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Chap.4 Computational Complexity

4.1. Survey on Theory of Computational Complexity
“Computable?”=>»*“How much cost is required for computation?
Computational Complexity Theory
(1) Studies on upper bound of computational cost
(2) Studies on lower bound of computational cost
(3) Structural studies on hardness of computation

(1) Studies on upper bound of computational cost
Algorithm Theory: design of efficient algorithms
Suppose we have an algorithm A which solves a problem X
in at most time T(n) for any input of size n. Then, an upper
bound on the time complexity of the algorithm A is T(n).
(asymptotic worst case time complexity)

1/18

F4E FHEHOEMSAM

4.1, AtEOBMESOERIGEER
[SHEATREN ? D EDRREDFHEIRNTHEREN 2]
HEOEMSOES (Computational Complexity Theory)
1) FHEEDQLRICET SR
() HEEDOTIRICEATSHRE
Q) HHEOHLSITOVNTOBENTRE

1) FEED FRIZETIHE
PMEOLINTILTV X LOFE (7T X LER)
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T() LIATHBEE, 7ILTUX LA DBERIFTEED
ERIF T(n)
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2/18
(2)Studies on lower bound of computational cost
If any algorithm for a problem X takes time T(n) in the worst
case, a lower bound on the time complexity of the problem X
is T(n).
=P # NP conjecture
~Robustness of crypto system

(3) Structural studies on hardness of computation
Studies to characterize hardness in the level of “xx-hardness”
hierarchical structure depending on the hardness
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(2 HEEOTRICET IR
FARE X 2R BEALT I TV LEREDZEIZIE T(n)
BRI T T Do TLESLE, HIE X OFFEZD
TBRIE T(n).
P+ NPFHE
BEVATLORS

Q) SHHEDELSITOVTOBENTR
WXFREQHELE AL DRI OVTRRDIL.
HLSDEEIZLIEBEE.
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4.2 Measuring Computation Time

4.2.1 Revisiting Programs in the Standard form

Programs in the standard form
prog program name (input ...);
var pc: 2% %5 .. 5 2%
begin

pc:=1;

while pc#0 do
case pc of
1: (statement) ;
2: (statement) ;
3: (statement);

Program consists of a while-loop

Each statement must be either
if comparison then pc:=k; else pc:=k, end-if

k: (statement); or

end-case substitution; pc:=k;
end-while;
halt(variable of type =*);

end.

4.2 SHEEROEY % 38
421 BEEBIOYSLEE
WERTOT S L
prog A4S LA (input ...);
var pc: T4 -5 L. I8
begin
pe:=1; 2{KIEKE% while-loop
while pc#0 do
case pc of
1 Ei; & () DRF
2: ;
3 (X); - if EL8 3 then pci=k, else pc:=k, end-if
----------- - KA pei=k;
ki (X);
end-case DOLFhh.
end-while;
halt(Z* B DZEH);
end.
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4.2 Measuring Computation Time
Definition 4.1
(Computation time)
A: program with k inputs in the standard form
Xy, Xp, vy X2 INPUtS t0 A

Single execution of while loop in A is “one step” in A.
The number of iterations of the while loop

required before A halts is called

the computation time of A for inputs x;, X,, ..., X,

(in short, computation time of A(X,. X,, .... X,)).

If A does not halt, its computation time is infinite.

time_A(Xy, Xy, ..., X,) = computation time of A(Xy, X,, ..., X)
time _ A(1) = max{time _ A(X,, X,,... X.) 1 D_ 1% [<1}

1<i<k

42, HEBMOHYS 418
421 BERTOTSLEE

EELL GHEEEOER)
A kKANEERTOT 5L
X1y Xgy <oy X AND AT

ADQWhile)L—F1AY R DEITEATD 1 ZTIT LS.

ABIxXy, Xy, oy X JZR L TADMELE S B FETICEBwhile)L—TF D
EQEMLJZ,;JKEM&%@(%LTA(XP Xoy eey Xk)
DEEER) &ELVS. 2120, SELLEE, FEBEMITREX.

time_A(Xy, Xg, v %) = A(Xq, Xgy ooy X ) DETELEERE
time _ A(l) = max{time _ A(X,, X,,... )1 D | <1}

I<i<k
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- Constraints to execute each statement in constant time
u, u’: variable of type %, v, V’: variable of type ** BXNE L YR TRTTEAHDEHE
c: constant of type X, s: constant of type =* u U SREOEH, v, v S RI DI
(Substitution) cIBIDEH, s: *RIDER
Du:=c; u:=u’; (RA3D) Du:=c; @Qu:=uy
(3) u:=head(v); (4)u:=tail(v); (3) u:=head(v); (4) u:=tail(v);
B)v=s; =V 7 Gyv:=s; =y ??
(7)vi=right(v);  (8) v := left(v); (7)vi=right(v); (8) v = left(v);
Q) v:i=u#y, (10)v:=v#u; Q) v:=u#y, (0)vi=v#uy;
(Comparison) (EEE30) (1) u=c 12)v=s
(11)u=c (12)v=s VEVOBOLEIFEIESh TN,
+ comparison of the form v = v’ is forbidden
6/18 6/18

4.2.2. Time complexity of a program

The time complexity of a program is represented as a function of
input size (length of an input string)

Valid Encoding:
Encoding into at most constant times larger than the original.

Ex.4.5: Unary and binary representations
Binary representation is a valid encoding in the standpoint
of “size of a number is its number of bits”, but unary one
is redundant.

422. 7075 LDORKMHER

TRGSLOBMEHEEEANY A XOBHELTRE
(ANXFFIDES)
B#fEa—K e
TEOFROY A X EREOBEN THREI—F e

f5l4.5: 1EERIBL2ER T
THOHAXIEZDHHEUEDILIHTIE
2ERTITZ LI —RIETHBIH,
LERTBIETREAI—FE
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Definition 4.3: For functions f and g on natural numbers, if
c,d >0, Vn [f(n)= c g(n) +d]
then we say f is in the order of g and denote it by f = O(g).

Remark: the constants ¢ and d must be determined
independently of n.

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:
1. Vvn[f(n) = g(n)] = f=0(g)

2. Zc>0, yn[f(n) = cg(n)] = f=0(g)

3. [f =0(g)and g=0(h)] > f = O(h)
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EEA BARLOZEOBI & glcHLT, HL
c,d >0, Vn [f(n)= c g(n) +d]
B FF—=F— g THBEWNNF=0(g) EEL

AR EHc & dFn ERITRH NS,

FHE41: BRBEOEEDOBEH L g, h 1Tl UTARAL:
1. Vvn[f(n) = g(n)] > f=0(g)

2. Fc>0, yn[f(n) = cg(n)] > f=0(g)

3. [f =0(g)and g=0(h)] > f = O(h)
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4.2.3. Time complexity of a problem

Def.4.4. Let ® be a computing problem and t be a function over
natural numbers. If we have a program A to compute ® and some
constants ¢ and d > 0 such that

VI [time_A(l) = ct(l) +d]
then we say that ® is computable in O(t) time, or time complexity
of @ is O(t).

Note: We assume here that a computing problem is that of
recognizing a set.

Intuitively
problem ® is computable within time t
- time complexity of A may be less than t.
= there may be a faster program to compute @ than A does.
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4.23. FEOHEFHER

EEAL O FETEMBELL, tZAARLOBHKETS.

WE O FHETITOTSLAEER ¢, d>ONFELT,
v [time_A(l) = ct(l) + d]

oI, OIFOMBFFEEIE TR, HEVIIODRHEFERIE

oM THAHELS.

AR CCTIIEEREELT, EEORBHAEEEEL TS,
EHRICIITREE S t BT TEERTREIELSERR.

(F1) A DB EEF t KYELMELNRZL.
(E2) A KYHBLKOZEFHETHTOT I LA H BN ELNLLY.
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Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)
Input: a natural number n (binary representation)|  Stirling’s Formula:

Question: Is n prime? < /7(3)
PRIME ={[n] :nisprime} mEvamn e

Erog Naive(inputn);  try to divide by numbers between 2 — n-1
egin
foreachi:=1<i<ndo
if n mod i = 0 then reject end-if
end-for; L
accept T log n-log i time
end.

time _ Naive(n)<»" . (clognlogi+d)

=clog n log nk+dn = O(n(log n)?)

O(I°) time algorithm has been
developed in 2002!!

When the length of nis I, | is approximately log n. So, time_Naive

=0(122"). Thus, time complexity of PRIME is O(122').
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Pl4.7. REH EFRBEORFEHHE

REHEMBEPRIME)

AR BRE n(=1ZL, 2ERT)
B RN ?

PRIME ={[n] :nld&%}

prog Naive(input n); 2 ~n-1DTE|I>THB

RE—)o T DR
nl~ /27 n(g]n

begin Rk
foreachi:=1<i<ndo 20024 [
if n mod i = 0 then reject end-if o(l%)
oo T Jogn-log i DFLTYRL
i o9 109 T MEESAL

time _ Naive(n)<»" . (clognlogi+d)
=clog n log n+dn = O(n(log n)?)

nDESE | ETBE, |EIFIFlog nf=hD, time_Naive=0(122')
HIC, RBHEEEOHHFEZE (F4X) 0(122)




10/18

Def.4.5.
For a function t over natural numbers, the set of all sets
(i.e. recognition problems) with time complexities O(t) is
called O(t)-time complexity class, and it is denoted by TIME(t).
And such a function t is called a time limit.
For example, a class of sets recognizable in time O(122') is
TIME(I22"), and the set PRIME is one element.
PRIME € TIME(I22")

[S— .
Exponential

[—
Now, PRIME € TIME(I®)
Polynomia 6

EH45.

[—
SIE 6

10/18

BARLEOBEHK tITHL, FEGFEEN O) LLHEKE
(e REMRE) O£AZE O HREHERISRELL,
FDHSRETIMEN)ERT .
ESMREORSS YA | il SiE P S S
fz&ZIE, O(12) BRI CRBM AR LR EZED-ITAN
TIME(IR2YTHY, &£& PRIME [FZD—ERK.

PRIME < TIME(I22)

[S—

B

11/18

Chapter 5
Representative Complexity Classes

5.1. Representative time complexity classes
P= UpipolynomialTlME(pU))
E = UC>1 TIME(2C|)

cxp=U_ TIME@W)
p:polynomial

Cset: setin the complexity class C.
C problem: problem of recognizing a C set.

Problems not in PP are intractable

from the practical viewpoint...
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5% RROUAHEISR]
5.1 KRMGHMHERISR
P= Up:glﬁﬁ TIME(p(1))
£ =\ULp TIMER)

= (1)
sxp Lp):glﬁitTME(zu )
CEE: FEEVSARCADES.
CiHE: CEEDRHEME =
e

H BN PICA>TULVELVEDS,

EHEMICEFITAEZAL...
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Ex.5.1: Polynomial makes no serious difference in the classes
P, & EXP.
P: polynomial % polynomial>polynomial
&: linear power of 2 x polynomial - linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 > PRIME € TIME(2')

Thus, PRIME e £ O(I°)time algorithm puts
it into P!!
Def.5.1: T: set of time limits

U e TTIME(t): T time complexity class
t —It is denoted by TIME(T).

Theorems.1 (1) P = U TIME(K),  (2) £XP= U TIME(2'")
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BI5.1: HSRP, £ EXPTIE, LEXBFRBEDELIMRE
TIEAELY.
P Z2ER x FEXAS>LER
E2DE x ZIEK > 2041 FE
EXP2MEERE X ZIHNX > 20ZEAFE

f515.2: PRIMEDQEEEVS5X A% 20024812 O(1°)
514.7 > PRIME < TIME(2') DFILTYR LEE
#IZ, PRIME ¢ € SNF=DT, §TIKP

EESL T: HIREEROESE

Ut cTTIME(): TEFRIEH HE IS5 Z
—ZHETIME(MEXRT .

EH5.1: (1) P= UesgTIME(S),  (2) EXP = Ugsg TIME(2")
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Theorem 5.1: (1) P= Uy TIME(), (2) EXP= U TIME(' )°

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of Ic.
T,: set of all polynomials
>since T, € T,, TIME(T,) € TIME(T,)
p: arbitrary polynomial (p is any element of T,)
if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,
TIME(p(l)) € TIME(I¥) € TIME(T,)

erefore, TIME(T,) = TIME(T,)
Q.E.D.

Theorem 4.3:
For any times t;,t,,
t,=0(t,) implies TIME(t,) € TIME(t,)
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FEESL (1) P= U gTIME(), (2 EXP= U TIMEQ'®)

SEBR: (2)DEEBAILARE.
Tu LS DEBEBXDES.
T, ZIEAD LK
> T, € T,ZMOT, TIME(T,) S TIME(T,)
p: FEDNZER (PET,NIEENER)
ZEApDRRNREEFKET B, p(l) = 0%
EH43LY,
TIME(p(l)) € TIME(IX) € TIME(T,)
L1=h3>T, TIME(T,) = TIME(T,)
FEBA#E

EHA4.3:
FTRTOHIFRERE t4, 123,
t,=0(t,) 75 (& TIME(t) S TIME(t,)
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL) #15.3. a8 M =L FHE R (PROP-EVAL)
Input:<F, <ay, a,, ..., 8, >> AA:<F,<a;, 8, ... (8, >>
F is an extended prop. expression FIZHsEmERERX AV > ©
(a;, @y, ..., @, ) is a truth assignment to F (@, 8, -, 2 ) [EFICHTHEEERYST
Question: F(ay, ay, ... , a,) =1? B F(a, ay ..., a,)=1?
x=y  [x ey L
xy) [(xVY) [(x=y) Ay=x)) xy) |(XVY) [(x=Y)A(—x)
00) |1 1 0,0) |1 1
01 |1 0 01 |1 0
1,0 |o 0 1,0 |o 0
@ |1 1 @y |1 1
15/18
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)

Input:<F, <a,, a,, ..., a,>>

F is an extended prop. expression

(@, @y, ..., &, ) is atruth assignment to F
Question: F(ay, a,, ... ,a,)=1?

Construct a computation tree from a code [F ] of ext. prop. expression
Itis built in time O(|[F | ).
If computation tree is available, we can easily obtain the value
F(a,, a,, ..., a,) inabottom-up fashion. )
computation

EX.: F(Xp X, Xg) = [Xg A 7%l v [Xg —Xg] 0.0 1, [lree
F(0,1,0)=1
F(1,1,0)=0

Hence PROP-EVAL € P

f5.3. g R EE =X 5T (@ RS RE (PROP-EVAL)
AN:<F,<a, 8, ..., 8,>>
FIZihsEmERmERX AV - ©
(ay, @y, ..., 3, )IFFITE T2 EEERY BT
BHM: Fa, ay ..., a,)=1?

HisRERERIEN F AN —F LS4 0 [F] DS EREES.
FHERIFO([FP)FE THEETES.
FEANELIATONIE, RELTYTHT
F(a, ay ..., a,) DETBZITFHERTL. ,

Bl F(Xg, Xg 4 X3) = [X A %] v [Xg—>X3]
F(0,1,0)=1
F(1,1,0)=0

00

&->TPROP-EVAL € P 0
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F is 2-conjunctive normal form
Question: Is there any assignment such that F(a,, a,, ... , a,) = 1?
Conjunctive Normal Form (CNF)

F=(@OVOV.VOAGV..VO)A..A(.)
- described by A of V of literals.

exactly/at most
k SAT

- Each closure contains k literals

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.
- EXSAT consists of any extended propositional expression.
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5.3 inRBERIE R T B MR RE  2FNFE L (2SAT)

AF1:<F> FlIZ2fiRRH i mE =
Bf: Flay, ay ..., a,) = 1&@m=TEW B THHDHH?

FFER:
F=(@OVOV.VOA(GV..VOA..A(.)
-)TILOREBNOREBEETRRINZED

KFNFER (k SAT) Lad L/ izh
- BEROLZRENA KBED)TIIILEESD

- 3SAT, 4SAT LREIRICERTE S,

-SAT: £HREHMDUTSILOEKICHBEALZONHD
- ExSAT: AAMMEESHEREX(—C o HHT)
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Ex. 5.4: Graph reachability problem (ST-CON) f55.4: B ZFEATRE R RE(ST-CON)
Input: <G,s,t> : an undirectd graph G, 1=st=n(=|G|) AF:<Gst>: FERTTTG, 1=Sst=n(=|G|)
Question: Does G have a path from s to t? Bi: GETs Mo t ~DELHDHV?
>Cycle is a path that shares two endpoints. >EAREIE IR ER AR TH S
>Euler cycle is a cycle that visits all edges once. PAAS—FABLIE. TRTODE—EIDELHE
»Hamiltonian cycle is a cycle that visits all vertices once. PNV EIE. TRTDIERE—EDDESHHR
Ex. 5.4: Euler cycle problem (DEULER) 15il5.4: —%%%Eﬁﬂﬁf@%ﬁ(DEULER)
Input: <G>: a directed graph G AF:<G>: ﬁl’ﬁlb 272G
Question: Does G have an Euler cycle? B GlEA 1 5—FiZEL DA
Ex. 5.5 Hamiltonian cycle problem (DHAM) 115.5: /73 )L FARRFE RE(DHAM)
Input: <G>: a directed graph G AN:<G> HMISIG
Question: Does G have a Hamiltonian cycle? BRI GIZNIIL BABRELDOH?
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It is known that:

»The following problems are in P:
v' PROP-EVAL, 2SAT, ST-CON, DEULER

»The following problems are in &, but...
v 3SAT, DHAM

The class NP between P and £?

LUTOEENNONTINS:

PUTORERXPIZET S:
v' PROP-EVAL, 2SAT, ST-CON, DEULER

>LUTOREXEICBT 5. A% ..
v/ 3SAT, DHAM

PEEDEOR)DIZANP




