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5.2. Class NP

Def. 5.2: Suppose that we have a polynomial g and
polynomial time computable predicate R for a set L such that

foreach xeX*,xe L« Iwe X |wl< g(| x|)[R(X, W)]
ie, L={x3weX*[|wl<q(|x[) AR(X,w)]} (5.1)

Then, L is called an AP set, and the problem of recognizing L
is called an NP problem.
Also, the whole set of AP sets is called the class NP.

N~k ~a o~

Note: For each xeX* W, €X™ satisfying the predicate
|W|< q(| X]) A R(X, W) is called (polynomial) witness of x.
Hereafter, we use notation Jw e Z*:|w|<q(| x[) = Fw

“Given a witness of polynomial length in the input size, we can
determine in polynomial time whether it satisfies the condition

of a given problem.” o _
c.f.: NP=Nondeterministic Polynomial
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5.2. D25ANP

EFmS2: KRB LICKHLTROERZim-IZEHNq &
ZIENFFEET R AT aEIREE R A FEL=ET 5.

ExeX TxeLoIweX Jwlg(x)[R(x,W)] .1)
2FY, L={x:IweZ*[[wl<q(| x[) A R(X,w)]}
COEE, LENPER LV, LORMRIEENPREIELNS.
F1f=, NPEEDEAERETISANPEND.

T Hxex*ITRLT, WEX |w|<q( x]) AR(X, W)
Zimfzg W e 2 zxD (ZIEAKD) FEMLELD.
LFTR, Gwez*:|wl<q(x]) = 3F,wHE.

[ AN AXDZIEXRDIENNEZ oNT-EE, TNHEED
FEZmI=INEINELZEHAFRITHETES. |

8 & : NP=Nondeterministic Polynomial
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Ex.5.7: Hamilton Cycle Problem (DHAM) € NP
Assume graph vertices are numbered 1~n.
Trace on a Hamilton cycle=» permutation of 1~n<|, I, ... , [, >
This permutation is a witness of polynomial length.

(c.f.)There are n!~n" many

EX.: 1 o o5 candidates of witness
<1,2,3,4,5> =»Hamilton cycle =>»witness
. 3\4 <1,2,3,5,4> <»not Hamilton cycle

2 <1,4,3,2,5> =»not Hamilton cycle

Rp(x, w) <>[xis a code of a graph G(with n vertices)]
A [w is a permutation of 1~n: <1, L, ..., | >]
A[w represents a Hamilton cycle in G]

For each X € Z*we have

If X Is a code of a graph G:
X e DHAM < 3w, (=<1,,...,l. >)[R, (X, w;)]

If X Is not a code of any graph: YW[—R, (X, W)]



BI5.7: N2 L BARSREEE (DHAM) € AP 212
FJ257DIERIE1I~n BB DITINTWSERE.
NILRVEARRDWUY A D 1~n DIBFI< I, 1, ..., 1 >

ZDIEF AL B E DI

GCE)EETnl~n@YH5

Bl: 10 o5  EIHLOBE
\@/ <1,2345>=>2/\3)L+ AR DEERL
5O 3™y <1,2,3,54> > /\Z )LV BABETIELY

<1,4,3,2,5> /\3)LFU AR THLY

Rp(x, w) [xIE8H5T FTGMIER) DI—FK]
A wiEl~nDIRSI< 1, 1,, ..., 1 >]
AWIEGD /NS JLE BB ZER L TULNS]
FTARTD XeZ¥ZDWWTRDEFZEIRLYILD.
xBTS TCHA—RIZHE>TINSESE:
X € DHAM < 3w, (=<1,,...,1. >)[Ry (X, W )]
XDV 5T DA—FITIEH>TLENEE: Y[R, (X, W)]
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Ex.5.8: Satisfiability Problem of Prop. Express. (3SAT, SAT, EXSAT)
Goal : EXSAT € NP

F(Xq, ..., X,): arbitrary extended prop. logic. expression
F is satisfiable<> 3a,, ..., a,:eachaisOorl[F(a, ..., a,) =1]
length of a witness g
Truth assignment to F is denoted by < a,, ... , a,>.
- its length is 3(n+n+1)=6n+3< 6|/F ||+ 3
ge(1) = 61+3

predicate R¢
Re(X, w) <> [x is a code of an extended prop. express. F (n variables) ]

A [wisanassignmentto F:<ay, a,, ..., a,>]
A [F(ag ..., a,) =1]
Using a computation tree, the value of F(a,, ... , &,) iIs computed in

polynomial time. Thus, R¢is also computable in polynomial time.
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f55.8: AR IR 7 I 1 REIRE(3SAT, SAT, EXSATAE)
H1Z:ExSAT € AP

F(Xy, ..., X,): FEE DL IR dn BRI =X
FNNFEERIRE < Fa,, ..., a,: Kald1H0 [F@a, ..., a,) =1]
SERLD FK2qc
FADEB/EDEIYHETZ<a,...,a,>TXRY.
> K&I& 3(n+n+1)=6n+3 = 6| [F ]| + 3
ge(1) = 61+3
M EER:
(X, w) © [x[THAILiRERERAF (NEE) DI—F]
AWIFFADEIYET<ay, a,, ..., a,>]
N[F(ay, ..., a,) =1]

STEARZERAWNDEF(y, ..., a,) DIEXZIEAKRE T E A8
&oT, ReBLZIEAKRH TR AIRE
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\AllhAat AlA s
vviial Uuv L

eS|
Using g and R atlsfylng the predicate characterizing an AP set,
we can determine “x < L?” in the following way.

for each w e 2= do
If R(x, w) then accept end-if

end-for;
reject;

If we enumerate and check all possible strings of length at most
q(/x|), then we can accept or reject them. Here note that there are

2 to the q(|x|) (exponentially many) such strings.

We may think that those sets recognizable as above are NP sets.
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NPEESTHAZEDERRIZ I H?
(5.1)%Fi&-9q, REALDE, x EL? T RDEIIZHIETES.
for each w e X% do

If R(x, w) then accept end-if
end-for;

reject;

RESWq(X) AT DXFHNZET RTIHELTHRANIL,
accepthreject M #|TE TES. 1212, FDEOLXFEF (X
2Dq(|x|) B (FE B FET A EITEE.

LREDHAEAA TR TEDEREENPE

RBEBZATELLY
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Classes related to NP

Def.5.3.
Aset L is called a co-A/P set if its complement L belongs to A/P.

The whole family of co- AP sets is called the class co-AP.

Note: It is nonsense to define co-P since it is equal to P.

Theorem 5.5. For every set L, the following conditions are equivalent.
(a) Le co-NP
(b) The set L can be represented as
L ={x:vweXZ*:|w|<q(| x D[Q(x,w)]}
by using some polynomial g and polynomial-time computable
predicate Q.
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NPICEEL=5RX

FH53 EALIE, TOBESLANPIZBELTVNDES,
COo-NPEEELND. Tz, CO-NPEEDEAREISAco-NPELNS.

#E: co-P ZERLTH P LRILGZD TEERK.

TEHS55 I RTHOES LIZHL, RDOFEHITREIE.
(@) L eco-NP
(b) £E& L7, BHLEZIEN q LZEAERE
FTEAIREREEQZ ALVT,
L ={x:VweXZ*:|w|<q(| x )[Q(x,w)]}
ERED.
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Ex.5.9: Primality testing
In] ¢ PRIME <> 3m:1<m<n[ n mod m=0]
Therefore, for q,(n) =n,
R, (X, W) <> [xgN]v[[weN]A[l<m<n]A[n mod m=0]]

(where n and m are natural numbers represented by x and w.
N is a set of all natural numbers in the binary form)

This definition leads to
for every XeX™ we have X¢PRIME <> 3q,W[R, (x,w)]
This 1s a witness to X €PRIME
Thus, PRIME € NP, i.e.,, PRIME € co-NP
In fact, using Q(x, w) <> R (x, w), PRIME can be expressed as

PRIME = {x: Yq,w [Q,(x, w)]}

We can also show that PRIME € NP, but its proof is more complex.
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$15.9: J=H ¥ E M=
[n] & PRIME <> 3m:1<m<n[ n mod m = 0]

L1=A'>T, qy(n) =n&lL,
R, (X, W) <> [xgN]v[[weN]A[l<m<n]A[n mod m=0]]

(f=12L, n, mIE & 4 x, whiRI B R,
NIZBREBD2HEREEIK)
EEERT DL,
FARTDXeZ*|ZTRXL, xePRIME & 3g,WR,(x,w)]
hiZ, x €PRIMEIZxt9 BEEHL
&> T, PRIME € NP, ie., PRIME € co-NP
RER, Qx, W) > —Ry(x, w) £ET DL
PRIME = {x: Vq,w [Q,(x, W)]}
ExRED.

PRIME e NP £rE5H, TOEIBAITE - E1EH.
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Examples of A’P problems

- Composite Number Testing Problem(COMPOSITE)
Input : natural number n
question: Is n composite? (ls it not prime?)

- Knapsack Problem(KNAP)
Input: n+1 tuple of natural numbers <a,, a,, ..., a,, b>
question: Is there a set of indices S < {1, ..., n}s.t. Z

-Bin Packing Problem(BIN)
Input: n+2 tuple of natural numbers <a,, a,, ..., a,, b, k>
question: Is there a partition of a set of indices U={1, ..., n}
into Uj, ..., Uysuch that > & <b foreachj?
J

Vertex Cover Problem(VC)
Input: pair of undirected graph G and natural number k <G, k>
question: Is there a vertex cover of k vertices over G?

a=0b?

ieS |

Vertex Cover S contains at least one of u and v for each edge (u,v).
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NPRIRED B
- & R EF 5E R RE(COMPOSITE)
A1 BAR%EN
BRI :nIEREMN ? (RETLELMN?)

T 5y RRE(KNAP)
AN :-BR#DM<a, a,,...,a,b>
B D, .a=b LEDRTDES S C {1, . BB ?

- FEFEORIRE(BIN)

AN BAMDME<a,, a,, ..., a, b, k>

B RN FOEEU={1, .., n}xU,, ..., UDKEIZHEIL
£iTY. a, <b EFBHEIFTAEEM ?

AR ?&EF::‘?EE(VC) [ERES:
AN EMTSTCEEARBKD <G, k> EDTuVv)H
B GIz KERDIEREENFHEIT OGN uv— 7%

SIZEENS
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5.3. Relation in the Complexity Class

Theorem5.6: P < £ < £XP.| |Hierarchy Thm. (Thm. 4.4):
For any times t,, t,,

Obvious from the definition. ve > 0,v nfet,(n)’ <t, ()
Theorem5.7: P & £ S EXP. —>T|ME(t1)§T|ME(t2)
Proof:

1) PSS £

For t,(n)=2", t,(n)=23", from the hierarchy theorem we have
TIME(2") & TIME(23)
On the other hand, since P < TIME(2") ¢ TIME(2*") < &
P S &
(2) 1s similar.

Q.E.D.
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GETE=U7ARBOREER

w56 pC cC cxp| |FEREE(EELL:
— - E%ﬁ@@l@ﬁfﬁ t, t, [ZRL.
EEKRY, BHoH. ve >0,V n[ct,(n)? <t,(n)

— TIME(t,) = TIME(t,)
+

o1
W

)

FH57: PSS £S EXP.

aIEFR:
1) Pc &
t,(n)=2",t,(n)=2"&9 5 &, [EEEELY,
TIME@2") S TIME(23")
—7%. P S TIME@2") ¢ TIME(2®) C £12hM5,
PS &
(2) B [E*x.

Ak BA
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()P < NP P < co-NP (thus, P < NP N co-NP)
QNP S EXP, co-NP S EXP (thus, NP U co-NP S EXP)

Proof:
()P S NP (P < co-NPissimilar)
L: arbitrary P set
=>» L is recognizable in polynomial time
Thus, we have the following description using
a polynomial-time computable predicate P:
VxeZ*[xeL <> P(X)] or P={x: P(x)}

We define R(x, w) = P(x) (neglecting the second argument)
—> for any polynomial q,

L = {x: I w[ R(x,w)]}
Thus, from the definition of NP, L e NP ie., P < NP.
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TEH5.8.
(P < NP, PS co-NP(&£2T, PS NP N co-NP)

Q) NP C EXP, co-NP C EXP (&>T, NP U co-NP S EXP)

ZEER: (1) P < /\/7? (P S co-NP £ EHR)
L: FEDPESE
9 L(j: IETH#FEﬁTnL nﬁk_.r

£oT, yIE‘tH#FaEln'fﬁ_IﬁuLnnP’éFﬁL\’C«k@J:')L%Hé
vxeX*:[xeL o P(X)] or P ={x: P(x)}
R(x,w)=P(X):TEE (F25|8UXESR)
> FEEDZIEARqITDOLT,
L ={x: 3 W[ R(x,w)]}
EoT, NPOEZEEY, L€ NP ie., P S NP.




(2) NP S EXP (co-NP S EXP) 10/12

L: any AP set
=>» There is some polynomial g and polynomial-time computable
predicate R such that
L ={x:FWRX, W)IF={x: I Wl w< q(| x]) A R(x,w)]}
prog L(input x);
begin

for each w e =™ do
If R(X, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R is polynomial-time computable, for some polynomial g
time of R=p(|x| + |w|) <p(l + q(l)) «— polynomial of |
In total, {p(I+q(l)) + cq(1)}290 + d = O(2 *a)
Hence, L eEXP > NP C EXP Q.E.D.

program recognizing L using q
and R
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@) NP € EXP (0N < EXP)
41 = mNP’E

IE‘eq I i 5T H Al AR EERMNFFEL T,
=X I WIROG W)L} ={x T Wl wi< g x[) A R(X, w)]}

q&RéﬁﬁL\—C L%nunﬁkj_éjl:l77i\€ﬂzé
prog L(input X);
begin

for each w e X9 do
If R(X, w) then accept end-if
end-for;
reject
end.
RIIDA AT HT7O07 S LDOERETES:
RIZZIEXBFRIFTREAIRE=oT=Mb, HHZIEplIxiL,
RO ERR=p(X| + W) <p(+q(l) — | DZIE
K TIEL, {p(+q(D) + cq()}290 + d = O(2 *a)
£2T, LeEXP > NP S EXP sIEBR#%
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Theorem 5.9

(1) NP < co-NP > NP =co-NP
(2) co-NP & NP > NP =co-NP
B)NP# co-NP > P = NP

Note: from (3) the proof for NP # co-N'P is harder than that
for P# NP.

Proof: (1) NP S co-NP > NP =co-NP (proof of (2) is similar)
Since co-NP € NP is shown if we prove Le NP for any Le co-ANP
Combining it with the assumption NP < co-NP, we have
NP=co-NPandso
L € co-NP — L €ENP (by Definition 5.3)
“LE€co-NP (NPC co-NP) —
L ENP (Definition 5.3 and L=L)
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TEHES.0.

(1) NP < co-NP > NP =co-NP
(2) co-NP & NP > NP =co-NP
(B3) NP# co-NP > Px NP.

#E: 3)&Y, NP #co-NPDEEBAIK, P#NPOIEBAKXYZELLY.

sEBA: (1) NP S co-NP > NP =co-NP ((2)DEERRE RI4k)
EE DL €co-NPIZXHLTL € NPHATRENIX, co-NP S NP
MEIBATESD T, IREDNP C co-NPEEHHETNP = co-NP
N=3 Z
L € co-ANP —~L SNP (EEE5.3&Y)
L €co-NP (NP < caNP&Y)
~LENP (EFE5.3&L=LLY)
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(3) NP # co-NP > P= NP

Contraposition: P = NP > NP =co-NP

If we assume P=NP, for any L we have
LeNP < LeP (P=NP)
< Lep (Exercise 5.5)
< LEANP (P=NP)
<L(=L) €co-NP (Definition 5.3)
- NP = co-NP Q.E.D.

If NP #co-NPis true,

OFEING
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() NP = co-NP > P = NP.

XHE: P = NP > NP =co-NP
P=NPERET BE, TRTDHDLIZHL

LENP € Lep (P=NP &Y)
O ep (GEE H1%E5.5)
oL ENP (P=NP &VY)
<L(=L)€co-NP (EFE53KY)
- NP = co-NP A BA#E
NP # co-NPMIELLVE

OFEING



