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| %6% SEXBMEH AR D4
6.1. ZIEXE IR T AIAEME

EH6.1:
ALBEEEDEELT .
(1) BE%k h: A>B: £ I8 BEREIE JT(polynomial-time reduction)
(a) h [EZ WS~ D LERIBEE (£ 5T TIFAELM)
| (b)xeZ*[xe A< h(x)eB]
(o) h X2 IEXEFREETEATEE.

Q) ADSBADZIEXBEETAGFET HLEE,
AlEB~ Z I8 A 5 LA AEE L V5 (polynomial time reducible).
ZOEE, ROKSIZE:
A<’ B
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Chapter 6. Analysis on Polynomial-Time

Computability

6.1. Polynomial-time Reducibility

Def.6.1:
Let A and B be arbitrary sets.
(1) function h: A->B: polynomial-time reduction
(a) h is a total function from X* onto =*
& (byxeZ*[xe Ao h(x)eB]

(c) h is polynomial-time computable.

(2) When there is a polynomial-time reduction from A to B,
we say A is polynomial-time reducible to B.
Then, we denote by

A<l B
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FIE6.2:A,B,C: I EENES Theorem 6.2: A, B, C: arbitrary sets
(HA <A (A< A
QA< BABS C>ASC QA< BABL C AL C
ooz a P P P
BR A= BOASBABS A Def:A="B o A<"BAB< A
P [+[E
=, [$REE& =P is an equivalence relation.
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| HEREX D% B AREEREO R OBIF

2SAT  (drEmEXFEEMEMEE: ZfERR)
3SAT  (fEiRIEX I B HRRE : =fER )
SAT (hEREXT R HRE)

ExSAT (¥LaRdEEsmEX 7 B ERMRE)

Relation among satisfiability problems of propositional expressions

2SAT <? 3SAT - ERKE...BH
S n 38 < BESEKE...
RI4kIZ, >RACYTINEFE>TEOEDEE,

N = =
3SAT <° SAT < ExSAT | >EDLEL. EZXTHED !

2SAT < 3SAT <P SAT < ExSAT (6.1)
ZZT
ExSAT <} 3SAT
THAHLETREDE,
3SAT = SAT = ExSAT
E12%.

2SAT  (propositional satisfiability problem)

3SAT

SAT

ExSAT  (extended propositional satisfiability problem)

2SAT <P 3SAT + at most K...trivial
m « exactly k...
Similarly, >easy if you can repeat the same literal.
P p »>the other case ... good exercise!
3SAT <P SAT <° ExSAT &

2SAT <! 3SAT <P SAT <! ExSAT (6.1)
Here, if we can show

ExSAT <P 3SAT
then we have

3SAT = SAT =/ ExSAT




[#16.3: EXSATA\D3SATA DR | S
E (X, X5, %) =[[X > X, ] > [X, AX ]V =X,
F (X, %, %) =U, AlU; & [U, v—=X]]A[U, < [U; > U,]]
AlU; & [X © XK]IAU, X AX]]

COEE, [ENFERATHE] © [F AT ATRE (6.2)
FE=MERRICELYT VRITHESTNS.

F.OBREFZ
(1)\/ (l)VI EVZV‘|X3
@) J R VA A AYA

BV, =[x & X,]
AV, =% X

T

F 2T 501, V>ULL, VOEERRE ATHAS

‘ Ex. 6.3: Reduction from ExSAT to 3SAT | >4

E (X, %, %) =[[X © X, ]2 [X, AX 1]V =X,
F (X, %, %) =U, AlU; & [U, v—=X]]A[U, < [U; > U,]]
AU, ©[X © XA, o [X AX%]]

Then, [E, is satisfiable] <> [F, is satisfiable]

F, is easier to be converted to 3SAT form.
How to construct F,
(v (l)VI EVZV‘|X3

@) J N V=N, oY
BV, =[x & X,]

/\(4) " \ AV, =% X

To construct F; we let V; =U;, and connect expressions of V; by A

6.2)

F, OHEAEEY, 14
(HEU; DIEEV(X,, Xy, ) ELTIZWRY, FXEIZIZASAL.
Q)BUDIEEV,(X,, %, X)ELT=EE, F, =E,

EOMEARYILOILNE, fFinEERVSLGELTEBATRRE
SERAIS .

B iy
a>b ="avb
aob = (a»b)A(b>a)=

[T aVb] [~ bVa]THEILEEALS.
=[-U,vU,v-x]A[U,v—U, v—=x]]

=[-U, vU, v=x]A[U, v[=U, AX,]]

=[-U, vU, v-x]A[U v=U,]A[U v X]
=[-U,vU,v-x]A[U, v=U, v=U, AU, v X, VX, ]

U o [U,v—x]

ftht @4k
&oT, TRTCEMERRICER TEH LA DND

. 14
From the construction of F, o
(1) F, is never true unless each U; is Vi(X;, X,, X3).
(2) If each U; is Vi(X,, X,, X3), we have F| =E,

The above properties are proved by using induction.
proof is omitted.

| Conversion to 3SAT form ‘

a-b =—avb

aob = (a=b)A(b—>a)=[—aVb] A ~bVa]: useful relations
U o [U,v—x]=[-U vU,v-x]A[U vU, v —x,]]

=[-U, vU, v=x]A[U, v[=U, A X, 1]

=[-U,vU, v-x]A[U v=U,]A[U v X]
=[-U,vU,v-x]A[U v=U, v=U, AU, v X, VX, ]
Others are similar.
Thus, every 3SAT form is converted.

oo — N - VA —] N /
[62. ZERBREET AR E N2 E | 7

621 EEMDERLTOERNMEE

EE62: FHEEVIRCZHL, EEANRDEHEFH-TLE,
ZhE(SSOTFT)CREENS.

(a) VLeC[L <PA]

(b) AcC

W EHeERE-TESIIC-EE.
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it is called C-complete (under Sa)

(a) VLeC[L <PA]

(b)AE C

Note: Sets satisfying the condition (a) are called C-hard.




| 62 SEXBMETAEMCE I ELY |
6.2.1. E2tEDERLEOEFMME

516.5. V2 ANPHTELEEE D)

3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC%&E
ISREXPDTELES

EVAL-IN-E, HALT-IN-E#: &

EVAL-IN-E:
Adj<a,x >
a: A7 S a0a— R, xex" {20
Hi 77 : eval-in-time(a, x,2") = accept ?

8/14

8/14

\ 6.2.Completeness based on Polynomial-time Reducibility |

6.2.1. Definition of Completeness and its Basic Properties

Ex.6.5. Examples of A/P-complete sets

3SAT, SAT, EXSAT, DHAM, KNAP, BIN, VC, etc
EXP-complete sets

EVAL-IN-E, HALT-IN-E, etc.

EVAL-IN-E:
Input:<a,x,t >

a: the code of a program with linput, x e X°,T > 0
Output : eval-in-time(a, x,2") = accept ?
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FHE63. FEDC-RHBEE (& :C-ELEE)AITHL,
()AEP>CC P sHEIEL C 2P > AgP
Q)AENP>CS NP *HBIX CENP > AgNP
(3)A €co-NP > C < co-NP F&IL CZco-NP > A€ co-NP
@)ASEXP>CC EXP SMBIE CLEXP > AEEXP

SERR:
() BEEEDCEELT DL, AlFC-REEM D,

B<, A —A, AsPDIRELY, B< P (EH6.1)
2), 3), BRI

Theorem 6.3. For any C-hard (or C-complete) set A,
(HAeP>CE P CP: CZP > AgP
QAENP>CS NP CP: CZNP > AeNP
(3)Aeco-NP > C < co-NP CP: CZco-NP > Ag co-NP
A AEEXP>CC EXP CP: CZEXP > AZEXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B <" A and by the assumption A € P we have B€ P (Th. 6.1)
(2), (3), (4) are similar.

9/14

10/14

FEH63. FEDC-RHBEE (& :C-ELEE)AITHL,
()AEP>CC P sHEIEL C ZP > AgP
Q)AENP>CS NP *HBIX CENP > AgNP
(3)A €co-NP > C < co-NP F&IL CZco-NP > A€ co-NP
4)ASEXP>CC EXP SMBIE CLEXP > AEEXP

#6.6. EHEo63DEMR (VFANP) [segms5 9.
AENP-ELEELETD. (1) NP S co-NP > NP = co-NP
EHR6.3(1)DxHEKY,

NP#*PD>Az P
FEHE63Q)DRHBEEES.I()DHEELY,
A ¢ co-NP
DFY, NP2 EEEP~ NPTHARY,
ZIEX B TIXEHTERLN.
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Theorem 6.3. For any C-hard (or C-complete) set A,
(HAeP>CE P CP: CZP > AgP
QAeNP>CS NP CP: CZNP > AeNP
(3)Aeco-NP > C < co-NP CP: CZco-NP > Ag co-NP
A AEEXP>CC EXP CP: CZEXP > AZEXP

Theorem 5.9.
(1) NP S co-NP > NP =co-NP

EXx.6.6: Meaning of Theorem 6.3 (class N'P)
Let A be N'P-complete set.
By the contraposition of Theorem 6.3(1) we have
NP=PD>AEP

By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),
A ¢ co-NP

That is, N/P-complete sets are A’P-sets that cannot be recognized in
polynomial time unless P = NP.
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NP-ZE&EEIEP# NPTHABRY, NPn co-NPIZIZADAEL
NPEETHD.

NP co-NP

co-NPEE
NPEE

11/14
NP-compete sets are N/P-sets that do not belong to

NP ™ co-NP unless P = NP.

co-NP
co-NP -complete

NP

NP-complete
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EH64 A FEDC-ELES
ITRTOEEBIZHL,
(1) A <PB >BIZC-R#.
(2)A<'B AB eC-> BlZC-5E£.

SIEER:

EFE6.2&Y, YLeCL <] A]
EE62kY, L) ANASI B LB
L1=A2T, viec[L<’ B)

Jahn, BIFC-HE.
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Theorem 6.4. A: any C-complete set
For any set B we have
(1) A <, B >B is C-hard.
(2)A </B AB eC - B is C-complete.

Proof*:

By Def. 6.2 VLeC[L<! A

By Theorem 6.2, L<; AAA<; B—>L<7 B
Therefore, vLeC[L <! B]

That is, B is C-hard.

} 1/11
6.2.2. SE2 £ DFEA

(NP)SEL DRI A %
() BEBYIS[TRTOLIZDONTTRT
() I TICEETHHIELR LM >TWSHEEZFIAT S

(DHDBI: EIR6.7, EIL6.9(= Cook D FEIE(SATTTMZE L))

Moo oo O EARMICE...
ISATRER MR | N | gEstmmcncresnssasExT
N—HEDTHR 2. IRYSLOBEEGERER TEMTS
B SETLREFBLHND)

6.2.2. Proof for completeness v

Two ways to prove (AP-)completeness
(1) show *“for all L’ according to definition
(I1) use some known complete problems

Ex for (I) : Theorem 6.7,
Theorem 6.9(*= Cook’s Theorem; simulate TM by SAT)

(D I: $516.4(3SAT <, DHAM), EH6.10, ...
DHAMIE—# D557 L TNPREE

DHAMIZEES S7IZBRELTHLNPESR
DHAMIEMESR D RH=3IICREL CLNPREE
DHAMIE28 7 SDICRELTENPEZ...

1\ Basically...
W 1. For any program in standard form,

Easy to manipulate
since, e.g., 3SAT has a
uniform structure.

2. simulate it by SAT formulae
—pretty complicated and tedious

Ex for (II): Example 6.4(3SAT<; DHAM), Theorem 6.10, ...
DHAM is N'P-complete for general graphs

DHAM is N’P-complete even for planar graphs
DHAM is N'P-complete even for graphs with max degree=3
DHAM is N'P-complete even for bipartite graphs ...
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EH6.10: ULTFIZHIFEEEIETRTNVP-EE
(1) 3SAT, SAT (EXSATA 5 M3E TT)
(2) DHAM, VC (3SATHHMD3ETT)
(3) KNAP, BIN (3SATA S DB FEEKNAP <, BIN)

(I NPEEEA DA TSN 5D L EA F R TT:
1. 3SAT <P VC
2. DHAM <} TEE D REHE < 5I=HIFRSN =-DHAM

Vertex Cover: TRTDEAD, Db —HADEREZELES
Hamiltonian cycle: ¥ R TOHIEmRE—E T D@ DK

2/11

Theorem 6.10 The following sets are all A/P-complete:
(1) 3SAT, SAT (reduction from ExSAT)
(2) DHAM, VC (reduction from 3SAT)
(3) KNAP, BIN (reduction from 3SAT and KNAP S; BIN)

(II) Polynomial time reductions from A/P-complete problems:
1. 3SAT <P vC
2. DHAM Sr: DHAM with vertices of degree =5

HFET: DHAMIZRH = 3 THUNPESR,
ER2EZEZER B CEtE AT AL,

Vertex Cover: a vertex set that contains
at least one endpoint for each edge
Hamiltonian cycle: a cycle that visits each vertex exactly once

Note : DHAM remains N/P-complete even if max degree 3.
But it is polynomial time solvable if max degree 2.
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[EE6.102) : VC & NP e & |

[EEBA] VC € NP 2D T, 3SAT < VC THAHZEETHIELLY,
HEX FX X, X,) BMEZDNI=ET B,
FAOLUT DEEERE-T I S5T7EBRBDME<C, kA
ZIERFE TR TESILERT:

FZELCT 2R UMNFET H6H Y A XKD AR BEERD

GOBR(FIInEHMIELT ).

1. FOEREHx (L. TBE x'x &L B x)EMZD

2. FOBIECH(, VI, VIR UL TER Ly, i, by £33,
(.l Al )ZEMZ B

3. HCOUTIN L, Y x DEERFID(,x7) & —x DEEILD
(X)) EMNZ S,

4. k=n+2m
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\ Theorem 6.10(2) : VC is A’P-complete \

[Proof] Since VC € AP, we show 3SAT <p, VC.

For given formula F(X,,X,,...,X;), we construct a pair <G,k>
of a graph and an integer in polynomial time.

There is an assignment that makes F()=1
G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices X;*,X; and the edge (x;",X;") for each variable X; in F

2. For each clause Cj=(I;, VI, VI;;) in F, add vertices I;;, Iy, I;; and
three edges (Iiy.l), (lip;lia), (liz.iy)

3. add the edge (l;;,X;") if the literal I, is X;, or add (I;;,%;") if it is —x;
for each clause C;

4. letk=n+2m

FE s BRI LUAREET HOCHY A DAL HEERD

GOEH(FIINEHMIALT B):

l. FOEEH X IS8, BR &L D x)EMRS

2. FOBECH, V1, VI, THR by, by, 1y £33,
(Ii2’||3)’ (I|3’Iil);27]ui%)

3. ECOUTIIL L, A x DEZIFD(,,%") & —x DEEIF
A(ly.x) ZEINA S

4. k=n+2m

Bl F(X) XaeX3Xe) = (X VX VX)) A (7%, VX3 VAKXV =%V Xy)

k=4+2x3=10

There is an assignment that makes F()=1 4/11
©G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;",X;" and the edge (X;*,X;") for each variable X; in F

2. For each clause Cj=(I; VI, VI;;) in F, add vertices I;;, I, I;; and
three edges (Iip.lip), (I, liz). (lz.kip)

3. add the edge (I;;,x;") if the literal I;; is X;, or add (l;;,x;) if it is —x;
for each clause C;

4. letk=n+2m

Ex: F(X)Xp:X50%0) = (X VX VX)) A (73X, V%3 VX)) A (X V71XV Xy)

k=4+2x3=10
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GO, 5AbNT F i F DY 4/ Xt g 5 S EAFR
THEE o LA TUTERE LY

FZ1I23 2EIUAEET BOCH T 1 XKD IEAHBERED
iz

GOEREAGEEDTERFESIE

{xi*,xi'd)EBBt\Eﬁ“t
&2TIS| = nt2m=k ThH5.

CO3EAS. RIE2OEHE

Bl (X Xp:X3,%,) = (%, V% VX) A (T VX VA KV %5V Xy)

k=4+2%x3=10
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It is easy to see that the construction of G from F can be done in

polynomial time of the size of F. Hence, we show that...
There is an assignment that makes F()=1
<G has a vertex cover of size k
Observation:
From the construction of G,
any vertex cover S should contain
Hence we have |[S| = n+2m =k.

Ex: F(X)Xp.X3.%,) = (X VX VX)) A (7%, VX3 VXA (X V %5V X,)

at least one of ;" or X;”
at least 2 of 3 vertices in C;

k=4+2%x3=10

FEICT BEILUAEET 200 YA DA HEERD O

ey e o X=155 X ESIZANS

L ENTROTH X X=075 X &ZSICANSD

2. FNENDIEC=(;) .l EFFEBINTNEDT,
RIEIDDUTIIL()IZDONTIEE S EDR DA, X))
[& %) [CE>THEBEIN TS, LI T 2D
ZODYTIIl)E S ITAND,

= 82| LY. SIETH A XKDOTERREICHD,
D F(X) X0 Xa5Xs) = (X V% VXA (X VX VXD A XV X5V Xy)

k=4+2x3=10

If there is an assignment that makes F()=1, o1

G has a vertex cover of size k
1. Put{ X' ,lf Xi=1 } into S for each X;.
X if X=0
2. Since each clause Cj=(l;;,lip,l;3) is satisfied, at least one literal,
say l;;, the edge (l;;,X;,) is covered by the variable x;,. Therefore,
put the remaining literals (l;,,l;;) into S.

= From the|Observation, S is a vertex cover of size k.

Ex: F(X)Xp:X50%0) = (X VX VXg) A (73X, V%3 VX A XV 71XV Xy)

k=4+2x3=10

CAYARKDTEAMEBER > FEIZT 2RI UAEETS |
1. B &Y. ESEES S2E. T SMEOTEAESS.
2. EBITREHXITDOULTIIX DX D—FH LD,
BRGSOV TIFLLSE2DDTRALMSIZEL ZEATERLY,
3. O TEIECIESICEFENLZNYTIILIEED A,
RIS BB A EE SN O RIEES AL,
X HSICEENDES x=1 R

7

F(X1:X05X3:X4) = (%, VX0 V X3) A (73X VX3 VXD A (X V1% V Xy)

~

45il:

k=4+2x3=10

QED.

If G has a vertex cover of size k, there is an assignment s.t. F()=1  7/11

1. From| Observation,| a cover S contains 2m vertices
from the clauses, and n vertices from the variables.

2. Thus the cover S contains exactly one of x;" and x;” and
exactly two literals of a clause C;.

3. Hence each clause C; contains exactly one literal I; which is not in S,
and hence incident edge should be covered by a variable vertex.

= The following assignment satisfies F: [ i:;l) gir:::ss J
Ex: F(X)X0:X50%0) = (X VX VX)) A (73X, V%3 VX)) A XV 71XV Xy)

k=4+2x3=10

QED.
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FE R TEELMAL
F(X1:X05%3) = (X VX VXD ATV %,V —50) A (X V X3 V X5)
A (X V%,V —Xs)

FERTELLFTIE, EDYTIIVBERTHN—INTLVEL
EABTEET D, COEDTFILIE3IDES Vertex Cover [
ANEBEEFELY, KT Vertex Cover DH A X k+1LAEIZH S,
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Unsatisfiable example:
F(X1%0:X3) = 06 VX VD ATV 7%V 7%) A (% V%3V Xs)
A (X V%,V Xs)

When F is unsatisfiable, it contains at least one clause such that each
literal is not covered by a vertex. So, Vertex Cover should

contain three literals in the clause. Hence any vertex cover has size
at least k+1.
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|EE: REE R SOHAI 57 LD DHAM [F VP 2R
(SEBA] (L ERORIEEDHAM . LEEFET B)

R {E}f—i(:ﬁ'
DHAM_ ; BAPIZIR T 3014, DHAMAIAPI<| PET DDA

BT3B, LIzh>TELEMERE LKLY,
DHAMS] DHAM_. #R7,

FATT:
RENADTERV(E)D
(A-TKBILEE)E
(HTLKDEE)EEH
D gadget TEEHZ D

EXTVEIELTES
FREERTVEIET
(T BHHABIERET %o
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Theorem: DHAM on a directed graph with max. degree=5
(abb. DHAM _ ) is V’P-complete degree: the number

[Proof] of edges incident to
2
Since DHAM € NP, DHAM_; ENP. a vertex
We DHAM <! DHAM_ .

Idea:

Replace the set of “arcs to v”
and the set of “arcs from v”
by a right ‘gadget’.

A Hamiltonian cycle through v
on the original graph
corresponds to the
Hamiltonian cycle through v
on the resultant graph.

\ FIE: REELSNDERY ST LD DHAM (& NP & RE 1o

TATT:

RAUR:
- BREABRITENST
- BTEAITRE<5

=<: O(log dy)
B O(dy)

[REBABEE)]

B2oN=TS57GDRHILEDEFNFNDIERIZASTLE
H330% LEED gadget TEEHZ 5,

1. TOTZIGHnERMIBTHOT-A5, gadget TEEHZ 1=
HEDYZIC’ L O(n+m)IE M O(m)iBEHES, Lizh>TL
EDETIICHORESDLIFXFER T B,

2. FCDTRTOEAIEREIEI=DIENSTHD,

3. GHANILPVEBREELEDOGCHANIILN BRERED QED.

Theorem: DHAM on a directed graph with max. degree=5 1o

(abb. DHAM _ ) is A’P-complete

Idea: <_ 4 > «
Points: . '} {%1 -
« Up to down via cycle o e | height: O(log d;)
« Each vertex has deg=5 %{7ﬂ - ber: O(d))
number: i
< d >
[Proof (sketch)] v

For each vertex v of degree = 6, replace the edges around v
by the gadget.
1. Ifthe original graph G has n vertices with m edges, the
resultant graph G’ contains O(n+m) vertices with O(m) edges.
Hence the reduction can be done in polynomial time of n & m.
2. Each vertex in G’ has degree at most 5.
3. G has a Hamiltonian cycle <> G’ has a Hamiltonian cycle. QED.
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— LIR—bhQ)D R E LR S5 (Comments on report(2))
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