1/14

FO0E ZIERHEEFTFEAIEED D
6.1. SIETBEAN;R T A AL
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ALBTZEEDEE LT S.

(1) F';E]’y"ﬂ h: A>B: % I8 = B E 1= JT(polynomial-time reduction)
(a) h (XX DL ADEBHBE R (£ 5 TIL7EL)

—| (b)xeX*[xe A<> h(x)eB]

(o) h [FZEA R R A EE.

2) ADBBADZIEXFFRIRTNFET HET,
AlE B % I8 T B E] 1= 7T Al BE &L VD (polynomial time reducible).
—DEE, RDEIIZEL:

A<’ B




Chapter 6. Analysis on Polynomial-Time
Computability

6.1. Polynomial-time Reducibility

Def.
Let

6.1:
A and B be arbitrary sets.

(1) function h: A>B: polynomial-time reduction

—

(a) h is a total function from X* onto X*
b)yxeZ*[xe A< h(X) e B]

_(¢) h is polynomial-time computable.

(2) When there 1s a polynomial-time reduction from A to B,
we say A is polynomial-time reducible to B.

Then, we denote by

A<’ B
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TFIE6.2: A B, C:IEENES
(HA < A
2)A< BAB< C A< C

-m

FTEHE: A= B o A<

m -m

=" 13 FEES R

BAB< A
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Theorem 6.2: A, B, C: arbitrary sets

(DA <& A
QA< BAB<SC>A<C

Def:A=f B« A<"BAB<A

m -m

P . . .
- 1s an equivalence relation.
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eE i 2 2 0D It /€ Bl e tE R RE D R D B &

2SAT
3SAT
SAT

(neEmEX T R ERE : ZfiFFrX)
(neEmEX T EERE : = 1FF1X)
(AneBimE a_tfﬂ'fianﬁf'é)

ExSAT (HhakdneEsmiE=C 7T 2 S RE)
2SAT< 3SAT < = Rk{E... BB

RIFRIZ,

3SAT

2SAT
—C

5 &OEKIE. ..

>RICUTIINZEE>TELEVVGLREHE,
PEDES. . EZTHES !

< SAT <° ExSAT SR

<" 3SAT < SAT <  ExSAT (6.1)

ExSAT <° 3SAT

ThHHdLErTrtEdHE,
3SAT = SAT = ExSAT

E155.
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Relation among satisfiability problems of propositional expressions

2SAT (propositional satisfiability problem)
3SAT
SAT

EXSAT (extended propositional satisfiability problem)

ZSAT < 3SAT i  at most K. ..trivial

» exactly k...
Similarly, >easy if you can repeat the same literal.

P p »the other case ... good exercise!
3SAT <. SAT < ExSAT

2SAT < 3SAT <° SAT < ExSAT (6.1)

Here, 1f we can show
ExSAT <© 3SAT

then we have
3SAT =" SAT = ExSAT
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516.3: ExXSATHMBH3SATANDIZEITT

E (X, X, %) =[[X < X, ] =2 [X, A X ]V =X,
F(X,X,,%)=U AU, & U, v=x]]AU, U, > U,]]
/\[U3 (_)[Xl g Xz]]/\[U4 <_)[X2 /\X3]]

CDEE, [E\NFERERRE] © [F M FEEATEE (6.2)
FIE=FIFERKICELOTLEIZE-S TN S.

F.D\BREE
(1)\/ (1)V1 EV2V—|X3
(2) J N @V, =V, oV

(BV; =[X, <> X, ]

FZERT 5012, V.oUEL, VOEERE ATH A



Ex. 6.3: Reduction from ExSAT to 3SAT

EI(X19X29X3) E[[Xl < XZ] _)[X2 A X3]]\/—|X3

F(X,X,X)=U, AU, < [U, vax ]IAU, U, > U, ]]

AU & [X o X AU, < [X A XS]]

Then, [E, 1s satisfiable] <> [F, 1s satisfiable]

F, 1s easier to be converted to 3SAT form.
How to construct F,

(v
(2) _)/ \ﬁ

<3>/ \<4>A \

(L)V, =V, v =X,
2V, =V, > V,]
BIV; =[X © X, ]
(4V, =X, A X,

(6.2)
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To construct F, we let V, =U., and connect expressions of V, by A



F, DERAZEKY,

(HEU, DIEZEV(X,, X, X;)ELEWLRY, FIFXESIFAERDELY.
Q) BU.DIEZEV(X,, X,, X,)ELT=EE, F, =E,

6/14

LOHEEARYIDO LR, IFHEEZRNSEELTEERARTRE.

=fFEREX~NDOZTH

a—>b =7avhb

SEBAIL A RE.

a~>b = (a>b)Aa(b>a)=["aVb].["bVa]THH_EZALS.

Ul (_)[U2 \/—|X3] =[—|U1 \/U2 \/—|X3]/\[LJ1 \/_I[U2 \/—|X2]

=[-U, vU, v —=X,]

= :—|U1 VLJ2 V—|X3:

=[-U, vU, v —=X,]

fth 3 [l B

AN

AN

A\

|
U, v[=U, AX]]
U, v=U, AU, viX, ]

U, v-U, v=U, AU, v X, vX]

FOT, TRT=ZMREBRICERTELI LA DM S.



From the construction of F,

(1) F, 1s never true unless each U; 1s Vi(X,, X5, X3).
(2) If each U; 1s Vi(X,, X,, X;), we have F; =E,

6/14

The above properties are proved by using induction.

Conversion to 3SAT form

a—b =7avhb

proof 1s omitted.

asb = (a—=>b)A(b—>a) =[7aVb] A bV a]: useful relations

Ul (_)[U2 \/—|X3] =[—|U1 \/U2 \/—|X3]/\[LJ1 \/_I[U2 \/—lxz]]

=[-U, vU, v —=X,]

= :—|U1 VLJ2 V—|X3:

=[-U, vU, v —=X,]

Others are similar.

AN

AN

A\

U, v[=U, AX]]
U, v=U, AU, viX, ]

U, v-U, v=U, AU, v X, vX]

Thus, every 3SAT form 1s converted.
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6.2. ZIEXFEBLETAREEICEDIC(ELHE

6.2.1. EEMDERLLTDELRNHEE

EFE6.2: iTEEVIACITKL, EEANRDEHZiHT-9 LE,
FhzE (<L DTFT)C-REENS.

(a) VLeC[L <TA]

(b) Ae C

W EHFB-TESIIC-HE.
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it 1s called C-complete (under Sz)

(a) VLeC[L <TA]

(b)A< C

Note: Sets satisfying the condition (a) are called C-hard.
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6.2. ZIEXEBLETAIREEICEDICELHE

6.2.1. TEMEDEREZDELRNMEE

B6.5. 72ANPDTEERE DHI

3SAT, SAT, ExXSAT, DHAM, KNAP, BIN, VC7Zi &
DSREXPDTTEES

EVAL-IN-E, HALT-IN-EZ& &

EVAL-IN-E:
ANJj:<a,xt>
a: ATl T LD a— R xeX >0
Hi 77 :eval-in-time(a, x,2") = accept ?
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Ex.6.5. Examples of A’/P-complete sets

3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc
EXP-complete sets

EVAL-IN-E, HALT-IN-E, etc.

EVAL-IN-E:
Input:<a,x,t >
a : the code of a program with linput, X e X" ,{ > 0
Output : eval-in-time(a, x,2") = accept ?
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TIE6.3. EEDC-FE

(DAeP>CCS P

2)A NP> CCS NP

4)AEEXP > C C

HES (B :C-TEESB)AITHL,
XHBIE C “P > A€P

XHEIL CENP > Ag NP
(3)A €co-NP =2 C < co-NP X&EIL C%co-NP > A€ co-NP
EXP YHEIL CEEXP > AZEXP

AlEER -

() BZEEDCEEG LT HE, AlEC-RE=h b,
B<h A —A, AcsPOREXY, B< P (EH6.1)

(2), 3), (HBRIF%




Theorem 6.3. For any C-hard (or
(HWDAeP>CE P
2)AeNP>CS NP

(3)Ae co-NP 2> C < co-NP CP: CZco-NP > A& co-NP

4)A €EEXP D CC EXP

C-complete) set A,
CP: CaP > AgP
CP: CaNP > AgNP

CP: CZEXP > AgEXP

Proof:

CP: contraposition

(1) Let B be any C-set. Then, since A is C-hard,
B<" A and by the assumption A € P we have B € P (Th. 6.1)

(2), (3), (4) are similar.
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EH63 EEDC-RHEEES (F:C-E2EH)AITHL,
(WAEP>CCS P &L C 2P > A€P
(Q)AeNP>CS NP XHBIEX CENP > Ag NP
(3)A €co-NP 2 C S co-NP xHAIL CZco-NP > A€ co-NP
(HASEXP>CC EXP XHEIEX CEEXP > AZEXP

$16.6. EH6.3IDEMR(VFANP) | =185 9.
AZNP-TEEELET S (1) NP S co-NP > NP =co-NP

TFEI6.3(HDFHBLY,
NP# P> Az P
6. 33)DFHMBETEES (D XHEXY,
A ¢ co-NP

DFY, NP-ZEE/IIP- NPTHARY,

9IETH#FEﬁ—C(j:nL. nﬁkf%ﬁb\

(]

€ 1



10/14

Theorem 6.3. For any C-hard (or C-complete) set A,
(HDAeP>CE P CP: CaP > AgP
2Q)AeNP>CCS NP CP: CaNP > AgNP

(3)Ae co-NP 2> C < co-NP CP: CZco-NP > A& co-NP
A)AEEXPSCC EXP  CP: CZEXP > AgEXP

Theorem 5.9.

() NP € co-NP 2> NP =co-NP

Ex.6.6: Meaning of Theorem 6.3 (class N'P)
Let A be N'P-complete set.

By the contraposition of Theorem 6.3(1) we have

NP+ P=>AEP

By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),

A ¢ co-NP

That is, N/P-complete sets are N'P-sets that cannot be recognized in

polynomial time unless P = N'P.




NP-EE2E B[P NPTHAHRY, NP~ co-NPIZIEABLLELY
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N'P-compete sets are N'P-sets that do not belong to

./A\/FID a CO-JA\/FID unless 73 — ./A\/FID.

NP

co-NP
' co-N'P -complete
NP-complete
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EE6.4 A FEDC-EEES
TATOD%ABUTL,
()A <'B >BIEC-H#.
(2)A < B AB eC > BlIC-EZ£.

nIE BH :
Z62kY VLeC[L<) Al

EEE6.2J:U, L<" AAA<" B> L<"B
L7=A2T, vLec[L<? B]

J75hHb, BIXC-HEE.
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Theorem 6.4. A: any C-complete set

For any set B we have
(1) A <'B B is C-hard.
(2) A SrF;B AB €C = B is C-complete.

Proof:
By Def. 6.2 VLeC[L <, Al
By Theorem 6.2, L<; AAA< B> L< B

Therefore, V0L e (C[L< B]
That 1s, B 1s C-hard.
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6.2.2. ST DEIEA

NP)T2EDEERRAE
() EZRBYIZ[TRTOLYIZDWTERY
(1) I TICEETHLIEN LM >TVWSRIEZFIAT S

DDH: EEE6.7, FEIH6.9(= Cook D FE I (SAT TTMZEE(K))

T EARMICIE. ..

SSATRER TR | N gmstmpcaipesnssaesxT

M—HREDTRLY | |2, TasSLOBMEEHEREL TRITS
PP SETHRE(FRA I B)

R
ADD5I: 516.4(3SAT <& DHAM), E#6.10, ...

DHAMIZ—f8 DT 57 L TNPEE

DHAMIZFEEY S IZREL TENPTESR
DHAMIFITER DRI =3I RELTINPEE
DHAMIF2& YV VI RELTENPER...




6.2.2. Proof for completeness 1/11

Two ways to prove (N’P-)completeness

(1) show “for all L’ according to definition
(1) use some known complete problems

Ex for (I) : Theorem 6.7,
Theorem 6.9(= Cook’s Theorem; simulate TM by SAT)

: Basically...
Easy to manipulate 1. For any program in standard form,
since, €.g2., 3SAT has a 2. simulate it by SAT formulae
uniform st% —pretty complicated and tedious

Ex for (II): Example 6.4(3SAT<, DHAM), Theorem 6.10, ...

DHAM is N'P-complete for general graphs

DHAM is A'P-complete even for planar graphs
DHAM is N'P-complete even for graphs with max degree=3
DHAM is AN'/P-complete even for bipartite graphs ..,
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EI6.10: UTICHITHAERIEITRTNP-EL
(1) 3SAT, SAT (ExSATHh 5 DI JT)
(2) DHAM, VC (BSATH 5 MDIETT)
(3) KNAP, BIN (3SATASDETLEKNAP <, BIN)

() NPEEELA LM >TULSEREND ZIEKEFEHETT
1. 3SAT <P VC
2. DHAM <F’ [BEEORMNT R5IZH|IBRE-DHAM

4

Vertex Cover: § XNTDAD, VI EH—FDIERZECES
Hamiltonian cycle: $ XN TDIERZ—ET DEHEHEK

HFIT: DHAMIIRE# S R3TENPTEE,
=S R2=ELZERERE T E AT EE,
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Theorem 6.10 The following sets are all N'P-complete:
A A4 i AALA o A A ALA A AL Lllb VW VI WAL W Al VULLLI}L\/ VN o

(1) 3SAT, SAT (reduction from ExSAT)
(2) DHAM, VC (reduction from 3SAT) i
(3) KNAP, BIN (reduction from 3SAT and KNAP <, BIN)

(IT) Polynomial time reductions from A’P-complete problems:

1. 3SAT <P VC
2. DHAM Srz DHAM with vertices of degree =5

4

Vertex Cover: a vertex set that contains
at least one endpoint for each edge
Hamiltonian cycle: a cycle that visits each vertex exactly once

Note : DHAM remains N'P-complete even if max degree 3.
But it 1s polynomial time solvable 1f max degree 2.
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FEI6.10(2) : VC I NP T2 [ERE

[EEBH] VC € NP M T, 3SAT <" VC THAZEETREIELL,

RIER F(X,X,,.... X)) BEZBNT-ET B,
FOLLUTOEGEZHEIZT I 57EERBDME<G, k>H
ZIEX I TR TEAHIETTRT

FEIZT AN ANFET 2CH YA AKDTERBEEEHFD

GDER(FIENZEHMIEET D):

l. FOBEH X [TXL.TER x5t x & B x)ZTMAS

2. Fd)%lﬁcj:(lil\/liz\/|i3)':§ﬂ/~ AR lit, 1o, L3 tiﬂ(lilaliz)»
(Ii2>|i3)9 (Ii3>|i1);!é7:":|2-é

3. BCOYUTIIL I, AS x DEEXID(;, %) . —x DEXD
(i) ZMA B,

4. k=n+2m
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Theorem 6.10(2) : VC is N'P-complete

[Proof] Since VC € NP, we show 3SAT <m VC.

For given formula F(X,,X,,...,X,), we construct a pair <G,k>
of a graph and an integer in polynomial time.

There is an assignment that makes F()=1
&G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;",x;” and the edge (x;",x;") for each variable x; in F

2. For each clause C;=(I;; V'I;, Vl;3) in F, add vertices I;y, I, |;; and
three edges (I;;,l;,), (Iip,li3), (lis.lip)

3. add the edge (l;;,x;") if the literal I, is x;, or add (I;;,x;) if it is —X;
for each clause Cj

4. letk=n+2m



FE1ICT BBLAFET HOCHY A XKDEAREERD

GDER(FIInZEHMIBELT D):

. FORBEH X [TRL.TER X x & DX x)ZEMA5

2. Fd)%IECj:(IiI\/Ii2\/|i3)':ﬂl’* AR lit, i, lig £38(15.15),
(li.1i3), (|i39|i1)€huié

3. HCDYUTII L A x DEEIFD(,,x7) & —x DEEIF
(L x) ZMZ 5,

4. k=n+2m

Bl F(X,%0.X0%,) = (X VX, VXD A (X, VX VX)) AKXV 1%V X,)




There is an assignment that makes F()=1 4/11
&G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices X;",Xi" and the edge (X;",X;") for each variable X; in F

2. For each clause C=(l;, \VVI,, VI;;) in F, add vertices I}, I;,, I;; and
three edges (Ii;,1;,), (lizlis), (s, liy)

3. add the edge (l;;,x;") if the literal |, 1s x;, or add (I;;,x;) if it is —x;
for each clause C;

4, letk=n+2m

Ex: F(X{,X0,X3,X4) = (X; VX VX)) A (X VX5 VX)) AV X5V Xy)
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GO¥ERIZ. 5ZzoNT-F IS5 F DY A XIZxd 52 I8
THEE , LI=A>TLUTZRBIE LKLY

FEIZT AN AN FET H2CH YA AKDTERBEEEHFD

TS

COEMMIEEDTAEAHESIE
£oT[S| = n2m=k TH5,

XTX DELLMNEED
CO3ERF. HIE2DET

Bl F(X,%0.X0%,) = (X VX, VXD A (X, VX VX)) AKXV 1%V X,)

k=4+2 X 3=10
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It 1s easy to see that the construction of G from F can be done in

polynomial time of the size of F. Hence, we show that...
There 1s an assignment that makes F()=1
<G has a vertex cover of size k

Observation:
+ _
From the construction of G, { at least one of x, ?r X |
any vertex cover S should contain | at least 2 of 3 vertices in C,

Hence we have |S| = n+2m =K.

Ex: F(X{,X0,X3,X4) = (X; VX VX)) A (X, VX5 VX)) AV X5V Xy)

k=4+2 X 3=10




FEIIST BB SAFES oCHH A XKD THAREERD

h MsEE v #3) X=17ED X ESIZANDS
L ENTNDERXGDNY | ot xESIZ AN S
2. ENENDIEC=(; I l;) FFRRBENTLSD T,
RIEI DD TIILANIZDNWTIEIZEFHEDRB DA, X))
(X X, [SEOTHHEBESIN TS, LIE=A>T, T LD
ZOM)TIIL(,,1)E S ITANS,

= #=R LY, SIEH A XKDIERBEIZLED,
Bl F(X,%0.X0%,) = (X VX, VXD A (X, VX VX)) AKXV 1%V X,)

k=4+2 X 3=10




I there 1s an assignment that makes F()=1, 6/11

G has a vertex cover of size k
T = .
1. Put{ X ,lf Xi=1 } into S for each X;.
X 1f X;=0
2. Since each clause C=(l;;,l;,,1;3) is satisfied, at least one literal,

say li;, the edge (l;;,X;,) is covered by the variable X;,. Therefore,
put the remaining literals (l,,,l;;) into S.

= From the Observation, S is a vertex cover of size k.

Ex: F(X{,X0,X3,X4) = (X; VX VX)) A (X, VX5 VX)) AV X5V Xy)

k=4+2 X 3=10




G A XKD EEMEE > FEICT BELABETS

Y, o o |

1. #i% LU, HESKXEMNS2ME., EHHONMEDTERAZED,
2. ILIZREHXIZDNTIIX DX D—H LA,
BIECICOVNTIILEIE2DODTERLMSISEL EMNTELLY,
3. KO THIEECIISIZEENLZWITIILZEESTH,
CNIZHBET 28I A B EBEBSN TUORITIEGELELY,
o [ XTDSISEFENDES x=1 J FNSE| X (EE )
{ CASIm B EN B o ) O P EFETET S
Bl F(X,%0.X0%,) = (X VX, VXD A (X, VX VX)) AKXV 1%V X,)

k=4+2 %X 3=10

QED.



If G has a vertex cover of size k, there is an assignment s.t. F()=1  7/11

1. From| Observation, a cover S contains 2m vertices
from the clauses, and n vertices from the variables.

2. Thus the cover S contains exactly one of X;" and X;” and
exactly two literals of a clause C;.

3. Hence each clause C; contains exactly one literal |; which is not in S,
and hence incident edge should be covered by a variable vertex.

Ex: F(X{,X0,X3,X4) = (X; VX VX)) A (X, VX5 VX)) AV X5V Xy)

— The following assignment satisfies F: [

k=4+2 X 3=10

QED.
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FE B TSELMA:
F(X,%0,%3) = (X; VX VXD A XV 7% V=) A (X VX5V X)
A (X VX, V TIX5)

KR TCTELEUVLFTIE, EDUTIILBTER TH/A—EN TLVEW
IHNAWNWT FET D, COIED)TZILIE3DEE Vertex Cover [Z
ANETBE540Y, &2 T Vertex Cover DY A XIE k+1LLEIZE S,
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Unsatisfiable example:

F(X,%0,%3) = (X; VX VXD A XV 7% V=) A (X VX5V X)
A (X, VX, VX))

When F is unsatisfiable, 1t contains at least one clause such that each
literal 1s not covered by a vertex. So, Vertex Cover should

contain three literals in the clause. Hence any vertex cover has size
at least k+1.
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T RMER5OEFMMYST7LD DHAM (Z NP & RiE

[EEBA] (LEEDRIREZDHAM _LB&EET D)

I ——

R TARIZA

DHAM. . AANPIZES 50D+, DHAMANPI=| PET SLDA
B 2IENSEMH, Lizh > TREHETE XL,

DHAMS, DHAM..%R9 .

TATT:
XE14DTE RvV(E)D

/ A a—r(Z\ TIEA\J—

- N N\ &7I<

(.':I:'u’CL\<J_$A)€’E 7
D gadget’ TEZHZ D

EXTVEIERLITES
Al AR TVELET
(T8 BRI ET S,




Theorem: DHAM on a directed graph with max. degree=>5
(abb. DHAM ;) is N'P-complete \1

[Proof]

Since DHAM € NP, DHAM _; €ENP.

We DHAM <, DHAM . .

Idea:

Replace the set of “arcs to v”
and the set of “arcs from v”
by a right ‘gadget’.

A Hamiltonian cycle through v
on the original graph
corresponds to the
Hamiltonian cycle through v
on the resultant graph.

9/11

degree: the number

W of edges incident to

a vertex
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TIE: RS R5OEFMYS57L0D DHAM 1 NP 258

TATT:
RAUE: .
. BEBIEENST =< O(log d))
. ~fr7 K sl
FTERIERE=5 E%: O(d)

[REBA(BE2E)]

B ZoN=957CORMMNULLEDFNFNDIESIZASIDE
H530% LEED gadget TE=HRZ 5,

1. TDTSI7GHnIEEMILTHHT-% 5, gadget TE=HEZ 1=
HEDTZIG L O(n+tmIER O(M)iBEid, Li-MA->TL
SLDETTIICHKESD ZIEA B THBE,

2. F-GC DI RTHDIERAIIIBIF-NENSTHS,

3. GHONIILAUBIBEL DG DNV VERERD  opp,



Theorem: DHAM on a directed graph with max. degree=5 10711

(abb. DHAM ;) is N'P-complete

Idea:

Points:
* Up to down via cycle
 Each vertex has deg=>5

| height: O(log dj)
number: O(d;)

[Proof (sketch)]
For each vertex v of degree =6, replace the edges around v
by the gadget.
1. If the original graph G has n vertices with m edges, the
resultant graph G’ contains O(n+m) vertices with O(m) edges.
Hence the reduction can be done in polynomial time of n & m.
2. Each vertex in G’ has degree at most 5.
3. G has a Hamiltonian cycle < G’ has a Hamiltonian cycle. QED.



HFEIF(Addition)

%< BB

- IR FETERIT5H

» Ryuhei Uehara, Shigeki Iwata: fZ%i%?C\ BBIBAMRZIN (D) N
Generalized Hi-Q is NP-complete, '
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