consists of any extended propositional expression.
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{5.4: 2|2 v ge 4 S RE(ST-CON)

AT :<Gs,t>: ERIT TTG, 1 =s,t=n(=|G|)
BRf: GETshot ~~DENHDHHN?

FEREIT B RERADRILCTHDE
PAAT—FAREE, TRTOLZT—ED DB SHHE
PNSILEVEAREIE. TARTHOIERZ—ED DB LR

f515.4: —E£Z=FABMHRE(DEULER)
AN <G> BMJ 357G
B : GIEFA15—FARELDHV?

B15.5: £\SJLE AR EIRE(DHAM)
AN :<G>: AMRYTSTG
B GIENSILHEEL DAV



Ex. 5.4: Graph reachability problem (ST-CON)
Input:<G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|)
Question: Does G have a path from s to t?

» Cycle 1s a path that shares two endpoints.
»Euler cycle is a cycle that visits all edges once.

»Hamiltonian cycle is a cycle that visits all vertices once.

Ex. 5.4: Euler cycle problem (DEULER)
Input: <G>: a directed graph G
Question: Does G have an Euler cycle?

Ex. 5.5 Hamiltonian cycle problem (DHAM)
Input: <G>: a directed graph G
Question: Does G have a Hamiltonian cycle?
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LTOEENAMoNTLNS:

>UTORREIEPICETS:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

S>LUITORIEIX EIZET A, M. ..

v 3SAT, DHAM

)

PEEDRIC)DIZANP
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It is known that:

» The following problems are in P:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v 3SAT, DHAM

D

)

The class NP between P and &?




