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2. FtERTREMEARY

2.4, StEA R HENM D FEEA & AR RE
FIEREREHALT (IF 1k M E )
AR TAGSLAELEZNA~AD AT X
H: ANXEEZTETESEHE(WN DA FIETEM?

FEIE2.17 HaltiZFH E A Al &k

(REHR)
THHEE Halth St E AR LR EL TFEEEL.
Halt A5t E Al feDHaltZE 5T E 5705 S LHNEAET S,
FOHERWT, ROKSIETRT 5 LXEES.

prog X(input w: X*): X*;

Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)

Input: a program A and an input X to it.
Output: Whether does it stop if X is given to A?

Theorem 2.17: Halt is incomputable.

(Proof)
By contradiction: Assume that Halt is computable.
Halt is computable=» There is a program H to compute Halt.
Using the H, we obtain the following program X.

prog X(input w: X*): £*;

label LOOP; label LOOP;
begin beg}le -
it H (w, w) then LOOP: goto LOOP if H (w, w) then LOOP: goto LOOP
else halt(0) end-if else halt(0) end-if
end. A end.
8/13 ] 8/13

X = ]—X-‘ &L, % X(w) Let x,= !—X—‘ and input X to the program X
FaTSLXIZAR TOYS AW [LWEANLEEEELT B

. - ES5nETAY S LHEFUHLTHEL,
@A) W—TIZASTLED, or | B4 true o mBL—FIZAY,
(i) 0&ZH AL TELE.

B false ADOEH AL TELET
() ZRESSE..

- TR SLDI—TIZABHE, H(x,, X, )=true
s DFEY X)) [EBLET S REIZFE

(i) ZRET D&
- TOYSLBETTEMS, H(x, x,)=false
- DFEY X(x) [EELLEL: REICFE

(i) enters an infinite loop, or
(ii) stops normally with the output 0.
Case (i)
*Since it enters infinite loop, —Halt(x,, X; )
-at the if statement in the program X we have H (X, , x, )=false

So, halt(0) is executed (normal termination) : contradiction
Case (ii)

+Since it stops, Halt(x,, X,) is true.
-at the if statement in the program X we have H (x,, X,)=true
So, it enters an infinite loop: contradiction

o mA . In either case we have a contradiction.
EELDGEELFEELELD, . ) That is, the assumption that “Halt is computable” is wrong.
L= > Tl HaltiEEH ERTRE 1 LWLV IR E LFRY. End of proof

T N
: Z . : . :
Halt: ihi8 H:program or function, Halt:predicate
; . 9/13 - ——— 9/13
EHE2.18 ROBEEK diag (EETE R ATAHE Theorem 2.18 The following function diag is incomputable.
diag(a) =f a(a) # 0, Halt(a, a)D&E diag(a) = f_a(a) # 0, if Halt(a, a)
=g, ZTOMDEE =g, otherwise
SRR :

FHEATREL (15150 BB EARDEREF T 5.
TOTSLOA—RIES DFTEMD,
SCEMIZELWT RS S LOI—RENEVEIZa,, 8, .
LHRBIENTES. (RSBEDHERIER)
F.OBEES a,fa, ... f .. LBRBHIEMNTES.
a,a,a,, ..., 3

Ay

8y 89, Ay, ..., By

f adifE diag(a) D&
diag(a) =w#0, f_a (a)DIEWAREER LTHESE
€, DD EE

Proof:

Let F| be a set of all computable functions (with one argument) .
Since a code of a program is an element of £*,
we can enumerate all grammatically correct program codes
a;, a,, ..., 8 ... in the psuedo-lexicographical order.

We can also enumerate all the functions of F,.f_a,,f_a,, ..., f_a,,...
!

values of f_ag;

Q
values of diag(a;)
diag(a;) = w#0, if the value w of (f_a; , &; ) is not undefined | .

€, otherwise
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diagl& & Df_atb R4 5.

EH:diag)& f a0, SBROFMTRLT ELS.
I diag(a,) = f _a,(a)
diag ¢ F,
DFY, B#diaglXFtETRETHLN.
°0 FEAR#R

(BB DERIX[FHHE c=5B %]
DEHELYE SV

AR
HEIERLEBEEICBEIBVLERTODME.
HOBEBMDES G HNEZALNLE, FOEBIZEBSHL
B g EHRT DA EESZ TS,
5L THRILTZ g 1&. ARS N DRIZELD =6,
BASES G [ZIXBSAELY,

Lo 10/13
diag is different from any f_a;.

Why: diag() is different from f_a;() at its diagonal position.
diag(a,) = f _a,(a)
(two functions f,() and f,() are different if
4 there exists an input x such that f,(x) #,(x).)

diag ¢ F

That is, the function diag is not computable.

End of proof

“0q
The number of functions is “greater” than
the number of computable functions.

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.

11/13

A A RS

AHRERES: BABLAOEALOMICIFIRIEAHIEADL.
AEEES ARELSTEERTHIEEDC L.
DFY, 1DFOEREMYHLTET, bhAKEZTAENLNZLD

Bll. EOBHLADESETTHERTHS.
BABEERDOEENDER I & ENER 2 #0ETHIR MBI HS.
Bl2. BHLAROEEZITATHERTHS.
IR IS B, £=lE, 72={0, 1,-1,2,-2,3,-3, .} EFNETES.
Bi3. FEHEAROESTAERRCHL. (GEH?)

[EE: EMLBORAREIITETHS. |

BRKOER I EEHOMER IE
B (ERECIERE) HES

11/13
Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

‘We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable. ‘

The “number” of natural numbers and
the “number” of real numbers are
different (“number” =cardinality).

(22 ZMEROEERZETRTHS. | 1213

O EIREDRYLEDREGSHN AR THALEMAIRMEATIENT S,
AHTHLIERET DL, TRTHDEREEESAIRIIENTES:

0.3,,3,,8,3...
0.85,8y8;... 0.3,,8;,3...
0.85,83,833... 0.85,8,, ay3...
084,84 8y3-.- 0.25,8;,a53...
0.880ag. TFL, a €{0,1, ..., 9} 08
LOBVTHAREICHLIBITERL, FBRBRE | 0a,a,8,.. 8,
X = 0.0,b;s...
%1% ICT,
if ay=1 then b, =2 else b=1
ELTHEEDHS.
CO&SIELNIER/DRIZBAS N 0L IDRMDERTHS.

L, EYADS, EICHIFELIZEDERELF LGV (HARDAT
DBFRED).

DFEY, XIFSIZBEIANZ EITHY, FETHS.

LI=hoT, SHAIETHAEVSREICRYL HS.

Theorem: The set R of all real numbers is not enumerable. 1213

Using the diagonalization we prove that the set S of all real numbers between 0
and 1 is not enumerable. By contradiction, we assume that it is enumerable:
0.2,,8;,8y3.--

0.a;,a,,a,3...
0.85,3, ays... 0 a;llazz a,
0.85,83,853.... 0.a5,85,2;5...
0.a,,84,8,3... 04a4]a;,, a“

0248 8. Where ay {0, 1, ..., 9} 088103 e
Define a new real number x by collecting those digits in the diagonal
x=0.b,b,b;...
where by is defined by
if ay=1 then b, =2 else b=1

The number X defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, X does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.
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%512.17 Halt Dt E R AIREE D FEBAD R TALV-TAS S LX Ex.2.17 Program X used in the proof of incomputability of Halt
prog X(input w: X*): X*; prog X(input w: X*): X*;
label LOOP; label LOOP;
begin begin
if H (w, w) then LOOP: goto LOOP if H (w, w) then LOOP: goto LOOP
else halt(0) end-if else halt(0) end-if
end. end.
f X: RIS LXMW ETHBEH f X: function computed by the program X
fa(@)=LnLE, —Halt(a, a) iff _a;(a)=L then —Halt(a, &)
- f X(a)=0 Lt X(@)=0
fa(@)=Ld&x, Halia, a) iff _a;(a)#L then, Halt(a, &)
o f X(ay) =L o f X(@) =L
DFY, f X=f akhdf alE That is, there is no function f_g; in the set F, of functions
HEAECEMOEEF ORISHFELLL. such that {_X=f_a;
o e % The number of programs is enumerable, while the number
*TAT S LOBEITAIHERZA. B D E LKL IE AT H R of functions is not.
1/18 /18
- ° c
FA4E FHEOEMSAM Chap.4 Computational Complexity
4.1 AHEOBRHSOERBES : .
TEHERTEEMN ? |DTEDIREDEIRNCEHEREEN ? 4.1. Survey on Theory of Computational Complexity
FEOEMSOER (Computational Complexity Theory) “Computable?”’»“How much cost is required for computation?
() HEEDLRICETIHE Computational Complexity Theory
Q) SHEEOTRIZETZHE (1) Studies on upper bound of computational cost
Q) STEDHLSIZ DOV T ORISR (2) Studies on lower bound of computational cost
(3) Structural studies on hardness of computation
(1) StEED LRIZET 555 _ _
MEOLNTILTYZLDHZE (FZILTY X LIEHR) (1) Studies on upper bound of computational cost
HAEBEXIZHLT, FNERLTILTVRL ADBHY, Algorithm Theory: design of efficient algorithms
HAZX n QEALEBERIZHLTH A DBERHESN Suppose we have an algorithm A which solves a problem X
T(N) UATHDEE, ZILTUXL A DBREEFEED in at most time T(n) for any input of size n. Then, an upper
ERIE T(n) bound on the time complexity of the algorithm A is T(n).
(REROIHIMERETER) (asymptotic worst case time complexity)
2/18 2/18

Q) HEEOTRICET S HE
I X IZHTREALTILTVXLLEEDFEIZIE T()
BRI T AN TLESEE, RiE X DEFEED
TRRIE T(n).
P £ NPFHE
EEVRATLDEE

Q) HEDELSI OV TOHEENTHE
“SXEREOHLI"NE OIS DOWNTHRSI L.
HLUSDBEICLDIEEEE.

(2)Studies on lower bound of computational cost
If any algorithm for a problem X takes time T(n) in the worst
case, a lower bound on the time complexity of the problem X
is T(n).
=P # NP conjecture
*Robustness of crypto system

(3) Structural studies on hardness of computation
Studies to characterize hardness in the level of “xx-hardness”
hierarchical structure depending on the hardness
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42 SHEBEOEYA
421 RERTOTSLBEE

T GIEBHOER)
A KAQRERTOTS L

3/18

» &{K(Z while JL—F
s BATIE
> 120 if X+pec~DIEA

> BEARGF1D+pe~DHRA

Xy Xgy ooy Xi: AND AT

ADwhile)L—F1EY B DRITEATD 1 RTYTENS.

ABX,, Xg, oy XL TABEIE T B FETICESwhile)L—F D
B#HEADX,, X, ..., X, J=3 T DE BRI (BBLTA(X,, X5, ... X
DFERER) LS. =1L, SIELENEE, SRR ITERBX.

time_A(X}, Xgr voer Xi) = AX,, Xy, ..y X, ) D EHELBEE
time _ A(l) = max{time _ A(X,X,,...x): > | X [<I}

. . . 3/18
4.2 Measuring Computation Time

4.2.1 Revisiting Programs iry It consists of one while loop of
the Standard form »>one if + substitute to pc
»one basic states + sub. to pc

Definition 4.1 in each line

(Computation time)
A: program with k inputs in the standard form
X, Xg, o0y X2 INPULS to A
Single execution of while loop in A is “one step™ in A.
The number of iterations of the while loop required before
A halts is called the computation time of A for inputs x,, X,,
..., X (in short, computation time of A(X;, X, ..., X,)).
If A does not halt, its computation time is infinite.

time_A(X,, Xy, ..., X,) = computation time of A(X;, Xy, ..., X,)

Isi<k
time_ A(l) = max{time _ A(X,X,,...x): D | X <1}
1<i<k
RERTOTSLA 418 Programs in the standard form 418
prog 755 L% (input ...); prog program name (input ...);
var pc: X% L X0 var pc: X* i L X8
begin begin
pe:=1; pe:=1;
while pc #0 do while pc #0 do
case pc of . case pc of
1: (3X); % () DRI 1: (statement); Each statement must be either
2: (X); -if FLBEX  then pei=k, else pe:=k, end-if 2: (statement); if comparison then pe:=k, else pe:=k, end-if
3: (X); -HRA; pek; 3: (statement) ; or
........... . substitution; pc:=k;
k: (3X); ounFns. k: (statement) ;
end-case end-case
end-while; end-while;
haltZ B DEH; halt(variable of type £*);
end. end.
5/18 5/18

‘B XHE R BB TRITTE SO DOFIH
u u: SEIDEH, v, v R ER
c: SRDEH, s: S EIDEH
(RAZ) (Hu=c; @Qu=uy
(3) u:=head(v); (4)u:=tail(v);
Ee=v;. 7?

B)v:=s; >

(7) v :=right(v); (8) v = left(v);

Q) v:i=u#yv; (10)v:=v#u
(B3 (1) u=c 12)v=s

v=VvORBOLLEITZEIEZNTINS.

- Constraints to execute each statement in constant time
u, u’: variable of type Z, Vv, V’: variable of type X*
c: constant of type X, s: constant of type X*

(Substitution)
(Hu:=c; 2)u:=u;
(3) u:=head(v); (4)u:=tail(v),
B)vi=s; =y 7?7
(7) v i=right(v); (8) v = left(v);
Q) vi=u#y; (10)v:=v#u,
(Comparison)
(Il)u=c (12)v=s

+ comparison of the form v =V’ is forbidden
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422. 7055 LDEHFEE 4.2.2. Time complexity of a program
7o /7‘51_\03ﬁﬁaﬁ§+§§§)\ﬁﬁ-4§a>5§§&&bt§ﬁ The time complexity of a program is represented as a function of
(ANXFIHDRSE) input size (length of an input string)
ﬁé'ltiﬂ—wti it e . Valid Encoding:
TOMEDFAXITEMEDEHENTHREGI—RE Encoding into at most constant times larger than the original.
4.5 lﬁﬁ?ﬂ&gﬁ%?ﬂ y e Ex.4.5: Unary and binary representations
r%‘ﬂ@?”( X‘ (f’t,%,o)mlﬁj & a)iLi’ii—G & Binary representation is a valid encoding in the standpoint
Zﬁﬁﬁﬂliﬁéhﬂ—wtfﬁ)éb\, of “size of a number is its number of bits”, but unary one
LEREIFTREI—RE is redundant.
7/18 7/18

EEAS: BAB L OB, g (XL,
Sc,d >0, Vn [f(n)= cg(n) +d]
LIRBLE, fIFA—F—gTHHEL, f=0(g) LT 5.

* EHC, diInEEBERICEEDEARE.

EE4.1 BRBEOEEDBH A, g, h (SHLRDOBARARKIL,
(1) Vn[f(n) = g(m] > f=0(9)

(2) 3c> 0, vn[f(n) = cg(n)] > f=0(g)

() [f =0(9) A2 g=0(t] > f=0(h)

Definition 4.3: For functions f and g on natural numbers, if
3c,d >0, Vn [f(n)= cg(n) +d]
then we say f is in the order of g and denote it by f= O(Q).

Remark: the constants ¢ and d must be determined
independently of n.

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:

L Vn[f(n) = g(m] > f=0(9)

2. Fc>0, yn[f(n) = cg(n)] > f=0(g)

3. [f =0(g)and g=0(h)] > f=0(h)

8/18
423 HEORKMIER

AL O FEHEMBELL, tXAARK LOBEELETS.

WEOZEHETETOISLAEEH ¢, d>0NFELT,
Vtime A(l) = ct(l) +d]

BolE, OIFOMEMEETETR, HALNIODHHEGHEEE

o) THHELS.

AR CCTIHETERELLT SE0RAMEEEELTLS.
BEEMIZIETREE t BT CEETREIEVLSE,

CED A DEREFEEIT t KVIELABLALL.
CE2) A KYLECOZEHET HT0T S LAHLHMELNAL.

8/18
4.2.3. Time complexity of a problem

Def.4.4. Let ® be a computing problem and t be a function over
natural numbers. If we have a program A to compute ® and some
constants ¢ and d > 0 such that

VI [time A(l) = ct(l) +d]
then we say that @ is computable in O(t) time, or time complexity
of @ is O(1).

Notice: We assume here that a computing problem is that of
recognizing a set.

Intuitively
problem @ is computable within time t
* time complexity of A may be less than t.
+ there may be a faster program to compute ® than A does.
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Bl4.7. RBHEREOFHEHER

RHEHEMBEPRIME)

AN BREn(f1ZL, 2R
B :n TFREH?

PRIME ={[n] :nlZ&%)

prog Naive(input n); 2~ n-l@%ﬂlf‘%ﬂofrﬁé
begin

2= T DR :
nl=+27n n(g]n

REK:

foreachi:=1<i<ndo 20024 (<
if n mod i = 0 then reject end-if o(l°)
d-for; . N
Z:cep(ir T~ log n-log i FfH 0)\7)[;3 YZ L
end. NEZESINT

time _ Naive(n)< " . (clognlogi+d)
= clog nlog n+dn = O(n(logn)*)

nDESFE |1 EF 5L, | XIFFlog nfZh 5, time Naive=0(122")
W, FHHEHEOHBFEZIX(FE L) 0(12)

9/18
Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)

Input: a natural number n (binary representation)
Question: Is n prime?

PRIME ={[n]:nis prime}

Stirling’s Formula:

nl=~2n n(gj

Em{% Naive(inputn);  try to divide by numbers between 2 — n-1
egin

foreachi:=1<i<ndo
if n mod i = 0 then reject end-if

d-for; L
endor T~ log n-log i time

accept
end.

time _ Naive(n)< " . (clognlogi+d)
= clog n log n+dn = O(n(logn)*)

O(1°) time algorithm has been
developed in 2002!!

When the length of nis |, | is approximately log n. So, time_Naive
=0(I22"). Thus, time complexity of PRIME is O(I22').

10/18 10/18
Def.4.5.
324;.%&10)%& =HL. ERIE RS O LABES ;or a function t over natural numbers, the set of all sets
G - sy pez) o)t @71(’& O (‘t) EFEI%I_;; = 7(’(_) 2 gl,\l,\ = (i.e. recognition problems) with time complexities O(t) is
‘~e~’;;: “5 ety Har= =77 ' called O(t)-time complexity class, and it is denoted by TIME(®).
;g_) 74 _-[;[M I;Et) | . I And such a function t is called a time limit.
T‘&_Ltlg J:Ojlgfgﬂ#[:&ﬁi{%;ﬁ:@%f:;A?gﬁyﬁ—7_ 28 For example, a class of sets recognizable in time O(122") is
T}M;L(Izz'l) ,C(aﬁ L)) ;EﬁTPRUIM Eﬁiﬁ Kl e TIME(2'), and the set PRIME is one element.
. *=. |
PRIME © TIME("2) PRIME € TiME(lZZ)
° s o .
fEHEA%K Exponential
o | o |
2 2
4 Tl& PRIME € TIME (I°) Now, PRIME & TIME (I°)
ZIER 6 Polynomia 6
11/18 11/18

5% RRMGHEEISR]
5.1 REHMLFHMHERISR
P=Upgmst TIMER®)

e =\U.  TIMEQ)

= I
Exp Lp) 5ol IMEC)

CEE: HHEEBISRAIADES.
CRE: CEEDFRBME e
O

HBHBEBEHPIZA>TULNERLVEDS,
HEMICEFICEZEL...

Chapter 5
Representative Complexity Classes

5.1. Representative time complexity classes
P = Up:polynomialTIME(p(l))
e =\U TIMEQ?)

EXP= U TIME(2rD)
P:polynomial
Cset: set in the complexity class C.
C problem: problem of recognizing a C set.
° o

Problems not in P are intractable
from the practical viewpoint...
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BI5.1: HUSRP, £, EXPTIE, LIEXBFRBEDEIRE
TIEALN.
P ZIEA x FIEAS>ZER
E2DEHE x 2K > 20HBE
EXP2MEERFE x ZER D20 LEAFE

#15.2: PRIMEDFTHE ISR £k 2002412 O(1°)

{514.7 > PRIME € TIME(2") DT7ILTY X LMNEERS
#IZ, PRIME € & N=MT. §TIEP

EES. L T HIRBHOES

U < 7TIMEQ): TERIEHHES TR
—SINETIME(T)ERT .

FH5.1: (1) P= Ues(TIME(l®),  (2) EXP = Ugs( TIMEQ2')

12/18
Ex.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
‘P: polynomial X polynomial->polynomial
&: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. > poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 > PRIME e TIME(2))
Thus, PRIME ¢ &

O(1°)time algorithm puts

. o it into P!!
Def.5.1: T: set of time limits

Ut . TT IME(t): T time complexity class
—It is denoted by TIME(T).

Theorems.1 (1) P= U JIME(),  (2) EXP=U_ TIMEQ')

13/18

13/18

FHES.L: (1) P= Uy TIME(),  (2) EXP= U oo TIMEQ! %)

Theorem 5.1: (1) P= U TIME(I9), (2) EXP=U _TIMEQ2')*

FEBA: (2)DEERA IS A RS,
Ti: fEVVSHEDZEXDES.
T, 2IERAD 2K
> T, S T,%HDT, TIME(T)) S TIME(T,)
p: FEEDNZERX pRET,OEEDNDER)
ZEApDRRAREEKET BE, p(l) = O
EHE43KY,
TIME(p(l)) S TIME(I) S TIME(T))
L1=h>T, TIME(T,) = TIME(T,)
FEBA#R

TEIH4.3:
FTATOHIBRERRA t,t, (XL
t,=0(t,) %5 (£ TIME(t,) S TIME(t,)

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of I.
T,: set of all polynomials
> since T, S T, TIME(T,) € TIME(T))
p: arbitrary polynomial (p is any element of T,)
if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,
TIME(p(l)) S TIME(IY) € TIME(T)

erefore, TIME(T,;) = TIME(T,)
Ay 0z

Theorem 4.3:
For any times t;,t,,
t,=O(t,) implies TIME(t,)< TIME(t,)

14/18
f515.3. dnRREmEE = ST (@ R RE(PROP-EVAL)
AN:<F,<a,a,,...,a,>>
FIZPRmERER AV > ©
@8y, ..., a8, I FICHT2EEESVLT
B F@,ay, ...,a,)=1?
x—Y X oy
(xy) |(TxVY) [(x=9) A (y—X))
0,0) |1 1
©,1) |1 0
(1,0) |0 0
1Ly |1 1

14/18
Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<a,, a,, ..., a,>>
F is an extended prop. expression
(@, @y, ..., a, ) is a truth assignment to F
Question: F(a;, a,, ... ,a,)=1?
x—Y X oy
06y [(XVY) (=9 A=)
0,0) |1 1
0,11 0
(1,0) |0 0
1,11 1
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1553, dned i 22 = FT (M RS RE(PROP-EVAL)

AKN:<F,<a,a,...,a,>>

FItERapEREX AV - ©

@y, 8y, .- a)IFFITH T HEBEEIVET
B F@,ay...,a,)=1?

RARERERIER F AO—NEShizb0 [F] hSEHEREES.
FTERIFO([F] P B THRA TES.
FEANEOATONIE, RELTYTHT
F@j,ay ... ,a,) DEEESICFHETRE. , |

Bl F, %, %) = X A %] VX —X] 0 0@\] 0

F(0,1,0)=1 /0

F(1,1,0)=0

&->T PROP-EVAL € P 0

15
Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<a,, a,, ..., a,>>
F is an extended prop. expression

(@, @y, ... , &, ) is a truth assignment to F
Question: F(a, a,, ..., a,)=1?

Construct a computation tree from a code [F1of ext. prop. expression
It is built in time O([F ).
If computation tree is available, we can easily obtain the value

F(,, a,, ..., a,) in a bottom-up fashion. ( ;
computation
Ex.: F(X;, Xy, X3) =X A 7% ] v [X; =X;] 097 N1 tree
F(0,1,0)=1
F(1,1,0)=0

Hence PROP-EVAL € P

/18
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1515.3. dnREEmEE X I B ME R RE - 2 FNFE L (2SAT)

AR <F>FlR2fnER GEmEX
B F,ay,...,a,) = 1&&ETEVETHSHSH?
FiER:

F=(@OVOV..VOAB®V..VOA. . AL.)
SUTFSLORBNORERCREINLD

KADFE M (k SAT) LEEMIED
-ERORRENA KBED)TIILEST

- 3SAT, 4SAT L EIZRICE R TE S,
- SAT: ZREBFOUTIIILOEHICHEINENLD
- ExSAT: AQW RS ERER (- oL
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F is 2-conjunctive normal form

Question: Is there any assignment such that F(a,, a,, ... ,a,) =1?

Conjunctive Normal Form (CNF)
F=(@OVOV.VONBOV. . VOA..A(.)
- described by A of \/ of literals.

exactly/at most
- Each closure contains K literals

k SAT

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.

- EXSAT consists of any extended propositional expression.
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f5115.4: FZEATREME RIRE(ST-CON)

AN :<Gst>: TR STG, 1 =st=n(=G|)
B GETs Mot ~DEDHDH?

FEARREIE. RRERAIRILTH D
> AS—FHBEIE. TRTOBE—EIDBLHHE
PNSILEUBBEE. TRTOITERE—EDDESHAKE

f515.4: —£E=FARMBE(DEULER)
AN <G> BRI G
B GIEF15—FKELDH?

15.5: \2 )L EARRREIRE(DHAM)
AN <G> BRI G
BR: GIENIIILLUEABELE DA
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Ex. 5.4: Graph reachability problem (ST-CON)

Input: <G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|)
Question: Does G have a path from s to t?

»Cycle is a path that shares two endpoints.
»Euler cycle is a cycle that visits all edges once.
»Hamiltonian cycle is a cycle that visits all vertices once.

Ex. 5.4: Euler cycle problem (DEULER)
Input:<G>: a directed graph G
Question: Does G have an Euler cycle?

Ex. 5.5 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?
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UTOEEIAMONTNS:

>UTOMREIEPICETS:
v/ PROP-EVAL, 2SAT, ST-CON, DEULER

>UTOMREL EICETS. A, ..
v/ 3SAT, DHAM

PEEDEODIZANP

It is known that:

» The following problems are in P:
v PROP-EVAL, 2SAT, ST-CON, DEULER

»The following problems are in &, but...
v/ 3SAT, DHAM

The class AP between P and £?
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