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Chap. 1 Problems and Algorithms vz

1.1. What are problems and algorithms? Intractable problems?

Problem
= Problem of computing a function: input — output
(not only numerical computation)
Sorting Problem
input: sequence of natural numbers a;, a,, ... , a,
output: increasing order a;;, a, ... , &,
Input and output must be mathematically defined

OUTpUT: the-best-recipe

Example: Performance of a computer system

system S ~—x (input)  simulation of 1 cycle of

v | L. input: input x and current state u
y (Output) - oyput: output y and next state v

problem of computing a function to map (x,u) to (y,v)
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Assumption : system returns some value for any input
e.g. ? is returned for an abnormal input
=standpoint of total function

Algorithm for solving a problem
a method for computing an output specified in the problem.

What to be computed? )
How to compute? > difference

Problem of calculating a root of a quadratic equation
input: rational number a, b, ¢
output: an x that satisfies ax2+bx+c=0
Output is clearly defined but how can we find it?

"Algorithm = method"
=>algorithm=a method that can be realized as a program
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Hard and Easy Problems HLUOEEAOSLL RRE
- Complexity of Computation SHEDERS
Former half of the lecture deals with “incomputable” problems. B T, TERMICSH E T AT RE R RERE 1 £ RS
Latter half of the lecture deals with “hard” problems. BF T, TREMICFHETELROEBEIZHRD
Intractable problems F(ZB AL R #E(intractable problems)
"Theory of Computability" Tt E T REME DR SR I TR MBI SR )
"Theory of Recursive Functions"
1.2, FHETAREERARED B
Example 1.2. Incomputable problems =1L FRE (1L T 31 E FERE)
Halting Problem (Problem of deciding halting) AN TATSLAAAA) EZTAAD AT X
input:a one-input program A and an input x HAANXEEZTERTEEDEFLTEH?
output: whether does it terminate if x is given to A? 21925 YES, LAEWLEDNO.
YES if it terminates and NO otherwise. COMRBEIFHERTRETHIEMNIEATED
We can prove that this problem is incomputable Stk
-to be explained later
4123 4123
Computable but hard problems

too much time for computation
too much space for storage
~computability based on computation cost
=>"Theory of computational complexity" -> later

Criterion on practical incomputability
=impossible to be computed in polynomial time
=>intractable problems

(Note that polynomial time is not the criterion to be tractable.)
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NP Complete Problem

(1) Given a solution to the problem, it can be easily checked whether
it satisfies the condition for solution.
(2) But, a simple program checking every solution candidate takes

exponential time since the number of candidates grows
exponentially.

The study starts in 1950's.
Examplel.3. Bin packing problem
- nitems of lengths a,, a,, ... , &,

- Is it possible to pack all the items into k boxes of length b?

A simple algorithm takes at least exponential time.

5/23
NPEERIE

(1) BEHZATHLAIE, ThDBOEREELLTOSHEDE
BHEICFTyyITES.

(2) LHL, BOBREHAN (ANDH A XIZELT) 55 HmI
BRITDEDT, [—D—DDBEMEFIVITHIEVNS B
TOYSLTIE, BREGEENERERNICERLTLES.

1950 K A DR BALA

1.3, Fas5sHRIRE(bin packing problem)
nBEOERKOEY: KElEa, a,, ..., a,
RENZNEN b D Kk BEDOFREIZSEUREDLIICFEDHHIE
NTEHH?

B AT, PUCRBEL > THIERE MM A
Mo TLED.
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Any NP complete problem cannot be solved in polynomial time.

Example 1.4. Any polynomial function grows more slowly than an
exponential function.

Let p(n) be any polynomial function and e(n) be any exponential
function
= for sufficiently large n, p(n) <<e(n).
e.g., 1000 << 1,0000001" for sufficiently large n.

Definition 1.2.

(1) A problem for which there is no program to solve it is called
"intractable" in the sense that it cannot be computed.

(2) A problem for which there is no program to solve it in
polynomial time is called “intractable" in the sense that
itis hard to be computed.

6/23
P = NP8 | woBFLoBREDE! |

TNVPELRIRE L B ER KR TIXAR (L. |

1.4, EALGZIEXBIEHERLYITEONIEMT 5.
pNZFEENZIEX, e(nEEEDIEHEHETEE
D+HKRELNIZHLT, pn) <<e(n) AREYIID.

(1) +5 KEAL n [ZTDULVTIE n1000<<1,0000001"

EEL2

(1) ZOMEEHECT OIS LNFELEVRESE, GHETRTE
EVVSEBKRT) FITEZLOREREENS.

(2 ZDOMBEEZLERBRLURTET OV S AN FEELEVRERE
F, GTERZLVSEKRT) FICAILVREEENS.
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1.2. Preparation 1.2. &4
1.2.1. Set, function, predicate, and etc. 12.1. &5, B, dhiEgL
(1) Number 1) #
Only natural numbers (including 0) are considered. BICHLLORY, BRBO0ZEL)DHERS.
[x] represents the integral part of x (rounding off) x NEHDEE, [X]Tx DEHHERT GV
(2) Set _ Q) &E _
standard notations: AUB,AnB,A AcB EAERNAEE S AUBANB,AACB
Ax B = aset of all pairs of elements of A and B AXB:ALBDEXRDIEFHEHRDES
IA]l: number of elements of the set A Al EEADERH
In principle, sets are denoted by capital letters. FRAIELT, KXFTILIFAVNTEEERT. HlotE
Exceptions: I' B20OT0YSVEETXFELTHINSES
I symbols used in programs > {0, 1}
> {0,1} N BHRABOLEO0ZEED)
N aset of all natural numbers (including 0)
8/23

X: any finite set

strings on X=a finite sequence of elements of X (each element

of X is regarded as a "letter")
length of a string=the number of letters in the string
[x|: length of a string x
the length of a string "0100" is 4.

A string of length 0 is called an empty string, denoted by « .

>*: a set of all strings consisting of 0 and 1(including empty string)

(Pseudo-)Lexicographical Order: (with length preferred)
X, y: strings on X*
X<y < (a) x| <ly|, or otherwise,
(b) for the first different letters in x and y be x;, y;,
Xi <Y

(example)101 < 0011 < 0100
What is the difference from usual lexicographical order?
What is the reason of introducing such an order?

8/23
X EFEOHRES

XEDXFH=XDERERE"XF EHEL, TDXF
HREOEZED) RTHIN-LD
XFINDRE=XFINEERTEIXFOH
[x|: XF35x DRSE
XF5| 0100 DEE(E4.
RE0DXFHNEZF|EL, ¢ EWVSTEBTRY.
0 E1EWHRTTEIXFILADOES (EINEED)

BEXERF (BEE) REBEOHERIER
xy: = EDIFF
x<y & (a) x| <lyl, &AL,
(b) X = ly| CRWIZELDIXFEX, y,&THEE
X <Y;

(#51) 101 < 0011 < 0100
BEOHEXIEFLOENETAIMN?
B, COLIBIEFEZEATLIOMN?
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Logic symbols WERE
example meaning FAI Bk
PAQ Pand Q PAQ PM™DQ
PvQ PorQ PvQ ngf:(iQ
—-P not P —P P ALY
P>Q if P then Q P>Q PfIB(dEQ(—'PVQ&FHTE)
PoQ if P then Q and if Q then P P Q PALIXQADQLBIEP
3x e L[R(X)] for some x in L, R(x) holds Ixel[Rx)] LICET%H%x TRK)
Vx e L[R(X)] forany x in L, R(x) holds vx e L[R(X)] LICEBT3EED x TRKX)
z there are infinitely many x in L with R(x) = . _
IxeL[R N
XX < HROI for any x except finitely many elements in L, ix & LIR(] R() &35 x BY L D IZRIREDD
v xe L[R(X)] R(x) holds VxelRX] LOBOABREERN:TRTO X TRK)
10/23 10/23

Propositional Logic Expression
Expression consisting of propositional variables and logic
symbols Vs e.g. F(XyX2)X1v X2]A=X1
Truth assignment
Assigning truth value to each propositional variable in each logic
expression. e.g. there are 4 different assignments (0,0), (0,1),
(1,0), (1,1) for the expression above. (0: false, 1: true)
Classification of propositional expressions
literal: logic variable or its negation
sum term: term in which literals are connected by OR
sum-multiply expression: expression in which sum terms are
connected by AND
2-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly two literals
3-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly three literals
extended logic expression: one that may include -, as well.

MmrERER
MEEREREBES (A Vv, )DBEDR
BBl: F(Xy, X2 X1v X2]A=X1
ERAENEIYLST
BEioht-mEREXOEGEERIEREEZRATEIL
LofiTi,
(0,0), (0,1), (1,0), (1,1)
DAEYDENY HTHEFE. (0:44, 1:H)
wEREXDSE
T35V SBEHHIVITDOEEGFRSIE)
FE: TS ILEOR(ER S &V)TOHWEIE
EX: FEZANDGEES[EA)TOLHLER
ZmtExX: MELOROGEREXT LHIERMNEN
L&IE2BD)TIILMSEDED
=MEX: MEXOROGEREXT, LHHRMIEN
L&IESED)TIILNSEDED
MEEmRERER: REESLLT obHLELO
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Expression of a graph
graph vertices are numbered sequentially
graph edge: (i, j)
expression of a graph G = (n, E)
n: number of vertices, E: set of edges
Example of a directed graph:

2

Example of a graph:

1 2 1

4 8 4 8
E={(1.2), (1.3), (2.3), (1L4)} E={(1.2), (2,2), (1,3), (2.3), (4. 1)}
G=(4{(12). (13). (23), (1.4)) G=(4,{(12),(21), (1.3),

Do not distinguish (1,2) from (2,1) (2,3), 4,1)})
(1,2) and (2,1) are different arcs

11/23
TS5ONRIE
TSONEEAICINDIEIZESE 5.
55703 (i, j)
J370OFRE G=(nE)
nTEA#, EDDES

EMTZT7DH: ARTZ7DH:

1 2 1

4 3 4 3
E={(1,2), (1.3), (2,3), (1.4} E={(1,2), (2,2), (1,3), (2,3), (4. 1)}
G=(4,{(12),(13), (23), (14} G=4{(12), (1), (13),
BIZIE(L2)EQR DIZR LA 23), 4.1}

BOREEXRT S
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1.2.2. Algorithm Description 1.2.2. 7ILIYXLDFEBR A
PASCAL-like procedural programming language PASCALEO FiER IO/ 53V J 558
Ex. Conversion from a binary natural number into an ordinary one. Bl 2ERBTHEZON-BRAYEEEDBAKMICTHR
1. prog TR(input x: string on X): integer; 1. prog TR(input x: string on X): integer;
2. label LOOP; 2. label LOOP;
3. var n: num; c: string; ) 3. var n: num; c: string;
4, :)/n string implies a type of string on I". 4. %B|TstringEBERE LIzEE (Estring on TRIEFEKT 5.
5. begin 5. begin
6. if x=0Ahead(x) =0 then LOOP: goto LOOP: end-if; 6. if x =0 Ahead(x) = 0 then LOOP: goto LOOP: end-if;
7. %if non-binary expression is input then goto infinite loop 7. Y2ERETHEVEDAANESNDEERIL—TITAS.
8. n:=0; 8. n:=0;
9. while x > ¢ do % ¢ is a constant for an empty string 9. while x>¢edo % el3ZEHNERIT ER
10. c:=head(x); 10. c:=head(x);
11. if c=1 then n:=2*n+1 11 if c=1 then n:=2*n+1
12. else n:=2*n end-if; 12. else n:=2*n end-if;
13. x:=right(x) 13. x:=right(x)
14.  end-while; 14.  end-while;
15, halt(n) 15.  halt(n)
16. end. 16. end.
13/23 13/23
Remarks: AEEIE:
~description concerning input and output are omitted. - A AIZEET SR F A<

*TR: program name (input variable and its type declaration)
the type of output follows
-f_TR: the (partial) function computed by the program TR
=normal termination and infinite loop
-Output is obtained only when it terminates correctly
by a halt sentence.

TR: 705548 ( YANANEHREFORIEE,
(YDENEADE
L TR: TAJSLTRMNETET S (E50) BEIEK
CEEETEERL—T
SHANBSNED(Ehalt X TELEIET BEEDH.
SHANBLNEWNMES, TOSSLNET HE%%IE

*When an output is not obtained, the function value FEREEEAET.
computed by the program is considered as "undefined" f TR(O0L) = L
f_ TR(001) = L
14/23 14/23
Types of variables EHOE

natural number type: type num
string type:
Let T be asetof all symbols 0, 1, 2, ..., a, b, ... used in strings

Elementary operations on strings
head(x) the first letter of x

right(x)  the part of x after its first letter
tail(x) the last letter of x

left(x) the part of x before its last letter

x#y concatenation of x and y
X<y comparison based on lexicographic order with length
preferred

where, head(e)=right(e)=tail(e)=left(¢)= ¢

BRI numE

XFFIE: string®!
XFHNEERT R XF ELTHSNDES0,1,2,...,a,b, ...
DEFRET £T5.

XFHET—ADERER

head(x) x DRHDIXF

right(x) x D2XFEMSEDES

tail(x) x DRFEDLIXF

left(x) X DEBEBNRED2XFEETOE S
X#y x &y D&

x<y REBEOHEBRIEFIZEHR/N LR

=1L, head(e)=right(c)=tail(e)=left(e)= &
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2.2. Elements of Computation

We will represent “data” and “program” in minimum resources

...to simplify the discussion.

2.2.1. Elements of data representation
String data type suffices to represent data.
All data types including structured type can be represented
by stringson % (={0,1}).
Lemma 2.1: All elementary data types can be represented
by Z* types and structured type.

types for natural numbers, integers, reals, truth values, strings

(Outline of Proof) It is sufficient to prepare functions on S*
for elementary operations on natural numbers
(e.g., plus, minus, multiply, divide, compare).

15/23
[F—5210I7075 L 12R/NMNEODERTRE
L HBREBRBCETEREEMIET D
221 T—ARBEDE=HOEAER
F—ARBOE=OIZIEXENRLETTHS.
BERLGEEED,
FTRTOF—2EE L (={0,1}) LOXFFH B THRATHE

22 ETENEARER

BE21LITRTCOEERT AR IR EEER TERTES.
BAKE, BHE, KA, REER XFHNE

(BSEE) B AR DEREF (INEER, K/DEE) IZHIET S
T ETOREBERETRIEEL.

16/23 16/23
Unary representation of a natural number BAMDIERET
natural number n->sequence of n 0s BN > 0% n @R35S
[n]: binary representation [41 > 100 n]: BRHn02ERE (4] 100
n : unary representation 4 = 00000 n o B OLERE 2 > 00000
Ex. 2.2: Ordinary letters are also represented by binary strings fl2.2. =R DFF(TEDOXFINE Y EDOXFII CTRIAATHE.
e.g. each letter is coded in 8 bits e.g. 8E VM2 F THA—FE(ASCIIO—R7AE)
Lemma 2.2. All structure types are represented by Z* type. B2 FRTOBER I B TEETED.
17123 17123

Theorem 2.3. All the data types and elementary operations in our
programming language can be realized on Z*.

“Our encoding method”
[x]: anelement of =* representing a data x (a code of x)
|w|: adata represented by an element w of 2*

Ex.2.6. Programs are also coded by considering them as strings

prog A ... A =0111000 01110010 01101111 ...
begin p r 0...
en-d. 01100101 01101110 00101110 ...
e n d

We could use a
different coding
method, but ...

FE23. bhbhDTRI IV EEDT R TOT—4EL
ZTOLOERBHIITHREZD LOEKEE L ITTEEHTES.
b Ha—R{Ei%]

[x]: F—2xZRTT DX DI—K)

lw]: 0T wHARLTWET—4

§12.6. 7055 Lt (BITI—RAYD) XFFILRAELTI—FE.

prog A ... A =0111000 01110010 01101111 ....
begin p r 0...
end. 01100101 01101110 00101110 ...
¢ n d BoLfELRTL
a—RELH DM,
LEIFTAT.
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
implemented by if and goto statements.
(Proof sketch)

flowchart - if statement and goto statement

recursive call - can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and
while statements.
(Proof based on examples)

18/23
TF—5100 7055 L1 2B MNBOERTRE
L RRERBCETHREEMIET S
222 HEHBORODELRER

HRE2.A. BT NY S L(BEBERLERTFUHL)E,
FTARTiFXEGotoXIZEH>TEETES.

22 SHEDEKRER

(B&EE)
JA—Fr—k > if3{&gotoX
BHIRFEUTEL > RAVIERANTESELET

HRE2.5. TR TOFIEHEE (X3 EgotoX Tk TERTES.

EIHE2.6. TRTOHEEE LIS EwhileXIZE>TERTES.
(5= &S UVTEEBR)
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% program to determine whether x is 0* or not % XM MNESMEHIET DTS L
prog A(input x: £*): *; prog A(input x: £*): *;
label LOOP; var a: =*; label LOOP; var a: 2*;
begin begin
LOOP: if x= ¢ then halt(1) end-if; LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x); a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if if a=1 then halt(0) else goto LOOP end-if
end. end.
Convert it as follows. NERDESIZERTS.
(1) Each line of a program is one of the followings: (1) FET S LDOETIERDOVT hb.
(a) substitution, goto statement (a) R A3 &gotoxX
(b) if comparison on X* then goto ... else goto ... end-if (b) if T* EMELE then goto ... else goto ... end-if
(c) halt(variable) (c) halt(Z %0
(2) Each line in the program body is labeled as L1, L2, ... (2) 7OTSLREDEITIZIE, LIMSIAFEY, L2, L3, &IEIC
(3) The line of the form (c) above appears only once in FANLDFEINTINS.
the program and it is labeled as LO. (3) 2L, () OFDITIET OIS LDOREZICIEFRLNAENT,
ZRIFLOESANILFIFEShTLVS.
20/23 20/23

prog A(input x: *): =*;
label LOOP; var a: =%;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mputx )

label LO, L1, L2, L3 L4 L5, L6;

var a,c: X*;

begin

L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5: ¢:=1; goto LO; ;
LO: halt(c)

end.

prog A(input x: *): =*;
label LOOP; var a: =%;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mputx )

label LO, L1, L2, L3 L4 L5, L6;

var a,c: X*;

begin

L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5: ¢:=1; goto LO; ;
LO: halt(c)

end.
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prog C(input x: £*): £*;
var pc: num; a,c:*;
begin

pc:=1;

prog B(input x: £*): £*; while pc != 0 do
case pc of

label LO, L1, L2, L3, L4, L5, L6; ¢ .
var a,c: 2% ‘ 1: if x= ¢ then pc:=5 else pc:=2 end-if;
begin 2: a:=head(x); pc:=3;

L1: if x= & then goto L5 else goto L2 end-if; 3 X:=right(x); pc:=4; )
L2: a:=head(); goto L3; 4: if a=1 then pc:=6 else pc:=1 end-if;
L3: x:=right(x); goto L4; 5: ¢:=1; pei=0;

L4: if a=1 then goto L6 else goto L1 end-if; ~ 6: ¢:=0; pc:=0;
: ¢:=1; goto LO; end-case;

end-while;
halt(c)
end.

Remark: case statement
is realized by combination
of if and goto

: ¢:=0; goto LO;
LO: halt(c)

goto Lk =» pc:=k;

21/23

prog C(input x: £*): £*;
var pc: num; a,c:*;
begin

pc:=1;

prog B(input x: £*): £*; while pc != 0 do
case pc of

label LO, L1, L2, L3, L4, L5, L6; ¢ _
var a,c: =*; ‘ 1: if x= ¢ then pc:=5 else pc:=2 end-if;
begin 2: a:=head(x); pc:=3;

L1: if x= & then goto L5 else goto L2 end-if; 3 X:=ight(x); pc:=4; »

: a:=head(x); goto L3; 4: if a=1 then pc:=6 else pc:=1 end-if;
: x:=right(x); goto L4; 5: ¢:=1; pc:=0;

L4: if a=1 then goto L6 else goto L1 end-if; 6: ¢:=0; pc:=0;

L5: c:=1; goto LO; end-case;

end-while;

L6: c:=0; goto LO;

LO: halt(c) |
end.

end. =

halt(c)

1=12L, caseX X
ERRIZIFifX D

QD
goto Lk = pc:=k; HAEHETER.
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Simple program: a program consisting only of the following elements.

data type: string type on = (X type, T* type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;
var pc: % ... Z; ... £*; % value of pc is a binary representation of an integer

begin
pc:=1;
while pc =0 do
case pc of

1: (statement) ; €ach statement is one of the two:
2: (statement) ; -if comparison then pc:=k1 else pc:=k2 end-if
. *substitution; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.

22/23
B#IOS5L: TOBROHTHERSNSGTOISL

T4 T EOXFHE (R, )
EXEH: XFHROEKREH
ETX: RAX, ifX(caseX), whileX, haltxX
EE2.7. EALRTRTSLLFNEREGBEHMTOI S LICERR
BIENTES. LHWEROLIGZERTOYSLIZESEES
prog 7RSS L% (input ...) ;
var pc: =¥ .. ;... T %pcDEIF B AR D2 ER T

begin
pc:=1;
while pc =0 do
case pc of
1: (X): & (X)) DRIF
2 (30) - if LB then pci=k1 else pc:=k2 end-if
. + KA pei=k;
ki (30); LT hin
end-case
end-while;
halt(c)
end.
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Theorem2.8 For every computable function, there is a program in

the standard form.
Consider a behavior of program counter.

Further constraints(refer to 101 page of the textbook)
“each statement must be implemented in constant time”
u, u’: variables of = type,  v,v’: variables of X* type
c: constant of X type, s: constant of =* type
(Substitution)

(1) u=c; 2) u=u’;

(3) u:=head(v); (4) u:=tail(v);

(5) v:=s; oy ?

(7) v:i=right(v);  (8) v:=left(v);

Q) vi=u#v; (10) v:=v # u;
(Comparison)

(11) u=c (12) v=s
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(1) u=c; (2) u=u’;

(3) u:i=head(v); (4) u:=tail(v);

(5) v:=s; sy ?

(7) v:i=right(v); (8) v:=left(v);

Q) vi=u#v; (10) vi=v # u;
[¢:4::9°9)

(11) u=c (12) v=s




