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Chapter 2: Introduction to Computability 2. EtETAIEEEAR
What “Computation” is... FEEFAM?
« Difference between “computable” and “incomputable” o [FHETEDICLLIFETERLICEDEN
« Basic factor of a “computation” (Done) > TEHEIOEKRERFIRE)
«  Proof of “incomputable”...diagonalization (Today) > [SHETEEVICLOH.. HARRESE)
2.1. Studies on recursive functions 2.1 IR B BGRELE
recursive function theory I1F$R RO BE 25 (recursive function theory)
(1) studies on what is "computation” @ “FEEFANIZDOVTORE
(2) proof of incomputability @ FHEATREMEDIEHA
(3) structural studies on a class of incomputable functions @ FHEAFRELEHBDISADEBEHRE
(4) related mathematics fields @ thoH=FLDEENE
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Chapter 2: Introduction to Computability 2. EETREMAPY
(1) Studies on what is computation. = - o
"When do we call a function computable?* @ “+§t'iﬁ7§\§"gl'\£o?ﬁ’” =
Maz+-> Tt ERIBER A E LS 2 |
-recursive function theory by Kleene N = 3 : ]
i : X -V =2 E E LT IR AR ES # (recursive function)
Turing machine theory by Turing Fa—Y T WEZ=F 1—1) 5 A (Turing machine)
=>the whole set of recursive functions 12 4k o B 3 — TV E Ty aam— PR
=the whole set of functions computable by Turing machines -)Jﬁ?ﬁﬂﬂﬁfaaéﬂlﬁ:-:% TaT U TR T AR R 2
= 2= _ =hI=] i :
Church's Thesis on the definition of “computability” BHELEIREEDRE R . T —7 DIRIA (Church’s Thesis)
3/13 3/13

(2) Proof of incomputability
+Proof of computability is easy: just give a program
*to prove incomputability
we must prove that no program exjsts. ..
proof tools: diagonalization -«
recursive reducibility

(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
->structural studies

(4) Related mathematics fields
mathematical logic

Q@ FHERAREE DA
AHEATREME DA TIETOY S LEERIELL
EHERATREE DREBATIE

EARTOT S LBENGNCEDFEA:
5} £ #R M -
iR HEE T

Q@ HETARELEBD I RDEEHHR
#LSITHLTREEESh ISR
SHEEHHR

@ thDFFLDOBEEDE
I8 S % (mathematical logic)7 &




Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input x to it.
Output: Whether does it stop if x is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple

inputs. ‘

(Remark) Programs are also encoded into strings on £*
That is, A and x are also considered as strings on £*.

a1
2. EtETAIEEEAR

2.4, BHELF A HEME D RERA &3 ARG
1% 1E R RE (f2 L 4 ) FE R RE)
AN TRTSLALERADAS X
H: ANXEEZTETEEHE(W DR FLTEM?

CCTIRIANTOTSLDELRBOHFEZ S, 0D
BREZAND @%%l:%%ﬁ?’é:tliﬁlﬁﬁ.‘

CEB)IDY F LB EICa—FERTEE.
DFY, AL X BT EDNFIEEZHENTES.
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fora,xex"
IsProgram(a)
< [ais a one-input grammatically correct standard program]
eval(a, x)
_ { f_a(x), if IsProgram(a),
?, otherwise.

f_a(x): output value when an input x is given to the program
represented by the code a

Theorem2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, x) : itsuffices to simulate the behavior of the program for
a code a with an input x, i.e. interpreter or emulator

refer to Section 4.3 for detail
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Faxer [THL,
IsProgram(a)
& [alFIA D DOGEMICELLMEER TOS S LOI—F]
eval(a, x)
_ rfa(x), IsProgram(a)d &,
_{?, ZTOMDEE.

fax):a—FaRTTAITSLICAAXEMZzEED
HADE. (f_ax) XRS5 %)

TEI2.16: IsProgram & eval (F7 045 L TEIRTAE.

IsProgram : 32734 5(lint)

eval(a, x) : I—FadRTTAYSLIZxEANLIEED
EFEIIaL—rTRIEERL.
DFY, /VA—T)AE. (T2l —45)

SHHIE4.350
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Definition of a predicate Halt EEHaltD EH
for axe s Saxes 1L —
Halt(a, x) Halt(a, x)
< [IsProgram(a) A [ | a |stops for an input X]] & [IsProgram(a) » [AF1 x 128U | a | [(FFLETS. 1]
Ex.2.1 Halting is sometimes easily checked even with loops 2.1 L—TZEATOTHELEEHEICHETEHIEE.
prog B(input w: £*): Boolean; prog B(input w: =*): Boolean;
label LOOP; label LOOP;
begin Assume that the program is written begin KROTOTS LI

if w_ e then LOOP: goto LOOP
else halt(0) end-if

in the standard form

end.
“Halt([ B], ): program B stops for an input €
- —Halt([B], x) forany xeX=*-{e}
Thus, we can easily check whether B halts or not.
(Remark) eval([B7],e)=0 but, for X # &
eval([B],x)=L (undefined)

if w# & then LOOP: goto LOOP ZEBTHINTODERE

else halt(0) end-if
end.

Halt( B, ¢ ): AB e ITRHLTRT 5L B (FELE.
EED xeX*-{eHxL, —Halt([B], x)

(GE®) eval([B],e)=0 #24%, X# ¢ ITRLTIE
eval([B],x)=L  (REZ)
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Theorem 2.17: Halt is incomputable. - - "
(Proof) P EHE2.17 Haltl X5t E AR Tk
. - Endz))
By contradiction: Assume that Halt is computable. ("E,b . o= P - N
Halt is computable=» There is a program H to compute Halt. N ii’i' Haltﬁ::‘l‘%ﬁlﬁbt_tﬂimb‘ciﬁ’éﬁﬂ
Using the H, we obtain the following program X. HaltAvat 5 a] ﬁbf)Ha“’dh:E'l'ﬁi'é_jU’J7-L\H75‘7$?£?'%>.
prog X(input w: £¥): £*; ZOHERAWT, ROKIHTOY S LXEES.
label LOOP; Y L . prog X(input w: £%): X%
begin Assume that it is written in the standard form Iabe_l LOOP; S B R TR AL TN,
if H (w, w) then LOOP: goto LOOP beg_ln
else halt(0) end-if if H (w, w) then LOOP: goto LOOP
end. else halt(0) end-if
end.
Using Fhe function H we chec_k whether the program \wJstops TRYSLWITwEAALEEEELETEINESIHE
for an input w. If the answer |s““HALT” then thta,,progrgm X TOYSLHERUTELTHEL,
enters infinite loop, and if it is “DO NOT HALT” then it stops. 2 true HDERIL—TFIZAY,
Eh false HH0EH AL TELT S, LLV53TATS L
H: program or function, Halt: predicate H: 70454, Halt: bz
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Let x,= [Xand input x, to the program X | X(w) determines if program w halts X,= [X]&L, X% Xw)
(i) enters an infinite loop, or o dos ot 1 e s e, TOYSLXIZA S P ee oy A e

(ii) stops normally with the output 0. | and it halts if the answer is false.

Case (i)
-Since it enters infinite loop, —Halt(x,, X, )
-at the if statement in the program X we have H (x, , x, )=false
So, halt(0) is executed (normal termination) : contradiction
Case (ii)
+Since it stops, Halt(x,, X,) is true.
-at the if statement in the program X we have H (x,, x,)=true
So, it enters an infinite loop: contradiction

In either case we have a contradiction.

g - ES0ETOT S LHEFUHLTHEL,
(i) W—TIZADTLES, or | & true LEEBRIL—TIZAY,

(i) 0EH AL TIELE. B false BR0EHALTEILETS

(i) ZIRETBE...
- FATSLMIL—TIZABHG, H(x , %, )= true
- DFEY X(x,) [FELET D REICFE

(i) ZREFSBE...
- TATSLBET I HMS, H(x, x)=false
s DEY X(x,) [FELLGL: REISFE

That is, the assumption that “Halt is computable” is wrong. EELDHELFFEELELD, )
End of proof L= > Tl HaltiEFHE T RE 1 £ LS R E (FERY.
FEBA#E . =
. : . : H: sS4
H:program or function, Halt:predicate Halt: hes
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Diagonalization FapE o

Enumerable infinite set:
a set with one-to-one correspondence with
the set of all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex. 1: The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex. 2: The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex. 3: The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable. ‘

AIEEERS: BARLAOESLOMISIHIRIENHLIEEDIL.
AIHEE AREFLEAEERTHIKEDIL.
DFY, 1DFOEREMYHLTET, bIAEEL AN HED

Bl EQBHERDEREFAHRERTHS.
BAREARDEENOER i &, ENER 2 &R ETIIHIRGAHS.
Bl2. BHRERDREZITTHERTHS.
IRIREDHB. F=IE, 2={0,1,-1, 2,-2,3,-3, . }&HETES.
B3, FEHEROEAEITEERTHS. (BEM?)

|RE: EMLBORAREFTETHS. |




Theorem: The set R of all real numbers is not enumerable. 1013

Using the diagonalization we prove that the set S of all real numbers between 0
and 1 is not enumerable. By contradiction, we assume that it is enumerable:
0.23,8;, 8y3...

0.2,,8;,8y3...
0.ay8y, ay3...
0 08187, 8y3..-
83183 a.--
0 085185 ag;...
84187 A4z

0.8598,83..-

0.8,,8,85... Where ;€{0, 1, ..., 9} 08030 8- A
Define a new real number x by collecting those digits in the diagonal
x=0.b;b,b,...
where b, is defined by
if a,=1then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, x does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.

(2B RYLHORAREFTHTHS. | 1013

U LIRFEDEHLADEESHA AR THAEEHBIRMEATIENRT 2.

AHTHAERET DL, TRTDEREETAARLENTES:
0.a3,8;,8y3...
0.ay8y, 8y3...
0.85,84, 8y3...
0.84,8y; 8y3...

0.a;,8,,ay3...
0.85,8,, 8y3...
0.85,84, 8y5...

0.a48y, 843...
08808 ==L, a; €{0,1, ..., 9} et

LORUVTHEREICHIBTTAL, F-LER/INK
X = 0.b;b,b,...

#18%. ZCT,
if a,=1then b, = 2 else b, =1

ELTHEEDSD.

ZO&SITED M- ER/INIEBALMZ0L1DB D EH THS.

LWL, EUBDD, LITHIELEENDBERELELZLILV (HBROFT

WTRED).

DFEY, XIFSITBEIBEN EITRY, FETHS.

LIzt T, SHAIRTHAELSIREISRYA HS.

0.8, 8-+ By
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Ex.2.17 Program X used in the proof of incomputability of Halt 512.17 Halt D St E R AT REME DFEBAD F THULV=TRI S LX
prog X(input w: £*): £*; prog X(input w: £*): £*;
label LOOP; label LOOP;
begin begin
if H (w, w) then LOOP: goto LOOP if H (w, w) then LOOP: goto LOOP
else halt(0) end-if else halt(0) end-if
end. end.
f_X: function computed by the program X X TRYTSLXDEET SR
iff _a;(a)=L then —Halt(a, a) fa(@)=LDLE, —Halt(a, a)
S f_X(@)=0 -~ f_X(@a)=0
iff _a(a)=Lthen, Halt(a, a) fa(@)=LnEE, Halta, a)
- fX@)=L - fX(a) =L
That is, there is no function f_a; in the set 7/, of functions DFY, f_X=f_a&ibf_ald
such that f_X=f_a;. FHEAREGEBOEREES [ ORITHEELEL.
s The number of programs is enumerable, while the number R N o )
of functions is not. *TAT S LOERITATEERIZA. EHOEIEIETEER
12/13

Theorem 2.18 The following function diag is incomputable.
diag(a)f f_a(a) #0, if Halt(a, a)
=g, otherwise

Proof:
Let F, be a set of all computable functions (with one argument) .
Since a code of a program is an element of X*,
we can enumerate all grammatically correct program codes
ay, a ..., & ... in the psuedo-lexicographical order.
We can also enumerate all the functions of F, .f_a,, f_a,, ..., f_a,...
Ay a

0
values of diag(a;)

diag(a;) = w#0, if the value w of (f_a;, &) is not undefined | .
€, otherwise

values of f_g;

12/13
TEHE2.18 RO diag [FEHE AT EE

diag(a) = f_a(a) # 0, Halt(a, a)D&E
=g, ZTRDEE

REBA:

FETHEL (1518 0) BREROEEEF LT 5.

TOTSLOA—FEFZ DITIENS,
CSCEMICIELWVT RS S LDI—R"ZNSWEIZay, ay, ..., 8, ..
LHRBIENTES. (RSBEDHEXIER)

F. OB a,f ay, ..., fa,. LHRBIENTES.

a,, ay a, ..., & A @y, Az, ..e , A
fa ¢ 00 O
fa, 11 e
10

f amfE diag(a;) D&
diag(a;) =w#0, f_a (a)DIEWNKRESE LThleE
€, ZTOtDEE
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diag is different from any f_a;.

Why: diag() is different from f_a;() at its diagonal position.
diag(a,) = f _a,(a;)
(two functions f,() and f,() are different if
2 there exists an input x such that f,(x) =f,(x).)
diag ¢ F,
That is, the function diag is not computable.

f—

End of proof

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.

diagld&EDf_a i E75.
A :diag)& f_a)lk, XARDATRLT ELD.
L diag(a,) = f _a,(a;)
diag ¢ F,
DFY, BM#diaglXEtERTEETHLN.
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o E R
HEIERNVPBRBESICESBVLETY ODORIE.
HEEBDES G AEALNI-LE, TORBICEEAEN
B g ZBRIHHEESA TS,

SOLTHMLE g (& AEBES DN ORICELRSTH.
B#EE G ITIFBEHLY,




