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FA4E FEOEMSAM Chap.4 Computational Complexity
4.1 HEOFHESOERBE i i
r§+§ﬂ§%b\ 2 DTEDBREDHEIRNTHEREN? | 4.1. Survey on Theory of Computational Complexity
HEOEHS 0) 33 (Computational Complexity Theory) ’ “Computable?”=»*“How much cost is required for computation?
" : P P o Computational Complexity Theory
EE43: BAKEOBESS, g IZxL, Definition 4.3: For functions f and g on natural numbers, if
Sc,d>0, Vn [f(n)= ¢ g(n) +d] Sc.d>0, Vn[f(n)= cg(n) +d]
L1gBEE, fFA—F—gTHDEL, f=0(g) LEBT . then we say f is in the order of g and denote it by f = O(Q).
*EHC, diEnE EERICEE B EMNBE Remark: the constants ¢ and d must be determined independently of n.
; 3 — Th 4.1: The followings hold fi functions f, dh
EHE | AR EOEBOBM L, g, h (SHLROBRARIL el mamberss e ol foranyfunetions , g ancion
@) Vn[f(n)mé g(n] > f=0(g) 1. Vn[fn) = g(n)] > f=0(g)
(2) Fc> 0, n[f(n) = cgm)] > f=0(g) A _
£ —0(a) A — O = f=0O(h 2. dc>0, yn[f(n) = cg(n)] > f=0(9)
©) [T =0(@) 72 g = 0] > f=O(h) 3. [f =0(g)and g =O(h)] > f=0O(h)
8/18 8/18
423 MBEOMAHER 4.2.3. Time complexity of a problem
EEHLL OEERBELL, tZEARB L OBEETS. Def.4.4. Let ® be a computing problem and t be a function over
WEOFHETEZTATSLAEES ¢, d>0NELELT, natural numbers. If we have a program A to compute ® and some
V1 [time_A(l) = ct(l) +d] constants ¢ and d > 0 such that
BHIE, OIFOMBEFEIETEREE, HHNTODEMEFTEE(E VI [time_A(l) = ct(l) +d]
O THDHES. then we say that @ is computable in O(t) time, or time complexity
of @ is O(1).
FR:CCTITFEMELLT, SA0REMELEEEL TS,
Notice: We assume here that a computing problem is that of
EEHMICIETEEO t B LT TR ERREIELVDIERR, recognizing a set.
CEHADBREFEEZEL t KYELMBLALLY. Intuitively
CE2) A KYHECOEET TR S LA HEINELALLY. problem @ is computable within time t
* time complexity of A may be less than t.
+ there may be a faster program to compute ® than A does.
9/18 9/18

Bla7. RBHEHEOREFER
FHHEME(PRIME)

AN :BRE (2L, 28 KT
B (XFREH?

PRIME = {[n]:nl3&E%)

prog Naive(input n); 2 ~n-1DF|TE[>THB —
begin Rik:
foreachi:=1<i<ndo 20024

A=Y T DA
nl~+/2n n(g]n

if n mod i = 0 then reject end-if O(l 6)
end-for; ‘\ . L
log n*log i FFfEl DT IL3Y)
i AEESRT

time_ Naive(n) < Zkkn (clognlogi+d)
= clog nlog n+dn = O(n(logn)*)

nDESHE 1 ET5E, | XIFRlog nf2h D, time Naive=0(122")
HIC, FBFEEEOREGEZIT(§4X) 012

Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)
Input: a natural number n (binary representation) |  Stirling’s Formula:

Question: Is n prime? 1~ (E)"
PRIME = {[n7] :nis prime} M= e

prog Naive(inputn);  try to divide by numbers between 2 —n-1
begin
for each i:= 1 <i<ndo
if n mod i = 0 then reject end-if
end-for; .
accept B log n+log i time
end.

time_ Naive(n) < Zkkn (clognlogi+d)
= clog nlog ni+dn = O(n(logn)*)

(O(Ié) time algorithm has been
developed in 2002!!

When the length of nis |, | is approximately log n. So, time_Naive
=0(I?2"). Thus, time complexity of PRIME is O(I22").




2009/4/18

10/18 10/18
Def.4.5.
i%ﬁi.ﬁia}ﬁﬁﬁ SHL B EEA O LhBES ;or :function t over natural numbers, the set of all sets
G n“iﬂégngE] :EE) o)t ﬁhﬁ("é O (‘t) EFE] frl'ig - 9(9 2 gL\L\ = (i.e. recognition problems) with time complexities O(t) is
l'e";“i R ety = =77 ' called O(t)-time complexity class, and it is denoted by TIME(t).
;g—) 7;(05.1;[%;’%& ' . ST 5 And such a function t is called a time limit.
T—&-Ltl? O—)I?Z' E#Fﬁ%:g%;%@}“b#;.é'iimf'O_Zﬂ For example, a class of sets recognizable in time O(122") is
T-IM]zS-(IZZ")’C“(ﬁJ U) %i‘ PEI;I;\/H'; (?;G)EE? =77 TIME(I22"), and the set PRIME is one element.
PRIME TfME(EIIZ 2 - PRIME € TIME(I22")
o = o .
fEHBA% Exponential
T T
o 7 © 2
4 Tl& PRIME € TIME (1°) Now, PRIME € TIME (I°)
ESE 6 Polynomia 6
11/18 11/18
Pada ol = 0 ~= = — h r
E5E REMNLGHES ISR Chapters
Representative Complexity Classes
5.1 KRROGFREHERI SR
P = Up~§IEit TIME(p(1)) 5.1. Representative time complexity classes
£ =\Uj | TIMEQ) P =\ p-polynomia ™ERD)
sxr= U, _ TIMEQw) e =\U.| TIMEQ?)
p:ZIEN
A HEEUIACAAGEE. exp=\J  TIMEQ)
CRHRE: CHREDRHME ° . .
° Cset: set in the complexity class C.
© Cproblem: problem of recognizing a C set.
HHMBAPITASTNVELNES, °o
HEMICIEFICEZAGL... Problems not in P are intractable
from the practical viewpoint...

12/18 12/18
BlI5.1: VSRP, £, EXPTIE, ZIEXEHEEDEIME Ex.5.1: Polynomial makes no serious difference in the classes
TIE7ZL. P, E, EXP.
P ZIEX X FEAS>ZER ‘P: polynomial X polynomial->polynomial
E2DMME x 2N > 20 BE &: linear power of 2 X polynomial = linear power of 2
EXP:2MZENXE X ZIHAX D20 ZEAFE EXP: poly. power of 2 X poly. = poly. power of 2
#i5.2: PRIMEDFHHEEVF R £k 200242 O(1%) Ex.5.2: Complexity class of PRIME
#14.7 > PRIME < TIME(2") OF IR LS EREE Ex.4.7 > PRIME € TIME(2))
Z < S — . .
#1Z, PRIME e & ~ hi-OT. STIEP Thus, PRIME ¢ & \LO(lé)tlme algorithm puts
it into P!!
EES. 1. T HIRBEOES Def.5.1: T¢ set of time limits
Ut < TTIME(D): THREFHEEISR U 7Ll"IME('[): T time complexity class
te :
SCRETIME(TERT. —Tt is denoted by TIME(T).
== . _ . _ ¢
IS (1) P= Ue>oTIME(F),  (2) EXP = Ue>0 TIME(2') Theorems.1 (1) P = U, fTIME(F),  (2) EXP= U TIME(2'%)
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IS L (1) P= Uy g TIME(R),  (2) EXP= U __ TIMEQ'®) Theorem 5.1: (1) P= U TIME(F), (2) EXP= U _TIMEQ')°
SIEBR: SEBRIFAEE.
E?cé%{%)ﬁga?gé&g@;g Proof: The proof of (2) is omitted.
T: ZER DK T,: set of polynomials of the form of I°.
¥ N T,: set of all polynomials
> T, S T,5MT, TIME(T,) € TIME(T, 2: Setolall polyn
nEEDSER (ETORBOER) > since T, & Ty, TIME(T)) < TIME(T,)
SERpDBAREEKET BE, p(l) = Ol p: arbitrary polynomial (p is any element of T,)
oy 3kl ' if the maximum degree of a polynomial p is k, p(l) = O(I¥)
TIME(p(l)) € TIME() € TIME(T)) From Theorem 4.3,
L#=AS5T, TIME(T)) = TIME(T)) TIME(p(l)) < TIME(I) < TIME(T))
! 2 SRR erefore, TIME(T,;) = TIME(T,)
EHE4.3: Theorem 4.3:
FTATOHIBRERRA t,,t, (XL, For any times t,,t,,
t,=0(t,) 75 [F TIME(t,)S TIME(t,) t,=0(t,) implies TIME(t,)< TIME(t,)
14/18 14/18
f515.3. 28 5 2 =L FTHf A RE(PROP-EVAL) Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
AR :<F <aa,...8,>> Input:<F,<a,, a,, ..., 3, >>
FIZ{EEEGREREL AV > © F is an extended prop. expression
B @8y ..., 8, ) [EF ISR O HEBERYHT (@, @y, ..., a, ) is a truth assignment to F
B Fa,ay....a,)=1? Question: F(a,, a, ..., a,)=1?
X—Yy X oy X—Yy X oy
xY) [(TXVY) (x> AY—X) xy) [(=xVy) (x> AY—X)
0,0) 1 1 (0,0 1 1
(0,1) 1 0 0,1) 1 0
(1,0) 0 0 (1,0) 0 0
(1,1) 1 1 (1,1) 1 1
15/18 15/18

155.3. an e am 22 =X 5T MM RS RE(PROP-EVAL)
A :<F, <ap,ay, ..., a,>>
FIZHiRMEREX AV -2 ©
@y, ay, ..., a)IEFIT T HEEEE|Y LT
B F@,a,...,a,)=1?

VLIS ERER F AO—FIEENAD [F] ASHEREAES.
FTERIKO([F] P)BEEI TR TE 5.
FEANFOATONIE, RELTYIRT
F(al, ay, ..., ay ) a)ﬁa[i?é:'%':g'i'gﬂﬁg 01

Bl F(Xp, Xy 5 X3) = [X; A %] VX —X]
F(0,1,0)=1
F(1,1,0=0

00

&>TPROP-EVAL € P

Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<a,, a,, ..., a,>>
F is an extended prop. expression
@y, @, ... , &, ) is a truth assignment to F
Question: F(a;, a,, ..., a,)=1?

Construct a computation tree from a code [F1of ext. prop. expression

It is built in time O(|[F ]P).

If computation tree is available, we can easily obtain the value
F(a,, a,, ..., a,) in a bottom-up fashion. )
computation

N1 0 tree

0

<

Ex.: F(Xp, X5, X3) = [X) A 7X] v [X] —Xs]
F(0,1,0)=1
F(1.1,0)=0

Hence PROP-EVAL € P
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v' PROP-EVAL, 2SAT, ST-CON, DEULER

>UTORREIX EIZET S, ..
v/ 3SAT, DHAM

PEEDEODIZANP

16/18 16/18
153, an A EmEE = I8 B M S RE - 2 AR S (2SAT) Ex. 5.3. 2-Satisfiability (2SAT)
AR :<F>Fld2iniER aEmER Input: <F> F is 2-conjunctive normal form
BM: Fa,ay,...,a,) = 1Z&ETEV L THHSHH? Question: Is there any assignment such that F(a,, a,, ... , 8,) = 1?
FiER: Conjunctive Normal Form (CNF)
F=(@OVOV. . VONOV.. . VOA..A(.) F=(@OVOV. . VONOV.. . VOA..A(..)
SUTIILDORBHOREBETREINZLD - described by /\ of \V of literals.
58/t=mEM exactly/at most
KRR RS (K SAT) L& E/ D k SAT %—‘
- MBEROZREMAS KEQYTINEED - Each closure contains K literals
- 3SAT, 4SAT L EIHICE R TES, - We can define 3SAT, 4SAT similarly.
- SAT: ZHEBFO) T OEHIZHIBHAZLED - SAT consists of any CNF.
- EXSAT: ANAYERGERER (L o1HT) - ExSAT consists of any extended propositional expression.
. 17/18 17/18
f5115.4: FZEATREME RIRE(ST-CON) EX. 5.4: Graph reachability problem (ST-CON)
AN :<Gst>: ERAIJSTG, [ Sst=n(=|G|) Input: <G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|)
B GETs Mot ~DEDHDH? Question: Does G have a path from s to t?
>EREF. BREEADVRLTHDE »Cycle is a path that shares two endpoints.
>AAT—HREE. TRTODDLE—EDOESHE > Euler cycle is a cycle that visits all edges once.
FNSLAUBAREIE,. TRTOIERE—EDDEDHAK »>Hamiltonian cycle is a cycle that visits all vertices once.
f515.4: —%%%E‘iﬁ%ﬁ:ﬂ%ﬁ(DEULER) EX. 5.4: Euler cycle problem (DEULER)
AR <G> ﬁﬁ_7 772G Input:<G>: a directed graph G
B GldA15—FlEL DAV Question: Does G have an Euler cycle?
f55.5: /72 )L+ BARR R RE(DHAM) Ex. 5.5 Hamiltonian cycle problem (DHAM)
AB:<C> HERMT TG Input: <G>: a directed graph G
B GIENIILLFBREEDH? Question: Does G have a Hamiltonian cycle?
o 18/18 18/18
UTOEENFONTLNS: It is known that:
>UTOMER P IZET S:

» The following problems are in P:
v' PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v 3SAT, DHAM

~
1=V

The class AV’P between P and £?
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52. 95 ANP

EES.2: KA LICHLTROEHEH-IEEX gL
SRt E T REREE R AFHELET S,

ExeX Txel < awe |wi<q(xDRX,W)] (5.1)
2FY, L={x:3weZ*[[w[<q(x) AR W)}
COEE, LENPEE LWV, LORBHEBBBEENPEREELS.
Flz, NPEEDEEREIFANPENS.

HE: Bxex IHLT, HERX |w<q( X)) ARX W)
Einf-g W, eZ¥ExD (FEX KR D) FEMENS.
UTTE Iwe s :|wi<q(x)) = 3w

TARYAXDEBEXROIHIA G ONT=EE, TATIED
EHEBE-IMNEINESEAKRETHETES. |

# % : N'P=Nondeterministic Polynomial

1/12
5.2. Class NP

Def. 5.2: Suppose that we have a polynomial ¢ and
polynomial time computable predicate R for a set L such that

for each x e %, xe L <> Iwe 2" ;| w|< q( x D[R(X, W)]
ie, L={x:IweZ*[|w[<q(Xx[)AR(X,W)]} (5.1

Then, L is called an AP set, and the problem of recognizing L
is called an AP problem.
Also, the whole set of AP sets is called the class NP.

Note: For each xe* W, €Z* satisfying the predicate
[WI<g(] X]) A R(X, W) is called (polynomial) witness of X.
Hereafter, we use notation Iw e Z*:|w|<q( x[) = 3Jw

“Given a witness of polynomial length in the input size, we can
determine in polynomial time whether it satisfies the condition
of a given problem.”

c.f.: N’/P=Nondeterministic Polynomial

5.7: 1\2 )L+ ERRRRIRE (DHAM) € NP 212
JZIDERIFI~n EBEIFINTVSERE.
NELRVEABOWYED 1~n DIEFI<I, I, ..., 1>

COIEFIN ZEX RO

Bl 1o os RO — e 853

<1,23.4,5> DNILAUEER DN
58 I, <1,2,3,5,4> DNIILAU BT
<1,4,3,2,5> DNIIIUEHARTHEND
Rp(x, W) [xXI&H BT S IG(nTER) DI—F]
A WIET~nDIBFI< Iy, Iy, ..., 1,>]
ANWIEGD/NZ LU BABRERL TS
FTRTD XeTHIDWTROBFEMNRYILD.
XD HBTS5TGCHIA—KRIZH->TNDEE:
x € DHAM > 3wg (=<1,,...,1, >)[Rp (X, W5)]
xBTS TDA—RIZEDTUVENEE: Y[R, (X, W)]

. 2/12
Ex.5.7: Hamilton Cycle Problem (DHAM) € NP
Assume graph vertices are numbered 1~n.
Trace on a Hamilton cycle® permutation of 1~n<Iy, I, ..., I,>
This permutation is a witness of polynomial length.

/| (c.f.)There are n!~n" many

Ex.: 1 o o5 candidates of witness
<1,2,3,4,5> =»Hamilton cycle =>witness
26 3\4 <1,2,3,5,4> =»not Hamilton cycle
<1,4,3,2,5> =»not Hamilton cycle
Rp(X, W) €[ is a code of a graph G(with n vertices) ]
A [w is a permutation of 1~n: <y, I, ..., I,>]
A[w represents a Hamilton cycle in G]
For each X € 2*we have
if X is a code of a graph G:
x € DHAM > 3wg (=<1,,...,1, >)[Rp (X, W;)]

if X is not a code of any graph: YW[—R, (X, W)]
D )

515.8: R EARIER 75 2 M RME(3SAT, SAT, ExSATAE) 32

H#Z:ExSAT e NP

FX,, ... , %) EEDILRMERER
FMNFERATEE © 3Ja,, ..., a,: &alX1H0 [F@, ..., a,) =1]
FEHLOD &g
FADEHKEDEIY L TE<a,...,a,>TKY.
> E&F 3(n+n+1)=6n+3 < 6| [F ]| +3
ge(l) = 6143
MEER:
Re(x, w) < [xIZHDIERMERERXF (nEH) OI—F]
AWIEFADEIYHT<a,,a,, ... ,8,>]
N [F@y, ..., a) =1]

HEKRERWSERa,, ..., a,) DIEFSEXFHETEHHEATRE.
&2T, RAZIAXKHE CEHE IR

3/12

Ex.5.8: Satisfiability Problem of Prop. Express. (3SAT, SAT, ExSAT)
Goal :EXSAT e NP

F(X;, ... , X,): arbitrary extended prop. logic. expression
F is satisfiable<> 3a,, ..., a,:eachgisOorl [F(,,...,a,) =1]
length of a witness ¢
Truth assignment to F is denoted by <a,, ..., a,>.
- its length is 3(n+n+1)=6n+3< 6|[F]|+3
ge(l) = 61+3

predicate Rg

Re(X, W) <> [ is a code of an extended prop. express. F (n variables) |

A [Wis an assignmentto F: <ay, a,, ..., a,>]
A [F@,, ..., a,)=1]
Using a computation tree, the value of F(a,, ... , &,) is computed in

polynomial time. Thus, Rgis also computable in polynomial time.
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NPEETHAHZEDERIEAA? What does it mean by being an NP set?
(5. )#&iHT=9q, REALDE, x L2 ERDESITHIETES. Using g and R satisfying the predicate characterizing an NP set,
for each W e X9 4o we can determine X €L ? in the following way.
if R(X, w) then accept end-if
end—f(()r‘ ) P foreach w e 9™ do
reject: ’ if R(x, W) then accept end-if
’ end-for;
RSN FOXFINET RTHIZELTHRL, reject;
acceptb‘reject?f;‘j']if%é. T:T:%’) :-E'ta)_";)giq'gu ES If we enumerate and check all possible strings of length at most
20q(x)RAB FEHBIRD FE T D EITER. q([x[), then we can accept or reject them. Here note that there are
FROHEA R TR TEREAENPEALEZ TEL, 2 to the q(|x|) (exponentially many) such strings.
We may think that those sets recognizable as above are NP sets.
5/12 5/12

NPIZEELI-9FX

5.3 £ALIL, ZOBESLANPIZELTINSES,
CO-NPEEENS. Fi=, co-NPEEDLAEEISZAcO-NPENS.

WE: co-PEEBELTH P LRALLDOTEEK.

TS5 IRTDES LICHL, ROFEHEREE.
(a) L eco-NP
b) EAL%E ELLBER q LZEXERN
SHE AR EEQE AT,
L= {x:VweX*:|wl<q( x D[Q(x,w)]}
ERED.

Classes related to NP

Def.5.3. A set L is called a co-A/P set if its complement L belongs
to AP. The whole family of co-AP sets is called the class co-AP.

Note: It is nonsense to define co-P since it is equal to P.

Theorem 5.5. For every set L, the following conditions are equivalent.
(@) Leco-NP
(b) The set L can be represented as
L={x:vweZ*:Jwl<q( x[Q(x,w)]}
by using some polynomial g and polynomial-time computable
predicate Q.

6/12
f5.9: FEHHIERE
[n]¢ PRIME <> 3m:1<m<n[ n mod m=0]
Li=#'2T, qy(n) =né&l,
R, (x,W) <> [x £ N]v[[weN]A[l <m<n]A[n mod m=0]]

(=120, n, mlE & &x, whiR 3 B KK,

NIZBERBOD2ERTEEE)
EEET DL,

FRTHDXeZ*[ZHRL, x&PRIME - 3g,WR,(x,W)]
I, x € PRIMEIZ Y BEEHL

&27T, PRIME € NP, ie., PRIME € co-NP
I, Qx, W) & = R(x, W) ETBHE

PRIME = {x: Y qw [Q,(X, W)]}
ERED.

PRIME e NP 3RE50%, TOIIBAIEE L85

6/12
Ex.5.9: Primality testing
[n] & PRIME <> 3m:1<m<n[ n mod m=0]

Therefore, for g,(n) =n,
R, (x,w) & [x & N]v [[weN]A[l<m<n]A[n mod m=0]]

(where, n and m are natural numbers represented by X and w.
N is a set of all natural numbers in the binary form)
This definition leads to
for every X€Z* we have x¢PRIME < 3q,WR;(x,w)]
This is a witness to X € PRIME
Thus, PRIME e NP, ie., PRIMEE co-NP
In fact, using Q(x, w) <> —Ry(x, W), PRIME can be expressed as
PRIME = {x: Yg,w [Q,(x, W)]}

We can also show that PRIME e AP, but its proof is more complex.
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NPREEOH Examples of A’P problems
- & B E RERE(COMPOSITE) »Composite Number Testing Problem(COMPOSITE)
AN BARHEN input : natural number n
BB nEEREN? (FRTEND?) question: Is n composite? (s it not prime?)
- F Ty HREIREKNAP) *Knapsack Problem(KNAP)
AN :-B#HDME<a, ..., a8,b> input: n+1 tuple of natural numbers <a,, a,, ... , a,, B>
&R Z. (A =b LB FFDESSC {1, ..., A HEMN? question:Is there a set of indices S & {1, ..., n} s.t. s =b?
- FEEE O RIRE(BIN) *Bin Packing Problem(BIN)
AN BHEBOME<a,a, ..., a,b k> input: n+2 tuple of natural numbers <a,, a,, ... , a,, b, k>
B AFEDEAU=(1,...,ntEU,, ..., UDKREIZHEIL, question: Is there a partition of a set of indices U={1, ..., n}
&jT ZieU a, <b &F BT EIEAREM ? into U, ..., U such that Zisul a, <b foreachj?
: -Vertex Cover Problem(VC)
'TE)ﬁ?&ﬁFnﬁ%E_(VC) y TE S HES: input: pair of undirected graph G and natural number k <G, k>
AN EATSIGEE Q{Sﬁk@fﬁﬁ<6, k> EDiBuV)H question: Is there a vertex cover of k vertices over G?
B GICKIERDTEREENFLET M ? uvd—7Al%
Si:ﬁih 3 Vertex Cover S contains at least one of u and v for each edge (u ,v).|
8/12

53. 5t EEIS AR DR

(mse: P ec evp| |REEE(EE:
EEDHIRESRT £, t, (THL.
E&ELY, BHoH.

e > 0, nfct, (n)’ <t,(n)
EEe - TIME(,) S TIME(,)

SIEBA:
1 Pc &
t,(N=2" L(N)=2Ed 5L, BEEEEKY,
TIME(2") G TIME(23")
—7, P S TIMEQ") ¢ TIMEQ™) S £2AMD,
PG &
QBRI

FEBAfR

8/12
5.3. Relation in the Complexity Class

[ Theorem5.6: P < £ < £xP)| |Hierarchy Thm. (Thm. 4.4):
For any times t, t, ,
e >0, nfct,(n)* <t,(n)

- TIME(t,) c TIME(t,)
#*

Obvious from the definition.

’Theorem 57: PG & S EXP. ‘

Proof:
HPrPs &
For t;(n)=2", t,(n)=2°", from the hierarchy theorem we have
TIMEQ2") & TIME(23")
On the other hand, since P & TIME(2") ¢ TIME(2’") € &
PG &
(2) is similar.
Q.E.D.

9/12

TEI5.8.
(HDP S NP, PSS co-NP(&L2T, PE NP N co-NP)
Q)NP S EXP, co-NP S EXP (&2T, NP U co-NP S EXP

FEER: (1) P S NP (P S co-NP BE#HkR)
L: FEDOPEAR
> LIFSER KR TR AT E
&oT, EIRABHEFAEARREPERAVTROLIIZETS.
vxeZ*:[xeL o PX)] or P={x: P(x)}
Rx, W) =P(X)EEE (F251 8T TR
> H#EDNZEHKITONT,
L= {x: 3w R(xw)]}
&oT, NPDEREY, LE NP ie, P S NP.

9/12

Theorem 5.8.
(HP € NP, P S co-NP (thus, P S NP N co-NP)
QNP S EXP, co-NP S EXP (thus, NP U co-NP S EXP)

Proof:
()P S NP (P S co-NP is similar)
L: arbitrary P set
=> L is recognizable in polynomial time
Thus, we have the following description using a polynomial-time
computable predicate P.
vxeZ*:[xeL <> P(X)] or P={x: P(X)}

We define R(X, w) = P(x) (neglecting the second argument)
-> for any polynomial g,

L= {x: I W[ R(xw)]}
Thus, from the definition of NP, L€ NP ie., P S NP.
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Q)NP S EXP (co-NP S EXP) 10712
L: EBEDONPEE
S ZIEXqELBXRRE G EAIREREERAFEL T,
L= {X:IWR( W} = {x: 3wl wi< q( x ) A R(x,W)]}
qQEREFAVT, LERB#HT 5T0T 5 L%1ES.
prog L(input x);
begin
for each we X% do
if R(x, w) then accept end-if
end-for;
reject
end.
RIIDAAICKHT SIS LOBEHES:
RIFZERBFHEEFE AR oTAD, HBHBIEHXpITKIL,
RO EHERRE=p(x| + W) <p(l+q()) — | DLIEX

KT, {p(+adl)) +cq(l)}290 +d = O(2 )
&oT, Le&XP > NP C EXP

FEBARR

(2) NP S EXP (co-NP € EXP) 10712
L: any NP set
=>There is some polynomial ¢ and polynomial-time computable
predicate R such that
L= {x:3WR(X,W)]} = {x: I | w[<q(| x]) AR(X,W)]}
prog L(input x); program recognizing L using q
begin and R

for each w e X% do
if R(x, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R is polynomial-time computable, for some polynomial g
time of R=p(|x| + |w|) <p(l +q(l)) «— polynomial of |

In total, {p(I+q(l)) +cq(1)}29D +d = O(2 Hab)
Hence, L e EXP > NP S EXP

Q.ED.
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SEE5.9.
(D) NP S co-NP > NP =co-NP
(2) co-NP & NP > NP =co-NP
B)NP# co-NP > P« NP.

iE: Q)&Y, NP #co-NPOIERRIE, P# NPOIERAKYEELL.
FEBA: (1) NP S co-NP > NP =co-NP ((2Q)DFEALE#HR)
FBEDL €co-NPIZHLTL € NPARENIE, co-NP S NP
HEEBATZED DT, (REDNP S co-NPEBHETNP = co-NP
MEZ5. _
Leco-NP =L SNP  (EES3KY)
L €co-NP (NP S cazNP&KY)
~L ENP (BE5.3&L=L&Y)
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Theorem 5.9
(HNP S co-NP > NP =co-NP
(2) co-NP & NP > NP =co-NP
B)NP# co-NP > P« NP.

Note: from (3) the proof for NP # co-AP is harder than that
for P# NP.
Proof: (1) NP S co-NP > NP =co-NP (proof of (2) is simiiar)
Since co-NP S AP is shown if we prove LEAP for any L€ co-NP

Combining it with the assumption NP S co-NP, we have
NP=co-NPandso

L € co-NP —L €ENP (by Definition 5.3)
TL€co-NP (NP S co-NP) =
L ENP (Definition 5.3 and L=L)
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| G)NP%coNP 5P = NP, |

|1&: P = NP > NP =co-NP|
P=NPERET DL, TRTOHLITHL

LeNP © Lep (P=NP&Y)
O Lep (EEMIES.S)
S LENP (P=NP &Y)
SL(=L)E€co-NP (EES53&Y)
““ NP =co-NP SERR#R
NP #co-NPHELLVE

OFEING
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| G)NP%coNP > P% NP.

|Contrapositi0n: P=NP > NP = co—NP|

If we assume P=N/P, for any L we have
LeNP © Lep (P=NP)
O Lep (Exercise 5.5)
oTenp (P=NP)
“L(=L) €co-NP (Definition 5.3)
“* NP =co-NP

QE.D.
If NP #co-NPis true,

OFEIANG




