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Chap. 1 Problems and Algorithms Hes

1.1. What are problems and algorithms? Intractable problems?

Problem
= Problem of computing a function: input — output
(not only numerical computation)
Sorting Problem
Input: sequence of natural numbers a,, a,, ... , a
output: increasing order a;,, a,, ... , i,
Input and output must be mathematically defined

OUTPUL the-best-recipe

Example: Performance of a computer system

system S — X (input)  simulation of 1 cycle of S
Input: input x and current state u
output: output y and next state v

n

Uu=>v | — vy (output)

problem of computing a function to map (x,u) to (y,v)
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1. BREET7ILTY X L
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Assumption:system returns some value for any input
e.g. ? iIs returned for an abnormal input
=standpoint of total function

Algorithm for solving a problem
a method for computing an output specified in the problem.

What to be computed? _
How to compute? = difference

Problem of calculating a root of a quadratic equation
Input: rational number a, b, ¢
output: an x that satisfies ax2+bx+c=0
Output Is clearly defined but how can we find it?

"Algorithm = method"
=>algorithm=a method that can be realized as a program
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RE: EAGEAAITH LU THERIIRAMEZRT
FEAIE, EEAADITHLTIE ? Z2RT
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Hard and Easy Problems
- Complexity of Computation
Former half of the lecture deals with “incomputable” problems.
Latter half of the lecture deals with “hard” problems.

Intractable problems

"Theory of Computability"
"Theory of Recursive Functions"

Example 1.2. Incomputable problems
Halting Problem (Problem of deciding halting)
Input:a one-input program A and an input x
output: whether does it terminate if x is given to A?
YES if it terminates and NO otherwise.
We can prove that this problem is incomputable
—>10 be explained later



#ULVEIREEAOSLLVERE
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Computable but hard problems

-t00 much time for computation
-too much space for storage
-computability based on computation cost
=>"Theory of computational complexity" -> later

Criterion on practical incomputability
=impossible to be computed in polynomial time
=» intractable problems
(Note that polynomial time is not the criterion to be tractable.)

o soumaveris
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NP Complete Problem

(1) Given a solution to the problem, it can be easily checked whether
It satisfies the condition for solution.

(2) But, a simple program checking every solution candidate takes
exponential time since the number of candidates grows
exponentially.

The study starts in 1950's.
Examplel.3. Bin packing problem
* n items of lengths a,, a,, ... , a,
- Is it possible to pack all the items into k boxes of length b?

A simple algorithm takes at least exponential time.
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(1) FEZHATELAL, TNHOBOEHZRmI-LTLEINEMNIE
RE|IZFIYITES.

(2) LHL, BEDIERFED (A TD YA X(ZELT) FEEEE I
BRITLHDT, —D—DDEEETFIVITHIEVND B
J0J5LTIE BEGFTEENFEHEMICIERLTLES.

19504 X H S B 2 Bl BA

=

1.3, #8358 RA=E (bin packing problem)
-nBAOHEROFAY: kST a, a, ..., a,

RENEFNFND D KBEDFEITOEUFESLLSIZEHDH L
MTEEHH?

B AETIE, PECRIBEL > THIE MBI EREN
M- TLES.



P w AP Conpesture O SI0000 Wil rize proies |

Any NP complete problem cannot be solved in polynomial time.

Example 1.4. Any polynomial function grows more slowly than an
exponential function.
Let p(n) be any polynomial function and e(n) be any exponential
function
=>»for sufficiently large n, p(n) <<e(n).
e.g., nt09%0 << 1,0000001" for sufficiently large n.

Definition 1.2.

(1) A problem for which there is no program to solve it is called
"Intractable” in the sense that it cannot be computed.

(2) A problem for which there is no program to solve it in
polynomial time is called "intractable” in the sense that
It Is hard to be computed.
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1.2. Preparation

1.2.1. Set, function, predicate, and etc.
(1) Number
Only natural numbers (including 0) are considered.
[X] represents the integral part of X (rounding off)
(2) Set B
standard notations: AUB,ANB,A, AcB

A X B = a set of all pairs of elements of A and B
|Al|: number of elements of the set A

In principle, sets are denoted by capital letters.

Exceptions:
I"  symbols used in programs
> {0,1}

N  asetof all natural numbers (including 0)
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EICBrS i URY, éﬁyﬂ(o’éad;r)@a{r*&a.
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X: any finite set

strings on X=a finite sequence of elements of X (each element

of X iIs regarded as a "letter")
length of a string=the number of letters in the string
IX|: length of a string x
the length of a string "0100" is 4.

A string of length 0 is called an empty string, denoted by « .

>*: a set of all strings consisting of 0 and 1(including empty string)

(Pseudo—)Lexicographical Order : (with length preferred)
X, y: strings on **
X<y < (a) |x| <ly|, or otherwise,
(b) for the first different letters in x and y be Xx;, Vi,
Xi <Yi

(example)101 < 0011 <0100
What is the difference from usual lexicographical order?
What Is the reason of introducing such an order?
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X EEDAERES

XEDXFI=XDEERZT"XFEAEL, TOXF

EEREOEZzED)iRTHELNI=ED
XFIDES=XFIZERERT HXFDH
X|: XFHxDES
X 5] 0100 DEE(F4.

RI0DXFHNEZEZF LWL, ¢ ELVDEEBETERT.

Y0 E1ZHRTTEOANFIEERDES (EIHEED)

HENIER (BES) ESEAXDFHERIERF
X,y: ¢ EDIFF
X<y < (a) [X| <lyl, AL,
(b) x| = ly]| TERAIZBGZEIXFZEX, YT HES
Xi < yl
({5) 101 < 0011 < 0100
BEOFEXIERFEDEVDIEAIHN?
B, COLILIEFEZEATLHIOMN?
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Logic symbols

example meaning

PAQ Pand Q

PvQ PorQ

—P not P

P—>Q If P then Q

PoQ If P then Q and if Q then P
Ix e L[R(X)] for some x in L, R(x) holds
VX e L[R(X)] for any x in L, R(x) holds

there are infinitely many x in L with R(x)
. for any x except finitely many elements in L,
v xe L[R(X)] R(x) holds

Ix e L[R(X)]




9/23

RIEED S
FA 151 =k
PAQ PM™DQ
PvQ PFEIEQ
~P P T7ELY
P> Q PALIE Q (—PVQLREHE)
P Q PILELIXQOM™MDQLLIEP

Ix e L[R(X)] LICE9 %35 x TR(X)
vxeL[R(x)] LICBTHEED X TR(X)

IxeL[R(X)]  R(X) &2 x AL OhIZERESHZ
vxeL[R(x)] L OBOEFREZERKRL=TRTDH x TR(X)
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Propositional Logic Expression
Expression consisting of propositional variables and logic
symbols 7 Vs T e.g. F(Xy X2)dX1v X2]A=X1
Truth assignment
Assigning truth value to each propositional variable in each logic
expression. e.g. there are 4 different assignments (0,0), (0,1),
(1,0), (1,1) for the expression above. (0: false, 1: true)
Classification of propositional expressions
literal: logic variable or its negation
sum term: term in which literals are connected by OR
sum-multiply expression: expression in which sum terms are
connected by AND
2-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly two literals
3-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly three literals
extended logic expression: one that may include —, « as well.
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(0,0), (0,1), (1,0), (1,1)
D4BEYDEIY LU THEFEE. (0:44, 1. B)
EﬁiELnHHIE_td) ’;L‘E
JT2)L: R HoWNITDEEGEEEIET)
FIIE - 'J7_'5)lz7aEOR(nEv5liv)’C’Jf&b\fflﬁ
MFEXL: FIIEFAND(EE S IIA)TOLHLV
—fMEX: EXoEomERERXT, LMEZTEN
L5&2E2D) TIILNGEEHED
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Expression of a graph
graph vertices are numbered sequentially
graph edge: (i, )
expression of a graph G =(n, E)
n: number of vertices, E: set of edges

Example of a graph: Example of a directed graph:

2

1 1

3 3

4

E={(1.2), (1.3), (2,3), (1,4)} E={(1.2), (2,1), (1,3), (2,3), (4, 1)}
G=(4{1.2),(13),(23),(1.4)}) G=14{(12),(21), (1.3),
Do not distinguish (1,2) from (2,1) (2,3), (4,1)})

(1,2) and (2,1) are different arcs

4
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557N RIA
FS57DEZTBARICIASIEICEBEESS.
957Mi8: (i,))
J257NDKREA G=(nE)
nTBES#, EJADES

T 57 DB BRIT 705

1 1

3 3

A

E={(1,2), (1,3), (2,3), (1,4)} E={(1,2), (2,1), (1,3), (2,3), (4,1)}

G=(4,{(12),(13),(23),(14)}) G=(4{(12),(21), (13),

B ZI£Q,2)ER,1)IFXBI LAY (2,3), (41)})
WOREEXRNT S

4
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1.2.2. Algorithm Description

PASCAL-like procedural programming language

Ex. Conversion from a binary natural number into an ordinary one.

1. prog TR(input X: string on X): integer;

2. label LOOP;

3. var n: num; c: string;

4. % string implies a type of stringon I".

5. begin

6. if X # 0 A head(x) =0 then LOOP: goto LOOP: end-if;
7. %if non-binary expression is input then goto infinite loop
8. n:=0;

9. whilex>¢edo % ¢ is a constant for an empty string

10. c.=head(x);

11. If c=1 then n:=2*n+1

12. else n:=2*n end-if;

13. X:=right(x)

14.  end-while;

15.  halt(n)

16. end.
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PASCALE D F#H=RTOI 53 F 58
DI=F

Bl 2ERITWTEZONT-BERANZE

EHJ]E

1. prog TR(input x: string on X): integer;

2. label LOOP;

3. var n: num; c: string;

4. %HEi(stringEtRIBELI=EE (Istringon TR EE KT .
5. begin

6. if X# 0 A head(x) = 0 then LOOP: goto LOOP: end-if;
7. Y2ERETHEVELDBNANEINESEERIL—TIZAS.
8. n:=0;

9. whilex>edo %eldZE=HNERT EH

10. c:=head(x);

11. if c=1 then n:=2*n+1

12. else n:=2*n end-if;

13. X:=right(x)

14.  end-while;

15.  halt(n)

16. end.
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Remarks:
-description concerning input and output are omitted.
*TR: program name (input variable and its type declaration)
the type of output follows

f TR: the (partial) function computed by the program TR

-normal termination and infinite loop
- Output is obtained only when it terminates correctly

by a halt sentence.
-When an output is not obtained, the function value
computed by the program is considered as "undefined"
f TR(001) = L



TR

||In|

=18 :

* AR AR T BEE T AL

IEERT LH

"1

D[
A

B8 ~

Sie)

TR: 70459 5L4 ( )NDNANEHEFDRIETE,

( YOAIMEHDOHE
f TR: A SLTRAGTET S (B4 ) BEEK

IR )L—7
S5N50([Fhalt3L Tl

ELUFIET BDESDH

IXEEEHET.

f TR(O01) = L
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Types of variables
natural number type: type num
string type:
Let I be asetofall symbolsO,1,2,...,4a,Db, ... used in strings

Elementary operations on strings
head(x) the first letter of x
right(x)  the part of x after its first letter

tail(x) the last letter of x

left(x) the part of x before its last letter

X#Y concatenation of x and y

XLy comparison based on lexicographic order with length
preferred

where, head(e)=right(e)=tail(¢)=left(c)= ¢
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THDOE
BAHE: numZE
MXFHIE: string®
XFHN BT X FELTEHEENSEESO0,1,2, ... ,4,b, ...
DEXERZET £T 5.

XFINBT—IDERER

head(x) X DEFIDINF

right(x) x D2XFEHMEDED

tail(x) X DEREDIXE

left(x) x DEBEIOHERED2XFHETOE7
X#Yy x &y MDER

x<y RIMEBEODHSHIEFICEDHKR/INLER

f=1=L, head(g)=right(c)=tail(c)=left(c)= ¢
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2.2. Elements of Computation

We will represent “data” and “program” in minimum resources

...to simplify the discussion.

2.2.1. Elements of data representation
String data type suffices to represent data.
All data types including structured type can be represented
by stringson 2 (={0,1}).

Lemma 2.1: All elementary data types can be represented
by 2* types and structured type.

types for natural numbers, integers, reals, truth values, strings

(Outline of Proof) It is sufficient to prepare functions on S*
for elementary operations on natural numbers
(e.g., plus, minus, multiply, divide, compare).
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HRE2LI R TOERT BRI B LE SR TEHRTES.
BAREE, BHE, EHE, REEE, XFHE

(BSEE) BABMDERER (MEFERR, K/ ST S
2 ETORBZRAEINILLL,



/’

Unary representation of a natural number

N

Ex. 2.2: Ordinary letters are also represented by binary strings

Lemma 2.2. All structure types are represented by X* type.

natural number n->sequence of n 0s
1. binary representation |4 ! 100

n : unary representation 4 -)OOOOO/

e.g. each letter is coded in 8 bits

16/23



L n : BAR¥n

—
BABMDIERE

BHAR#N > 02 nf@ili~5

n]: BR%nD2ERE 4] 100

D1EFRED

4 => 00000,

16/23

BHl2.2. —DOXFIHI(TLDOXFINE 2 LDOXFHTRIFAHE.

e.g. SE VM2 S| THA—RIE(ASCHIO—F7E)

fHE2.2. T RTD

FER (IR TRIETSES.
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Theorem 2.3. All the data types and elementary operations in our
programming language can be realized on X*.

“Our encoding method”

| x |: an element of * representing a data x (a code of x)
|w |: adata represented by an element w of >*

EXx.2.6. Programs are also coded by considering them as strings

prog A ... A =0111000 01110010 01101111 ...
begin P r 0...
end. 01100101 01101110 00101110 ...
e n d

We could use a
different coding
method, but ...
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23 bNHONDTAT SV I EEDITRTOT—HEL
THOLOERERFITHEED LOERKERZITTEHTES.
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prog A ... A =0111000 01110010 01101111 ...
begin P r 0...
end. 01100101 01101110 00101110...
e " d £ LT

O—KiEEH 5,
Lm|IFINT.
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
Implemented by if and goto statements.

(Proof sketch)
flowchart -> if statement and goto statement
recursive call -> can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and

while statements.
(Proof based on examples)
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22. STEDEARER [F—41 0 T055 L1 ERNEOEETEE

LR ERASCETERBTEMIET D

222 HIEHHEBEDO=-ODOELRER

2.4 BT NI S LBEBMEREBEMFUHL)IL,
FTRTifXEgotoX K> TEHTES.

(BSRLE)

JO0—Fv—bk = if3X&gotoX

BIRE

UL > RV IZERNTESERT

1HRE2.5. TR TOHIEEE (XIS EgotoX [Tk H>TERETES.

TFH2.6. TARTOHIEEE (i3 EwWhile X IZLH>TEIRTES.
(BIZEDUVTEERR)




% program to determine whether x is 0* or not
prog A(input x: Z*): X*;
label LOOP; var a: Z*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

If a=1 then halt(0) else goto LOOP end-if
end.

Convert it as follows.
(1) Each line of a program is one of the followings:

(a) substitution, goto statement

(b) if comparison on X*then goto ... else goto ... end-if
(c) halt(variable)

(2) Each line in the program body is labeled as L1, L2, ...
(3) The line of the form (c) above appears only once in
the program and it is labeled as LO.

19/23
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% XMO*MNEIMNEHETDHTAT I L
prog A(input x: Z*): X*;
label LOOP; var a: Z*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

If a=1 then halt(0) else goto LOOP end-if
end

NTRDFOIZERT S
1) 7RIS LDEITIERDLNT b,
(a) fXA X &gotoX
(b) if >* EDELER then goto ... else goto ... end-if
(c) halt (Z5%k)
(2) TR S LARARDBATIZIE, LIMBIAEY, L2, L3,...LlEIC
FRNILDTENTUND.
(3) f=1=L, ) DEDITIETRI S LDRFRERICTIEFRLMAENT,
ZFNIXLOESRILFFIFEINTULNS.
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prog A(input x: £*): X*;

label LOOP; var a: Z*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
If a=1 then halt(0) else goto LOOP end-if

- .

prog B(input x: *): Z*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: %

begin
L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5 c:=1, goto LO: | (9sSetvalues of halt
LO: halt(c)

end.

end.
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prog A(input x: £*): X*;

label LOOP; var a: Z*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
If a=1 then halt(0) else goto LOOP end-if

- .

prog B(input x: *): Z*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: %

begin
L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5 c:=1, goto LO: o @hatofEEEE
LO: halt(c)

end.

end.
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prog C(input x: *): Z*;
var pc: num; a,c:x*;
begin
pc:=1;
prog B(input x; £*): T*; while pc 1= 0 do

label LO, L1, L2, L3, L4, L5, L6: Case pe of _
var a.c: ¥ ‘ 1. if x=¢ then pc:=5 else pc:=2 end-if;

begin 2: a:=head(x); pc:=3;

L1: if x= ¢ then goto L5 else goto L2 end-if; 3* X:=Mght(x); pc:=4; |
L2: a:=head(x); goto L3; 4: 1f a=1 then pc:=6 else pc:=1 end-if;
L3: x:=right(x); goto L4; 5: ¢:=1; pc:=0;

L4: if a=1 then goto L6 else goto L1 end-if; ~ ©: ¢:=0; pc:=0;

L5: ¢:=1; goto LO; end-case;

L6: ¢:=0; goto LO; end-while;

LO: halt(c) halt(c)

end. end.

2 Remark: case statement
goto Lk = pc:=k; is realized by combination
of if and goto
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prog C(input x: *): Z*;
var pc: num; a,c:x*;
begin
pc:=1;
prog B(input x; £*): T*; while pc 1= 0 do

label LO, L1, L2, L3, L4, L5, L6: Case pe of _
var a.c: ¥ ‘ 1. if x=¢ then pc:=5 else pc:=2 end-if;

begin 2: a:=head(x); pc:=3;

L1: if x= ¢ then goto L5 else goto L2 end-if; ~ 3* X:=Tght(x); pc:=4; |

L2: a:=head(x); goto L3; 4: 1f a=1 then pc:=6 else pc:=1 end-if;

L3: x:=right(x); goto L4; 5: ¢:=1; pc:=0;

L4: if a=1 then goto L6 else goto L1 end-if; 6 ¢:=0; pc:=0;

L5: ¢:=1; goto LO; end-case;

L6: ¢:=0; goto LO; end-while;

LO: halt(c) halt(c) .

end. end. f=7=L, caseX|&
ERIZIEiIfXD

goto Lk = pc:=k; HAEHE TEE.
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Simple program: a program consisting only of the following elements.

data type: string type on X (X type, X* type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input...) ;
var pc: X% ... Z; ... 2*; % value of pc is a binary representation of an integer

begin
pc.=1;
while pc '=0do
case pc of
1: (statement) : €ach statement is one of the two:
2: (statement) : -if comparison then pc:=k1 else pc:=k2 end-if

: “substitution;; pc:=k;
k: (statement) ;
end-case

end-while;
halt(c)

end.
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BRTOJUS5L: TOERDHTHERINGTOIILA

T—3E: S EOXFHEGCH, »F)
EXKEE: XFINROEKER
FITX: A, ifX(case3X), while3Z, halt3

TFIE27. EALGETOTSLLENERELG BTN S LIZEBRZ
BLENTES. LB RODEIOILGIZERTOTSLIZESTEES

prog 7O S5 L% (input ...) ;
var pc: =% ... X ... =% %pcDE (X B R D 2H#E R ST

begin

pc.=1;

while pc =0 do
case pc of
1. (30); & (30 DRI
2: (X); - if EEE3C then pc:=K1 else pc:=k2 end-if

; - (KA X ;pei=k;
k().  OLWTh
end-case
end-while;
halt(c)

end.
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Theorem2.8 For every computable function, there is a program in

the standard form.
Consider a behavior of program counter.
Further constraints (refer to 101 page of the textbook)

“each statement must be implemented in constant time”
u, u’: variables of X type,  v,v’: variables of X* type

C. constant of Z type, s. constant of X* type
(Substitution)
(1) u:=c; (2) u:=u’;

(3) u:=head(v); (4) u:=tail(v);

(5) v:=s; (O 7

(7) vi=right(v); (8) v:=left(v);

(9) vi=u # v, (10) vi=v # u;
(Comparison)

(11) u=c (12) v=s



I

EIE2.8. T ANTORHEAREREZIS®L,

TNZEEITHEERTOT S LAFRET S.

TAYTS LA EDEELETEZTHELD.

BHEAHIE (T AR0IR—D)
[ B XIEREHMEFB TEITTESLDEIT]
u u:SBNEH, vv:IEOETH

CIEDEH, s: T*EDEH
(XAX)

(1) u:=c; (2) u:=u’;

(3) u:=head(v); (4) u:=tail(v);

(5) v:=s; sy 7

(7) vi=right(v); (8) v:=left(v); |

(9) vi=u # v, (10) v:=v # u;
(LEE30)

(11) u=c (12) v=s
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