HERISARBOEREHBET HE. ..

ISRAPDEEGE)
EBLNITAPIZAS ©
LIF &9 IR FH E A 85R EBRAFE:
& X EXTXELOR(X)

DS ANPDEH(EEKS.2)
EELNITANPIZAS &
LTF##E-9 2ERqE S ERXBREE E AR BRI FE:
& x ETTXELS TwE 5w =q(X)[R(X,W)]

V5 Rco-NPDEZR(EHES.S)
EABLMNYSRco-NPIZAD ©
LT %7 SERqL S EARMSHE A AR ERA IR
£ X ETTXELOVWE Z*: (W =q(X)[R(XW)]

Observation of the definitions of the classes...

Def: Class P (Chapter 5)
Set L is in the class P <
There exists a poly-time computable predicate R such that
for each XEX*, XELOR(X)

Def: Class NP (Def 5.2)
Set L is in the class NP &
There exists a poly g and a poly-time computable pred. R s.t.
for each xEX", xELS IwE X' :|w|=q(IX)[R(X,w)]

Def: Class co-NP (Theorem 5.5)
Set L is in the class co-NP &
There exists a poly g and a poly-time computable pred. R s.t.
for each XEX", XELSVWE 71 \w|=q(X)[R(X,W)]
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5.9 SREHIE R

[n]¢ PRIME <> 3m:1<m<n[ n mod m=0]
Li=#'2T, qy(n) =né&l,

R, (%, W) <> [x & N]v[[weN]A[l <m<n]a[n mod m=0]]

(=120, n, mlE & ax, whiR 9 B KK,
NIZBERBOD2ERTEEE)
EEET DL,
FARTDXxeZ*[ZHL, x&PRIME & 3q,W[R,(x,W)]
M, x € PRIMEIZ Y SEEHL
&2T, PRIME € NP, ie., PRIME € co-NP
I, Qx, W) & = R(x, W) ETBHE
PRIME = {x: Y qw [Q,(X, W)]}
tRED.

PRIME € NP 3RE5h%, TOIIBAIEE L5

6/12
Ex.5.9: Primality testing
[n] & PRIME <> 3m:1<m<n[ n mod m=0]

Therefore, for g,(n) =n,
R, (x,w) & [x & N]v [[weN]JA[l<m<n]A[n mod m=0]]

(where, n and m are natural numbers represented by X and w.
N is a set of all natural numbers in the binary form)
This definition leads to
for every X€Z* we have x¢PRIME < 3q,WR;(x,w)]
This is a witness to X € PRIME
Thus, PRIME e NP, ie., PRIMEE co-NP
In fact, using Q(x, w) <> —Ry(x, W), PRIME can be expressed as
PRIME = {x: Yg,w [Q,(x, W)]}

We can also show that PRIME e AP, but its proof is more complex.

7/12
NPREREDOH
- & ¥ & (COMPOSITE)
AN BRHEn
BT EREH ? (RETHRLDN?)

> Ty HRIRE(KNAP)
AN B##DM<a;, ..., a8, b>
B Y, a=b LHBBRFOEASC {1,..,niAHEIM?

- fEEE O FEE(BIN)
AN BR¥DM<a, a,, ..., a,b k>
BRI RFOESU=(1,...,n}%EU,, ..., UDOKEIZHEIL,
KTy, a<b&FBILiFTHEN?

-TERBEMREVC) T A HES:
AN AT 5TGEBRBKDH<G, k> EDDUV)D
B GIKERDTERKBELNFET SN ? uvD—F &

SITEgFEND
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Examples of AP problems
»Composite Number Testing Problem(COMPOSITE)
input: natural number n
question: Is n composite? (Is it not prime?)

*Knapsack Problem(KNAP)
input: n+1 tuple of natural numbers <a,, a,, ... , a,, B>

question: Is there a set of indices S & {1, ..., n} s.t. Z 8 =b?

ies 1
+Bin Packing Problem(BIN)
input: n+2 tuple of natural numbers <a,, a,, ... , a,, b, k>
question: Is there a partition of a set of indices U={1, ..., n}
into U, ..., U such that ZueuJ a, <b for each j?

-Vertex Cover Problem(VC)
input: pair of undirected graph G and natural number k <G, k>
question: Is there a vertex cover of k vertices over G?

Vertex Cover S contains at least one of U and Vv for each edge (u ,v).|
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53. A EEVSAEDERF

EEEREER R B 3 (FE 34 4):
- E%o)@llﬂﬂv*fﬁaﬁ t, t (23l
TELY, BALH. ve > 0,vnfet, ()’ <t,(n)

(®B57:. PG £G eap. || D IMEWSTVEG)

SEBA:
1 Pc &
t,(N)=2" L,(N)=2"ed 5L, BEEEEKY,
TIMEQ2") G TIME(23")
—7., P S TIMEQ") ¢ TIMEQ2™) € 24D,
PSS &
Q)b EIHk.

SEER#E

8/12
5.3. Relation in the Complexity Class

\Theorem 56: PC EC SXP.\ Hierarchy Thm. (Thm. 4.4):
For any times t;, t, ,
Ve > 0, nct,(n)* <t,(n)

’Theorem 57: PG £ G EXP. ‘ e SE

Obvious from the definition.

Proof:
mHPrPs &
For t,(n)=2", t,(n)=2°", from the hierarchy theorem we have
TIME(2") & TIME(23")
On the other hand, since P & TIME(2") ¢ TIME(2%") € &
PG &

(2) is similar.

Q.ED.

9/12

TEI5.8.
(HP S NP, PS co-NP(--P S NP N co-NP)
Q)NP € EXP, co-NP C EXP (-"AP U co-NP C EXP)

FEER: (1) P S NP (P S co-NP BE#HkR)
L: FEDOPEAR
> LIF AN ERE TR
&7, %IETH#FEﬁdﬁ‘fﬁbmeéﬁﬁt\Uzo)otoL%fé
vxeZ*:[xeL o PX)] or P={x: P(x)}
Rx, W) =P(X)EEE (F251 8T TR
> EFEDZERqITONT,
L= {x: 3w R(xw)]}
&0, NPUDE%J:U LE NP ie, P S NP.
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Theorem 5.8.
(HP S NP, P S co-NP (P S NP N co-NP)
QNP S EXP, co-NP S EXP (- NP U co-NP S EXP)

Proof:
()P S NP (P S co-NP is similar)
L: arbitrary P set
= L is recognizable in polynomial time
Thus, we have the following description using a polynomial-time
computable predicate P.
vxeZ*:[xeL <> P(X)] or P={x: P(X)}

We define R(X, w) = P(x) (neglecting the second argument)
-> for any polynomial g,

L= {x: I W[ R(x,w)]}
Thus, from the deﬁmtlon of NP, Le NP ie, P S NP.

Q) NP S EXP (co-NP S EXP) 10712 (2) NP S EXP (co-NP S EXP) 1012
L EEDONPES L: any NP set
> §IE‘tqt§IE'tB?fﬁaﬁ FHEREEREERMFELT, = There is some polynomial ¢ and polynomial-time computable
= {X:IWR(X W]} = {x: T W wI< q(| x[) A R(X,W)]} predicate R such that
qEREFWLT, LERBT 27055 LEKES. L= {x:IWRWT} = {x: 3wl wi< q( x ) A R(x,W)T}
prog L(input x); prog L(input x); program recognizing L using q
begin begin and R
for each w e X9 do for each W e X9 do
if R(x, w) then accept end-if if R(x, w) then accept end-if
end-for; end-for;
reject reject
end. end.
RIDAAITHTZI05SLOBRGES: time complexity of the program for an input of length I:
RIFZERBFHEFEAIREoTAD, HDHLBIEHXpITIL, Since R is polynomial-time computable, for some polynomial g
RO EHEBRE=p(x| + W) <p(+q()) — | DLIEX time of R=p(|x| + [w]) <p(l +q(l)) ~— polynomial of |
2R TIE, {p(+g() +cq(1)}290 + d = O(2 Hab) In total, {p(l+q(l)) + cq(l)}2q<” +d=0(2 by
&2T, LelXP > NP S ExP SERA#E Hence, L e EXP > NP < EXP QE.D.
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EE5.9.

(1) NP € co-NP > NP =co-NP
(2) co-NP S NP > NP =co-NP
BYNP# co-NP > Pz NP.

#iE: Q)KY, NP #co-NPDIEBRIE, P# NPDEEBALYHELLY.

SEBA: (1) NP S co-NP > NP =co-NP (Q)DEEBALREHR)
EEDLe co-NPIZHLTL e NPHTRENIE,
co-NP & NPHEEBATESD T,
REDNP S co-NPEEHETNP =co-NPHEZS.

LecoNP =L eNP  (E&HS3&Y)
L eco-NP (NP S co-NP&KY)
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Theorem 5.9

(1) NP € co-NP > NP =co-NP
(2) co-NP S NP > NP =co-NP
BYNP# co-NP > Pz NP.

Note: from (3) the proof for NP # co-AP is harder than that
for P# NP.

Proof: (1) NP S co-NP > NP =co-NP (proof of (2) is similar)
Since co-NP & NP is shown if we prove LENP for any L€ co-NP
Combining it with the assumption NP S co-NP, we have
NP=co-NPandso

L € co-NP — L ENP (by Definition 5.3)

“LE€co-NP (NP S co-NP) —
“Le NP (EES3EL=LEKY) L ENP (Definition 5.3 and L=L)
12/12 12/12
| G)NP%coNP 5P = NP, | | G)NP%coNP > P% NP,
| XHE: P = NP > NP =co-NP ‘ | Contraposition: P = NP > NP =co-NP |
P=NPERET HE, TXTOLIZHL If we assume P=N/P, for any L we have
LeNP © Lep (P=NP &Y) LeAP © Lep (P=NP)
O Lep (CEEMIRES.S) O Lep (Exercise 5.5)
HLEJ\:/’P (P=NP &Y) © L EANP (P=NP)
©L(=L) € co-NP (E&E53&Y) ©L(=L) €co-NP (Definition 5.3)
““ NP =co-NP SERR#R ““ NP =co-NP Q.E.D.
NP #co-NPHIELLYE If NP #co-NP is true,
1/14

[$6Z SEABRMEARED S|

6.1. ZIEX BB ATREE

E#6.1:

ALBEIEENEE LT S.

(1) B8%& h: A>B: £ 18 R B /1% 5T (polynomial-time reduction)
((a) h IS 5SS AN LI BT

= (b) xeZ*[xe A< h(x) e B]
L(c) h (£ ZEXEFREETE ATRE.

Q) ADBBADZIEXBEETAFET HESE,
AlFB~ ZIE BFRE T AI BE &L VS (polynomial time reducible).
ZDEE, RDEIIZE

A<'B

: : 5 1/14
Chapter 6. Analysis on Polynomial-Time

Computability

6.1. Polynomial-time Reducibility

Def.6.1:

Let A and B be arbitrary sets.

(1) function h: A>B: polynomial-time reduction
(a) h is a total function from X* onto =*

| (b)xeZ*[xe A< h(x)eB]
(c) h is polynomial-time computable.

(2) When there is a polynomial-time reduction from A to B,
we say A is polynomial-time reducible to B.
Then, we denote by

A<P B
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A< B 2EXMROHENTIE, ADELE < BO#LE

F36.1. A<’ BDEE,

()BEPS>AEP.

(2)B € NP> A< NP,

(3)B € co-AP > A € co-NP.
(4)B € EXP> A cEXP.

X OSRETFSY. —HRIZIE, B eE> A e EEFHELALN.

516.2: ONE= {1} EEERT HEE, ITRAPDTRTHDESLIC
21T L<” ONE
MERYIID. _f 1, xeLDEE,
Y hoo = { 0, ZTOHOEE
£33, () hEzhoe~0eErREs.
(2) xeZ*[xeL <> h(x) e ONE]
3) hizZEXEREEE AT EE(Le POxcLDFIEL L EXFERIN)

2/14
A S; B  within polynomial time, hardness of A < that of B

£36.1 A<’ B leads to,

()BEPS>AEP.

(2)B € NP> AENP.

(3)B € co-NP > A€ co-NP.
(4)BE EXP> A < EXP.

Note:class £ is exceptional. Generally, B €€ > A € £ is not true.

Ex.6.2: If we define ONE= {1}, for each set L in P we have
L<F ONE
If we define = 1, ifxeL,
h(9 { 0, otherwise
(1) h is a total function from X* onto X*.
(2) xeZ*[x e L <> h(x) e ONE]
(3) h is polynomial-time computable(so is computation Le P->xeL)

3/14 3/14
FIE6.2:A,B,C: EENES Theorem 6.2: A, B, C: arbitrary sets
(HA <A (A< A
QA< BABS C>ASC QA< BABL C AL C
coze _P P P
EZE A=, BoAS, BABS, A Def:A =, B <> A<’ BAB< A
b
=, [FEEFE % =P is an equivalence relation.
4/14 4/14

2SAT  (FRESRIERFE B 1ERIRE : ZfnfER )
3SAT  (FnRE:R IﬁE-taEE’riFﬁxE = MFERNX)
SAT upLurmiE_tﬁE'L&-_FE]

ExSAT  (YidRdn ijE‘tEE'tiFﬁEE)
P - B &KfE.. B
2SAT <P 3SAT I

BRI, >I—IL,'J'T'3)I«’<E{§’ICQEL\ P,
ISAT < SAT <, ExSAT L 21085 BATHED !
2SAT < 3SAT <P SAT < ExSAT (6.1)
ZCT
ExSAT <} 3SAT
THHIEETREDE,
3SAT =| SAT ={ ExSAT
E13%.

Relation among satisfiability problems of propositional expressions

2SAT (propositional satisfiability problem)

3SAT

SAT

ExSAT  (extended propositional satisfiability problem)

2SAT <P 3SAT + at most K...trivial
m « exactly k...
Similarly, >easy if you can repeat the same literal.
3SAT <P SAT <° ExSAT »the other case ... good exercise!
2SAT <! 3SAT <P SAT <! ExSAT (6.1)

Here, if we can show
ExSAT <P 3SAT

then we have
3SAT = SAT = ExSAT




[#16.3: EXSATA\D3SATADETE | S

E (X, %, %) =[[X © X, ]2 [X, AX 1]V =X,
F (X, %, %) =U, AlU; & [U, v—=X]]A[U, < [U; > U,]]
AU; ©[X © XA, o [X AX%]]

COEE, [ENFERATHE] © [F AT ATRE (6.2)
FR=MERRICELYT VRITHESTNS.

FOMEEE
(1}\/ (l)VI EVZV‘|X3
<2>/J N V=N oY
(Wﬂ&\\ BV, =[x © %]
/\/ \ AV, =% X
X X X5

F BT 501, VoULL, VOEERRE ATHAS

‘ Ex. 6.3: Reduction from ExSAT to 3SAT | >4

E (X, X0, X5) =[[X > %12 [% AX]TV =X
F (X, %, %) =U, AlU; & [U, v—=X]]A[U, < [U; > U,]]
AU o [X © %AW, ©[X, AX]]
Then, [E, is satisfiable] <> [F, is satisfiable] 6.2)
F, is easier to be converted to 3SAT form.

How to construct F,
(. DV, =V, v =x,

@F S V=NV
3% (4)\A \ BV; =[x X,]
/\/ \ AV, =% X

X % X3

To construct F, we let V; =U;, and connect expressions of V; by A

F, OHEAEEY, 14
(W&, DIEEV(X,, X, ) ELIZWRY, FXEIZIZASAL.
Q)BUDIEEV,(X,, %, X)ELT=EE, F, =E,

EOMEARYIDOI LI, FiNEERALSLGELTERARAE.
SERAIS .

B iy
a>b ="avb
aob = (@a>b)a(>a)=["aVvb]s [ b Va]THAHZEEALD.
U o [U,v—x]=[-U vU,v-x]A[U, vU, v—=x,]]
=[-U, vU, v=x]A[U, v[=U, AX,]]
=[-U, vU, v-x]A[U v=U,]A[U v X]
=[-U,vU,v-x]A[U, v=U, v=U, AU, v X, VX, ]

ftht @4k
&oT, TRTEMERRICER TEH LA DS,

: 14
From the construction of F, o
(1) F, is never true unless each U; is Vi(X;, X,, X3).
(2) If each U; is Vi(X, X,, X3), we have F| =E,

The above properties are proved by using induction.
proof is omitted.

| Conversion to 3SAT form ‘

a—-b ="avb
acb = (a=b)A(b—>a)=[—aVb] A ~bVa]: useful relations

U o [U,v—x]=[-U vU,v-x]A[U vU, v —x,]]
=[-U, vU, v=x]A[U, v[=U, A X, 1]
=[-U,vU, v-x]A[U v=U,]A[U v X]
=[-U,vU,v-x]A[U v=U, v=U, AU, v X, VX, ]
Others are similar.
Thus, every 3SAT form is converted.

- e T = 7/14
[6.2. ZIERBFRIET AR ICE OGRS |
621 EEMNEBLETDEFRYHEE
EE6.2: TEEVIRCITHL, EEANRDEHEHT-TLE,
ENE(SSOTT)ICREENS.
(a) VLeC[L <"A]
(b) A C
E: E M (EH-TERITC-EE.
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it is called C-complete (under <P)

(a) VLeC[L <PA]

(b)AE C

Note: Sets satisfying the condition (a) are called C-hard.




| 62 SEXBMETAEMCE I ELY |
6.2.1. E2tEDERLEOEFMME

516.5. V2 ANPDFTELEEE D

3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC%&E
ISREXPDTELES

EVAL-IN-E, HALT-IN-E%3 &

EVAL-IN-E:
Adj<a,x >
a: A7 S a0a— R, xex" {20
Hi 77 : eval-in-time(a, x,2") = accept ?
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\ 6.2.Completeness based on Polynomial-time Reducibility |

6.2.1. Definition of Completeness and its Basic Properties

Ex.6.5. Examples of AN/P-complete sets

3SAT, SAT, EXSAT, DHAM, KNAP, BIN, VC, etc
EXP-complete sets

EVAL-IN-E, HALT-IN-E, etc.

EVAL-IN-E:
Input:<a,x,t >

a: the code of a program with linput, x e X°,T > 0
Output : eval-in-time(a, x,2") = accept ?
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FHE63. FEDC-RHBEE (& :C-ELEE)AITHL,
()AEP>CC P sHEIL C 2P > AgP

QY AENP>CS NP *HBIX CENP > AgNP
(3)A €co-NP > C S co-NP F&IE CZco-NP > A€ co-NP
@)ASEXP>CC EXP SMBIE CLEXP > AZEXP

SERR:
() BEEEDCEE LT HE, AlFC-REEM D,

B<, A —A, AsPDIRELY, B< P (EH6.1)
2), 3), BEREER

Theorem 6.3. For any C-hard (or C-complete) set A,
(HAeP>CE P CP: CZP > AgP
QAcNP>CS NP CP: CZNP > AeNP
(3)Aeco-NP > C < co-NP CP: CZco-NP > Ag co-NP
A AEEXP>CC EXP CP: CZEXP > AZEXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B <" A and by the assumption A € P we have B€ P (Th. 6.1)
(2), (3), (4) are similar.

9/14
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FHE63. FEDNC-RHBEE (& :C-ELEE)AITHL,
()AEP>CC P sHEIEL C 2P > AgP
QAENP>CS NP *HBIX CENP > AgNP
(3)A €co-NP > C S co-NP F&IE CZco-NP > A€ co-NP
@)ASEXP>CC EXP SMBIE CLEXP > AZEXP

#6.6. EHE63DEMR(VFANP) =g 9.
AENP-EEEELETD. (1) NP S co-NP > NP = co-NP
EIR63(1)DxHEKY,

NP#*PD>Az P
FEHE633)DRHBEEES.I()DHEELY,
A ¢ co-NP
DFY, NP2 EEEP~ NPTHSRY,
ZIEX B TIXEHTERLN.
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Theorem 6.3. For any C-hard (or C-complete) set A,
(HAeP>CE P CP: CZP > AgP
QAcNP>CS NP CP: CZNP > AeNP
(3)Aeco-NP > C < co-NP CP: CZco-NP > Ag co-NP
A AEEXP>CC EXP CP: CZEXP > AZEXP

Theorem 5.9.
(1) NP S co-NP > NP =co-NP

EX.6.6: Meaning of Theorem 6.3 (class N'P)
Let A be N'P-complete set.
By the contraposition of Theorem 6.3(1) we have
NP=PDAEP

By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),
A ¢ co-NP

That is, NP-complete sets are A’P-sets that cannot be recognized in
polynomial time unless P = NP.
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NP-ZE&EEIEP# NPTHABRY, NPA co-NPIZIZADAEL

NPEETHD.

NP-compete sets are N'P-sets that do not belong to
NP 7 co-NP unless P = NP.

NP co-NP

N P—complete.

co-NP -complete

11/14
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Fl6.7. EXE6IDEK (IS REXP) EX. 6.7. Meaning of Theorem 6.3 (class EXP)
DEEXP-EEEE LT S. Let D be an EXP-complete set.
EE6I()DFME(CZP > AgP, ZITIEEXP ZP >D #p) Contraposition of Theorem 6.3(1)
P+EXP > EXPEP (~P S EXP)> DéEP (CZP > AZP, where EXP %P >D ¢P)
EH6.32)DRHE (CENP > AENP, P#EXP > EXPZLP (~P S EXP) > DEP
CCTIXEXPZ NP >DENP) Contraposition of Theorem 6.3(2) (CZNP > AZNP,
NPFEXP > EXPENP (NP S EXP) > DENP Here, EXP 2 NP >DENP)
E6.33)D*HE (C Zco-NP > A€co-NP, NP#EXP > EXPZNP (NP S EXP) > DENP
CITIXEXP %co-NP 5D £co-NP) Contraposition of Theorem 6.3(3) (C# co-NP > Azco-NP,
co-NP# EXP > EXP %co-NP >D€ co-NP here, EXP %co-NP >D ¢ co-NP)
LEADEHES.THD PLEXP THEMD, DeP. co-NP# EXP > EXPZ co-NP >D & co-NP
But, by Theorem 5.7, since we know P & EXP, we have
EXP-EE R EFZEABMTIIHERATRE. D &P.
EXP-complete sets are not computable in polynomial time.
13/14 13/14

EH64 A FEDC-ELES
TRTHEEBIZHL,
(1) A <'B >BIZC-HE.
() A <'B AB eC > BldC-%2.

ELR

EE62&Y, VLeClL <) Al
EE62kY, L) ANASI B LB
LizAoT, viecL<! B)

Jahn, BIFC-HE.

Theorem 6.4. A: any C-complete set
For any set B we have
(1) A < B >Bis C-hard.
(2) A <'B AB C > Bis C-complete.

Proof:
By Def. 6.2 VLeC[L<! A
By Theorem 6.2, L<; AAA<; B—>L< B

Therefore, vLeC[L <! B]
That is, B is C-hard.
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EXPC ={L: LIXEXP-5EE)} EXPC ={L: L is EXP-complete}
NPC = {L:LIINP-5E£} NPC = {L: L is NP-complete}
ETBHE, ROFEEAKYILD. Then, we have the following theorems.

TEIE6.5. Theorem 6.5.

(D)EXPCAP =¢ (D)EXPCAP =¢

(2) EXP - (EXPCY P¥ ¢ exp (2) EXP - (EXPCU P¥ ¢ exp
EE6.6: P # NPERET S Theorem 6.6: Assuming P # NP

(HDNPCOP =¢ (HDNPCOP =¢

QNP - (NP& P¥ ¢ @ QNP - (NP PF ¢ @

NP NP

} NPAco-NP } NPA co-NP

J%Y) D F T (Schedule)

* 4/23(Thu) Office Hour:

- LR—M(1) D R LR (Comments on report(1))
4/27(Mon): Fx{& D F&# (Last class)
4/30(Thu): Office Hour:

— LAR—Q)D R E LFEER (Comments on report(2))
- RBRICHT HFERE (FFbiAAH/EE)

- Z0fth
5/7(Thu): A EIERER(Mid term exam)

— ARBAO S R




