FAE

T HDEH AP

4.1 ST EOFEH SO EHBEER
[FTEAIEEN? IDIEDEEDFTEIANTETERIGEN ? |
STEDEHIDIESR (Computational Complexity Theory)

TE#zx4.3: BAM EDOREES, g [ZXIL,
3c,d >0, Vn [f(nN)= c g(n) +d]
E1gBHEE, A —F—gTHLHELY, F=0(g) LB T 5.

* EHC, dInEEBERICEFTHIENDE.

4.1 BARLEOEEDEE S, g, h ITXHLROBEFRIIL,
(1) Vn[f(n) = g(n)] > f=0(g)

(2) dc >0, v n[f(n) = cg(n)] =2 f=0(Q)

(3) [f =0O(g) ™2 g=0(h)] > f=0(h)
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4.1. Survey on Theory of Computational Complexity
“Computable?”=»“How much cost is required for computation?
Computational Complexity Theory

Definition 4.3: For functions f and g on natural numbers, if
3c,d >0, Vn [f(n)= cg(n) +d]
then we say f is in the order of g and denote it by f = O(Q).

Remark: the constants ¢ and d must be determined independently of n.

/18

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:

L. ¥n[f(n) = g(m] > f=0(9)
2. Fc>0, yn[f(n) = cg(n)] > f=0(g)
3. [f=0(g) andg=0(h)] 2> f=0(h)
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423. BEDOERETES

EFEL4 O FETEMBEEL, tZEARABMLEOREEET 5.

WEDOZEEHETEITATSLAEES ¢, d>0NFEELT,
VI [time A(l) = ct(l) +d]

i, OIXOWN)FMETERRE, HAWNIODEFMHETE =T

O THHELD.

FE CCTIIETERIBEELT, £60FHMBEXETELTLS.
EfRMICITTRIECE t BFELL T CEtE eI LUV ERK,

GED)ADOBERMETEZE t KYELIELNALY.
GE2) A LY ELOFEETHTO0T S LB HAMELNEL.
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4.2.3. Time complexity of a problem

Def.4.4. Let ® be a computing problem and t be a function over
natural numbers. If we have a program A to compute @ and some
constants ¢ and d > 0 such that

VI [time A(l) = ct(l) +d]
then we say that @ is computable in O(t) time, or time complexity
of @ is O(t).

Notice: We assume here that a computing problem 1s that of
recognizing a set.

Intuitively
problem @ 1s computable within time t
* time complexity of A may be less than t.
- there may be a faster program to compute @ than A does.



4.7 RBHIEBBORETES
FREBHIERBE(PRIME)

BiE:nlXREM?
PRIME ={[n] :nld&E%

prog Natve(inputn); 2 ~ n- 1D TEI>THB
begin
foreach1:=1<1<ndo
if n mod 1 = 0 then reject end-if
end-for;

accept \ log n=log | B ]

end.

time Naive(n) < Zl

(clognlogi+d)

<i<n

AN BAR#n(f=1ZL, 2 ERED) N

(g
20024E (=
0(°)
D7 ILI) X L

k75)“%2?’%&“14,7‘:!!

=Clognlog n+dn = O(n(log n)z)

n DEIF |1 & 5L, | IXIFIXlog nfEhV 5, time Naive=0(122))
I, RYFIEFBEDORREGEZX(ER) O(22)
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Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)
Input: a natural number n (binary representation)|  Stirling’s Formula:

Question: Is n prime? ' (n)”
. : lx=+/2 —
PRIME = {|n]| :nis prime} TRV g

prog Naive(input n);  try to divide by numbers between 2 — n-1

begin
for each i:= 1 <i<ndo O(I°) time algorithm has been
if n mod 1= 0 then reject end-i1f developed in 20021
end-for; '\ .. _
accept log n-log I time
end.

time Naive(n) < Zkkn (clognhlogi+d)
= clog n log n'+dn = O(n(logn)?)

When the length of n is |, | is approximately log n. So, time Naive
=0(I?2". Thus, time complexity of PRIME is O(122).



TE2&4.5.
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BAMEDRERtIZXL, BRIFE=EN O1) LLLHEE
(i.e.. 7o MERE) DERERZE Of) FEFTEEITARAELLY,
ZTDIZRETIME(M)ERT

Ffz, t DRI E R Z il

'R BF ] &P

/b\

F=EZ &, O(22) BRI CRRMAIRE R B =R OT-UF AN
TIME(I22YTHY, £& PRIME [(FZD—EX.
PRIME € TIME(I?2)

®
O

g dESE

4 Tl& PRIME € TIME (1°)
ZIE
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[y

MNAaFf [
L/CTIl.4.J.

~

For a function t over natural numbers, the set of all sets
(1.e. recognition problems) with time complexities O(t) 1s
called O(t)-time complexity class, and it is denoted by TIME(t).
And such a function t 1s called a time limit.
For example, a class of sets recognizable in time O(I22) is
TIME(I22"), and the set PRIME is one element.

PRIME € TIME(I?2"

Exponential




55 KR E

0
gl
J
Jl
N

IJuh

:“dw
Hllﬁ

\

51 KERMLGHMEREEISR
P=U,gmst TIMEQ(D)

g =\U..| TIMEQ®)
EXP= U _JIMEQH)

CHSE: E+ﬁ§77ZC(:JK%>$é.
CRlRE: CEEDRHEREE °

HAERENPIZADTULVELNE S,
HEMIZIEFIZEZLL. ..

11/18
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Chapter 5
Representative Complexity Classes

5.1. Representative time complexity classes
P = U p:polynomialTIME(p ()
g =\UL.| TIMEQ®)

exp= U TIME@O)
P:polynomial

Cset: setin the complexity class C.
C problem: problem of recognizing a C set.
° 0

Problems not in ‘P are intractable

from the practical viewpoint...
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B15.1: VS AP, £, EXPTIE, ZIRARMEREDZELIMHERE
TIFARLN.
P: ZIA X ZIENAS>ZIAN
E2MFRMTE x LRI > 20 E
EXP:2MZAAFE X ZIAN > 20 FAARK

f515.2: PRIMED St BB Y5 R ( 225 500248 (= O(19)
f514.7 > PRIME € TIME(2)) 0)7 ,l,:, | ) X LAPEEX
812, PRIME e & n=-0T. STIEP

/

EZ=5.1. T HIERFREDES

\_J < TIME(t): T RISt H 2552
—SCNETIME(TERT .

EHS.1: (1) P= Ue(TIME(I®),  (2) EXP= Ugs( TIME(2")
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EXx.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
P: polynomial X polynomial->polynomial
&: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.5.2: Complexity class of PRIME

Ex.4.7 > PRIME € TIME(2')
Thus, PRIME ¢ &

Vs
O(I°)time algorithm puts
it into P!!

Def.5.1: T: set of time limits

Ut . TT IME(t): T time complexity class
—1t is denoted by TIME(T).

C
Theorem5.1 (1) P=U, JIME(I9),  (2) EXP=U_ TIME(Q2'")

0




EH5.1: (1) P= UesoTIME(I),  (2) EXP >0 TIME(2!Y)
RERA: (2)DEERA L A BE.
Ti: cELSFEDZIERDERS.
T, ZIHKX D EIK
> T, S T,7EMT, TIME(T,) € TIME(T),)
p: FEDZIEERX (PpET,OEENER)
ZIHApDIwRARAREEKET HE, pdl) = 0¥
EIE43&Y),
TIME(p(l)) S TIME(I¥) < TIME(T))
L7=mM>T, TIME(T,) = TIME(T,)
\ EIEEE%
E 14 .3:

I AN TOHIREER t,t, IZ®L.

t,=0(t,) %5 X TIME(t,) S TIME(t,)
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. C

Theorem 5.1: (1) P= Uso TIME(I®), (2) EXP= U C>O”IME(2' )

Proof: The proof of (2) 1s omitted.
T,: set of polynomials of the form of I°.

T,: set of all polynomials

> since T, S T, , TIME(T,) € TIME(T>)
p: arbitrary polynomial (p is any element of T,)

if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,

TIME(p(l)) < TIME(I¥) € TIME(T))

erefore, TIME(T,) = TIME(T,)
ﬁ Q.E.D.

Theorem 4.3:

For any times t,,t,,
t,=0(t,) implies TIME(t,) < TIME(t,)
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f515.3. an =B w32 TCFT (il F RE(PROP-EVAL)
AKN:<F,<a,a,..,a, >
FIELEE S EERER AV - > ©
@, a,,...,a, ) [T FIINTHEEERYHT
B F@a, a, ... ,an)z 1?

X—Y X <y
%Y) |[(XVY) (=) AY—=X)
(0,0) 1 1
(0,1) 1 0
(1,0) 0 0
(1,1) 1 1
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)

Input:<F, <a,, a,, ..
F 1s an extended prop. expression

.., @, ) is a truth assignment to F

Question: F(a,, a,, ..

(@, a,, .

L, a,>>

., a,) =17
X—Y X <y
%Y) [(XVY) (=) AY—=X)
(0,0) 1 1
(0,1) 1 0
(1,0) 0 0
(1,1) 1 1
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1515.3. fn rE w3 05T {f fE RE(PROP-EVAL)
AHN:<F, <a,a,..,a,>>
F[i*ff\gﬁﬂﬂhnﬂﬁ B AV == ©
@, a,, ..., )[IFIZTH2EEEZIUHT
BR: F@a,a,, ... ,an)= 1?

theRanREamIE T F ANO—KMESn =320 [F] MoEtERZES.
n‘fﬁ*liOﬂ [FP)EFEI TR TE 5.
FERMNELONTLIDNIE, IRFLTYTRT
F@,a,,...,a ) DIEITBESZIZHERRE. | |

Bl F X, %, %) = X A ] VI —X] 09\1 O"
F(0,1,0)=1 (A
F(1,1,0=0

£>T PROP-EVAL € P 0
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)

Input:<F,<a;, a,, ..., a,>>

F 1s an extended prop. expression

(@, ,, ..., a, ) is a truth assignment to F
Question: F(a,, a,, ...,a,)=1?

Construct a computation tree from a code |F ] of ext. prop. expression
It is built in time O(| | F | ]3).
If computation tree is available, we can easily obtain the value

F@a,, a,, ..., a,)1n abottom-up fashion.  ;
Q\ computation
Ex.: F(X), Xy 5 X3) = [X) A %] v [X) —=Xs] 0(/5 o tree
F(0,1,0)=1
F(1,1,0)=0

Hence PROP-EVAL € P
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1515.3. anRBamIE = 7T B (S FIRE  2FNFE 2 (2SAT)

AJ1:<F> FIE2f0FE RS an BRI =X

B F@a, a,, ...,a,) = 1ZE=TEYETHAHZH?

MiEH:
F=(@®OVOV.VOANGYV..VOAN...N(.)
-TZIILDFEBHNOMBEETRIEIN-ED

SEtIEA
KFIFE TS (k SAT) D&IL
- MBEEOZSBENNNAKEDO)TIILESD

- 3SAT, 4SAT L RIFRIZEEZETES,
-SAT: HRBANOYTIILDOEIKIZEHIFRAZLNED
- ExSAT: AND LR RERIER (=P «obiF9)
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F 1s 2-conjunctive normal form

Question: Is there any assignment such that F(a,, a,, ... ,a,)=1?

Conjunctive Normal Form (CNF)

F=(OVOV.VOANGOV..VOIA...N(..)
- described by /\ of V' of literals.

exactly/at most

k SAT =

- Each closure contains K literals

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.

- EXSAT consists of any extended propositional expression.
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{5.4: 2|2 v ge 4 S RE(ST-CON)

AT :<Gs,t>: ERIT TTG, 1 =s,t=n(=|G|)
BRf: GETshot ~~DENHDHHN?

FEREIT B RERADRILCTHDE
PAAT—FAREE, TRTOLZT—ED DB SHHE
PNSILEVEAREIE. TARTHOIERZ—ED DB LR

f515.4: —E£Z=FABMHRE(DEULER)
AN <G> BMJ 357G
B : GIEFA15—FARELDHV?

B15.5: £\SJLE AR EIRE(DHAM)
AN :<G>: AMRYTSTG
B GIENSILHEEL DAV



Ex. 5.4: Graph reachability problem (ST-CON)
Input:<G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|)
Question: Does G have a path from s to t?

» Cycle 1s a path that shares two endpoints.
»Euler cycle is a cycle that visits all edges once.

»Hamiltonian cycle is a cycle that visits all vertices once.

Ex. 5.4: Euler cycle problem (DEULER)
Input: <G>: a directed graph G
Question: Does G have an Euler cycle?

Ex. 5.5 Hamiltonian cycle problem (DHAM)
Input: <G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

17/18



LTOEENAMoNTLNS:

>UTORREIEPICETS:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

S>LUITORIEIX EIZET A, M. ..

v 3SAT, DHAM

)

PEEDRIC)DIZANP

18/18
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It is known that:

» The following problems are in P:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v 3SAT, DHAM

D

)

The class NP between P and &?
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52. D5 ANP

EFmS2: KRB LICKHLTROERZim-IZEHNq &
ZIENFFEET R AT aEIREE R A FEL=ET 5.

ExeX TxeLoIweX Jwlq(xD[R(X,W)] .1
2FY, L={x:IweZ*[[w[<q(| x) AR(X, W)]}
COEE, LENPESLEND, LORBMEENVPREELNS.
F1f=, NPEEDEAERETISANPEND.

AF B xex*IRLT, @WERX |WLg(] X]) A R(X, W)
Zimt=9 W, €27 ZxD (ZEARD) EEHLELS.
LFTR, Gwez*:|wi<q(x]) = 3w HE.

[ AN AXDZIEXRDIENNEZ oNT-EE, TNHEED
FEZmI=INEINELZEHAFRITHETES. |

8 & : N’P=Nondeterministic Polynomial
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5.2. Class NP

Def. 5.2: Suppose that we have a polynomial g and
polynomial time computable predicate R for a set L such that

foreach Xe X", xe L IweX | wq(| X D[R(X, W)]
e, L={x:3qweZ*[|w£q( X)) AR(X,wW)]} (5.1

Then, L is called an AP set, and the problem of recognizing L

is called an AP problem.
Also, the whole set of AP sets is called the class NP.

Note: For each xeX* W, €X* satisfying the predicate
| W[ q(| X]) A R(X, W) is called (polynomial) witness of x.
Hereafter, we use notation 3w e X*:|w|<q(| X|) = dJw

“Given a witness of polynomial length in the input size, we can
determine 1n polynomial time whether it satisfies the condition

of a given problem.”
c.f.: NP=Nondeterministic Polynomial



5.7 7N\Z L EARRREIRE (DHAM) € AP 2/12

FGZ7NIERITI~n EB B DTSN TS ERTE.

NSILRVBABRDMY A= 1~n DIESI<I, L, ..., | >
_DIEFMNZIER FKDIEHL

CEHEEHTnl~n@YHS

Bl: 10 o5  EHLODIRIE

<1,2,3.,4,5> =>/\I)LL AR =D>FEN

& 30, <1,2,3,5,4> D/\IJLLURAEE THLY
<1,4,3,2,5> > /\Z )L AR THLY

Ro(X, W) ©[xIE#H BT Z7GNTER) DIA—F]
AwIEl~nDIEFI<I, L, ..., 1 >]
AWIEGD/NZ LU HBRERLTLNS]

IARTD XeZ¥ZTDOWNVTRDEFZRDIRYILD.

XM$H DT STCHA—RIZHE-TINSEE:
X € DHAM < 3w, (=<1,...,1. >)[R; (X, W, )]
XD ST DA—RITE>TOEWNEE: Yw[—R,, (X, W)]
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Ex.5.7: Hamilton Cycle Problem (DHAM) € NP
Assume graph vertices are numbered 1~n.
Trace on a Hamilton cycle=» permutation of 1~n<I, I,, ..., |, >
This permutation 1s a witness of polynomial length.

| (c.f.)There are n!~n" many

Ex.: 1 o o5 candidates of witness
<1,2,3,4,5> =»Hamilton cycle =>»witness
X 3\ 4 <1,2,3,5,4> =»not Hamilton cycle

2 <1,4,3,2,5> =»not Hamilton cycle

Rp(X, W) €>[x is a code of a graph G(with n vertices) ]
A [w is a permutation of 1~n: <l I, ... , |
A[W represents a Hamilton cycle in G]

For each X € X*we have

if X 1s a code of a graph G:
X € DHAM < 3w, (=<1 ,...,1 >)[R; (X, W;)]

if X 1s not a code of any graph: VW[_IR (X W)]
D\ /N

n ]



3/12

515.8: tneEamIE X 7T B 14 B RB(3SAT, SAT, EXSATZEE)
H#Z:ExSAT € NP

F(X,, ..., %) EEDLEDERE
FMNFZEREAEE < 3a,...,a,: FaldXIM0[F@a, ..., a,) =1]
SERLD FK2qc
FADEBEDEYHETH<a,...,a,>TKT.
> K&IE 3(ntn+1)=6n+3 = 6| [F ||+ 3
() = 61+3

U EERE
X, W) © [XIZHAMLEMERERXF (' EH) DI—FK]
[W‘j:F’\d)iul') =3T< dg, dy, ..., dy >]
N[F@,, ..., a) =1]

SEREAWNSEF,, ..., a,) DIEIXZIEREHE T E Al &E
&2T, ReHLZIEXFHTETE A
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Ex.5.8: Satisfiability Problem of Prop. Express. (3SAT, SAT, ExSAT)
Goal: EXSAT « NP

F(X,, ..., X;): arbitrary extended prop. logic. expression
F is satisfiable<> da,,...,a,:eacha;isOorl [F(@,, ..., a,) =1]
length of a witness (¢
Truth assignment to F 1s denoted by <a,, ..., a,>.
- its length is 3(n+n+1)=6n+3< 6|[F ||+ 3
qe(l) = 6143

predicate R
Re(X, W) € [x is a code of an extended prop. express. F (n variables) ]

A [Wis an assignmentto F: <a,, a,, ..., a,>]
A [Fay, ..., &) =1]
Using a computation tree, the value of F(a,, ..., @) 1s computed in

polynomial time. Thus, Rg1s also computable in polynomial time.
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\PEE

NPERETHAZEDZERRIZAATAN?
(5.)Z&#ET=9q9, REAWLSE, X EL? ZRDELDICHIETED.

for each w e X259 do

if R(X, w) then accept end-if
end-for;

reject;

REIH X)L T DX FIET NTHZELTHRANIL,
acceptDHrejectMFITETES. =12, TD XL FF &
20q(x)EE (FEHBEE) FET HEITIEE.

LREDHAEAA TR TEDEREENPE

RBEBZATELLY



lant A~Ac 14 ianacnin Jaxr la Atem v~ 2n ~ A4
What does it mean by being an NP set?

Using g and R satisfying the predicate characterizing an NP set,
we can determine X €L ? in the following way.

for each W e 2™ do

if R(X, w) then accept end-if
end-for;
reject;

If we enumerate and check all possible strings of length at most
d(|X|), then we can accept or reject them. Here note that there are
2 to the q(|X|) (exponentially many) such strings.

We may think that those sets recognizable as above are AP sets.

4/12
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NPICEEL=5RX

FH53 EELIL, FTORESLANPIZELTNAEE,
CO-NPEEELD. T2, coNPEEDEAREZDTACO-NPELNS.

X co-PZEELTH P LRAILIGEDTEERK.

EHESS5 TARTHDES LIZXL, ROEHEIERE.
(a) L eco-NP
b) £ Lz, BELGZEN q LLIEAKME
STEAIEEMFEQZT AT,
L={x:VweXZ*:|w[=q(| x D[Q(x,W)]}
EREDS.
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Classes related to NP

Def.5.3. A set L is called a co-A/P set if its complement L belongs
to M’P. The whole family of co-N'P sets is called the class co-AP.

Note: It 1s nonsense to define co-P since it 1s equal to P.

Theorem 5.5. For every set L, the following conditions are equivalent.
(a) Le co-NP
(b) The set L can be represented as
L ={x:VweX*:[w|<q( x D[Q(X,W)]}
by using some polynomial g and polynomial-time computable
predicate Q.
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f515.9: FREFI7E [ RE
[n] & PRIME <> 3m:1<m<n[ n mod m = 0]

L1=A'>T, qy(n) =n&lL,
R,(X,W) <> [XgN]v[[wWeN]A[l<m<n]A[n mod m=0]]

(1=1=L, n, mlE & 4 x, whiRI B R,
NIZBREBD2EREE£K)
EEERT DL,
IARTDXeZ*|TRXL, x&PRIME & 3g,WR,(X,W)]
ChIE, x € PRIMEIZX S &FEHL
&2T, PRIME € NP, ie., PRIME € co-NP
EFR, Q(X, W) <> — Ry (X, W) B Y
PRIME = {x: Vg,w [Q,(X, W)]}
ERES.

PRIME NP £t FOIAIEE-EEH.
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Ex.5.9: Primality testing
In]¢PRIME <> 3m:1<m<n[ n mod m=0]

Theretore, for q,(n) =n,
R,(X,W) <> [XgN]v[[wWeN]A[l<m<n]A[n mod m=0]]

(where, n and m are natural numbers represented by X and w.
N is a set of all natural numbers in the binary form)
This definition leads to
for every X€X™* we have X¢&PRIME < 3g,W[R, (X, W)]
This 1s a witness to X € PRIME
Thus, PRIME e NP, ie., PRIMEE co-NP
In fact, using Q(x, w) <> —R (X, w), PRIME can be expressed as
PRIME = {x: Vg ,w [Q,(X, W)]}

We can also show that PRIME e NP, but its proof is more complex.
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NPRIRED B
- & FEH 7 [ RE(COMPOSITE)
A1 BAZN
B :nXEREN? (FRHTLELMN?)

T YU RIRE(KNAP)
AN BR#DME<a,,a,,...,a,b>
B D, .a=b LEBRENESSC (1, . .MAHEM?

- FE R OO B RE(BIN)
AN BA#DME<a,a,, ...,a, b k>
B :ARFOESU={1,..,ntZU,, ..., UDKEIZHZIL

ZTY, , a<b LT BILEAMEN?

Eﬁmﬁﬁéwa —re—
ﬁFnEJ G( kTE'Ed)TE'E?BZEb\ﬁEj’éb\O U,V0)_7:j_‘j:

SIZEENS
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Examples of A’P problems

- Composite Number Testing Problem(COMPOSITE)
input: natural number n
question: Is n composite? (Is it not prime?)

- Knapsack Problem(KNAP)
input: n+1 tuple of natural numbers <a,, a,, ... , a, , b>

question: Is there a set of indices S & {1, ..., n} s.t. Z a, =h?

ieS !
Bin Packing Problem(BIN)
input: n+2 tuple of natural numbers <a,, a,, ..., a,, b, k>

question : Is there a partition of a set of indices U={1, ... , n}
into U, ... , U, such thatZ:i L 8 S b for each j?
<

Vertex Cover Problem(VC)
input : pair of undirected graph G and natural number k <G, k>
question: Is there a vertex cover of K vertices over G?

Vertex Cover S contains at least one of U and v for each edge (u,v).
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GSTEE=V7ABOE R

FH56: pC cc cxp| |FEEEEGEE44):
EEOFIBEE t), t, [TXL.

DN
I

EELY, AH. Ve >0,V n[ct,(n)’ <t,(n)
JTFE}E5.7: D % 5C¢ SXYP. —>TIME(t1)§TIME(t2)
AR N

1) Pg &

t,(n)=2",t,(nN)=2"&9 5 &, [EEEELY,
TIME(2") & TIME(23")
—7, P < TIME(Q2") ¢ TIME(@2*) < £fZh'b,
PS &
2)B E k.

Ak BA
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5.3. Relation in the Complexity Class

Theorem 5.6: P < £ © £XP.| |Hierarchy Thm. (Thm. 4.4):
For any times t;, t, ,

Obvious from the definition. ve > 0,vn[ct (n)’ <t,(n)
Theorem5.7:. P G & G EXP. %TIME(tI)gTIME(tz)
Proof: \/

(1) P& E.

For t,(n)=2", t,(n)=23", from the hierarchy theorem we have
TIME(2") & TIME(2%")

On the other hand, since P © TIME(2") ¢ TIME(2°") € &
P <% &

(2) 1s similar.

Q.E.D.
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TE 5.8,
(HP S NP, P<S co-NP(£2T, PSS NP N co-NP)

Q)NP C EXP, co-NP C EXP (&>T, NP U co-NP C EXF)

ZEER: (1) P S /\/77 (P S co-NP £ EHR)
L. EFEDPRE
9 L(j: IETH#FHﬁ—CEL nﬁk_.r

&0 T, yIE‘tH#FaEln'fﬁ_IﬁbLnnP’éFﬁL\’C«k@J:')L%Hé
vxeX*:[XxeLPX)] or P= ={x: P(X)}
Rx,w)=PX)EEE (F25I8ILER)
> E%‘O) ZIETqlZDLVT,
= {x: 3 W[ R(xX,wW)]}
J:o'C NPDEZEKLY, L€ NP ie, P S NP.
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L'\f\f\ m O
neoren

( YP < N P < co-NP (thus, P S NP N co-NP)
QNP < SXP, co-NP © EXP (thus, NP U co-NP S EXP)

Proof:
()P S NP (P < co-NP is similar)
L: arbitrary P set
=>» L is recognizable in polynomial time
Thus, we have the following description using a polynomial-time

computable predicate P.
VxeZ*:[xeLo P(X)] or P={x: P(x)}

We define R(X, w) = P(x) (neglecting the second argument)
—> for any polynomial (,

L = {x: W[ R(X,w)]}
Thus, from the definition of NP, Le NP ie., P S NP.
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Q) NP € EXP(co-NP < EXP)
41 = mNP’E

IEth IR ET E Al AE RN FEL T,
= (X3 WRX WS = x: I W wi= q(] X [) AR(X, W)

q&RéﬁﬁL\—C L& &2 nﬁk-d_éj 0o S LS.
prog L(input Xx);
begin

for each W e 29" do
if R(x, w) then accept end-if
end-for;
reject
end.

RSIDAAIZHTETO05 S LDOEHETES:
RIZZIEXEGEETERIREZ =05, HHLEIEXpIIXIL,
RO ETERME=p(x| + w|) <p(+q()) ~— | DZIEXK
KT, {pd+g()) + cq(h)} 290 + d = O(2 Hab)
£OoT, LeEXP > NP C EXP RIEAA#%




(2) NP S EXP (co-NP S EXP) 10/12

L: any NP set
=» There is some polynomial g and polynomial-time computable
predicate R such that
[ = (3 WROG W} = {x:3,w]| W< (| X ) A R(X, W]}
prog L(input Xx);
begin

for each W e 29" do
if R(x, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R 1s polynomial-time computable, for some polynomial g
time of R=p(|x| + [w]) <p(l +g(l)) «— polynomial of |
In total, {p(lI+qg(l)) + cq()}29D +d = O(2 *a)
Hence, L e EXP > NP C EXP Q.E.D.

program recognizing L using q
and R
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TEHES.0.

(D) NP S co-NP > NP = co-NP
(2) co-NP S NP > NP =co-NP
BYNP# co-NP > P« NP.

#E: Q) &Y, NP #co-NPDEEBAIK, P# NPOIEBAKXYZELLY.

GEBH: (1) NP S co-NP > NP =co-NP (2)DFERRH [E] k)
EZEDL €co-NPIZRLTL € NPHRENIX, co-NP S NP
MNEEFATESD T, IREDNP S co-NPEEHHETNP = co-NP
M=z 2
L € co-NP —~ L NP (EFES5.3&KY)
7L € co-NP (NP S ca=NP&KY)
~LENP (EFES5.3&L=L&KY)
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Theorem 5.9

(D) NP S co-NP > NP = co-NP
(2) co-NP S NP > NP =co-NP
B)YNP# co-NP > Px NP.

Note: from (3) the proof for NP # co-N'P is harder than that
for P# NP.

Proof: (1) NP S co-NP > NP =co-NP (proof of (2) is similar)
Since co-NP S NP is shown if we prove LENP for any L€ co-NP
Combining it with the assumption NP € co-N'P, we have
NP=co-NPandso
L € co-NP — L ENP (by Definition 5.3)
—L€co-NP (NP S co-NP) —

—LENP (Definition 5.3 and L=L)
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B)NP #co-NP > P = NP.

XH&: P = NP > NP =co-NP
P=NPERET BE, TRTDHDLIZHL

LeNP € LeP (P=NP &Y)
O Lep (B E [ERES.S)
oL ENP (P=NP &Y)
“L(=L)E€co-NP (E&E53&Y)
-+ NP =co-NP A BA#E
NP #co-NPHIELLVE

OFGING
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B)NP #co-NP > P= NP.

Contraposition: P = NP 2> NP =co-NP

If we assume P=NP, for any L we have
LeNP < LeP (P=NP)
< Lep (Exercise 5.5)
< LEANP (P=NP)
<L(=L) €co-NP  (Definition 5.3)
- NP =co-NP Q.E.D.

If NP #co-NPis true,

OFGING



