Observation of the definitions of the classes...

Def: Class P (Chapter 5)
Set L is in the class P <
There exists a poly-time computable predicate R such that
for each XEX*, XELEOR(X)

Def: Class NP (Def 5.2)
Set L is in the class NP &
There exists a poly g and a poly-time computable pred. R s.t.
for each xEX*, xELS IwE X' :|w|=q(IX)[R(X,w)]

Def: Class co-NP (Theorem 5.5)
Set L is in the class co-NP &
There exists a poly g and a poly-time computable pred. R s.t.
for each XEX", XELSVWE 71 \w|=q(|X)[R(x,W)]

HERISARBOEREZHET HE. ..

DSRAPDEE(SE)
EELAVSAPIZAD ©
LT %9 2IERA BRI E AT AE R BRAVELE:
& X ETTXELER(X)

DS ANPDEH(EES.2)
EELNITANPIZAS ©
LT &9 21BXqL SIEXBRE T E AT 4ER ERNFE:
& x ETTXELS TwE 5w =q(X)[R(X,W)]

V5 Rco-NPDEZR(EHES.S)
EABLAYTAco-NPIZAD &
LT E#-T SEXqE S EX B T A 4EBERNFE:

£ X ETTXELOVWE Z*: (W= q(X)[R(X,W)]
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Chapter 6. Analysis on Polynomial-Time 5 = "
P ysis on Poly (%65 SEABRIHETEMEOHH |
Computability
6.1. ZIRXFEETEIREE
6.1. Polynomial-time Reducibility
6.1
Def.6.1: _ ALBERERDEELTS.
Let A and B be arbitrary sets. (1) B3% h: A>B: ZIEXEFHEIETT(polynomial-time reduction)
(1) function h: A>B: polynomial-time reduction (@) h [FT DI AD LB %K
(a) h is a total function from X* onto =* &) b)xeZ#[xe Ao h(x) e B]
| (bxeXZ*[xe A< h(x)eB] () h [T BB B AL
(c) h is polynomial-time computable.
_ o . ) ADBBAD S ERBMBREAFET HLE,
(2) When there is a polynomial-time reduction from A to B, AlEB %18 3 )% JT Al BE &L VS (polynomial time reducible).
we say A is polynomial-time reducible to B. ZDEE, RDISIZEL:
Then, we denote b P
y A S:] B A< B
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A S:] B  within polynomial time, hardness of A < that of B

w61 A<’ B leadsto,

()BEPS>AEP,

(2)B € NP> A€ NP

(3)B € co-NP > A€ co-NP.
(4)BE EXP > A € EXP.

Note: class £ is exceptional. Generally, B e £ > A e £ is not true.
Ex.6.2: If we define ONE= {1}, for each set L in P we have
L<f ONE

If we define p(x) = { (1), ioft}):eervlgz_{se

(1) h is a total function from Z* onto Z*.
(2) xeZ*[xe L «>h(x) e ONE]
(3) h is polynomial-time computable(so is computation Le P>x <L)

A<) B SEXBMOMEENTIE, ADHLE <BOHLE

w61 A< BoEE,

()BEP>AEP,

(2)B € NP> A€ NP

(3)B € co-NP > A € co-NP.
(4)B e EXP > A <EXP.

EOSRETHIS. —RRICIE, B €D A e EEIETELALN.

516.2: ONE= {1} EEHET HEE, VSAPDTRTNDESLIC
21T L<” ONE

MERYILD. h() = { 1, XELDEE,
0, ZOfnLE
EEETBE, () hEZ LI A~D LB M.
(2) xeZ*[xeL «>h(x) e ONE]
(3) hixZERXEHEEIE AT EE(Le Po>xcLDFIEL ZEREFHN)
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Theorem 6.2: A, B, C: arbitrary sets FIH#62:A B C:.EENEA
(HA <P A A< A
@QA<SBAB<  C AL C QA< BABS C>ASC
Def:A="B < A< BAB< A EE A= Bo AL BABS A

_P =
=P is an equivalence relation. =, [EEHER R
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Relation among satisfiability problems of propositional expressions

2SAT (propositional satisfiability problem)
3SAT
SAT

ExSAT  (extended propositional satisfiability problem)
2SAT <P 3SAT « at most K. ..trivial
m « exactly k...

Similarly, >easy if you can repeat the same literal.

3SAT Sﬁ SAT 5:‘ ExSAT »the other case ... good exercise!

2SAT < 3SAT <P SAT <! ExSAT (6.1)
Here, if we can show

ExSAT <! 3SAT
then we have

3SAT =| SAT =/ ExSAT

| GEREX DT R AREREO R OBIF

2SAT  (drEmEXFERMEMEE: ZfERR)
3SAT  (SEiRIEX T B HRRE : =fER )
SAT (hEREX T EHRE)

ExSAT (LiRdEEsmEX 7 B MERRE)

2SAT <? 3SAT - BRKE.. B8
S n 38 < BESEKE...

RI4kIZ, >RECYTINEFE>TEOEDEE,

i Fi = =
3SAT <, SAT <", ExSAT SE e

2SAT < 3SAT <P SAT < ExSAT (6.1)
ata g
ExSAT <} 3SAT
THAHELETREDE,
3SAT = SAT = ExSAT
E12%.

‘ Ex. 6.3: Reduction from EXSAT to 3SAT | >4

E, (X, %, X)) =[[X, € X, ] > [X, AX]]V =X,

R, %, %) =U AU © U, v—=x]]A[U, < [U; - U,]]
AU; [ © XA U, © [X, AX]]

Then, [E, is satisfiable] <> [F, is satisfiable] (6.2)

F, is easier to be converted to 3SAT form.

How to construct F;
(])\/ (l)V1 EVZ\/—|X3

@~ - @V=MoV]
B)> @A BV, =[x < x]
N\ (V=% A X
XX X3

To construct F; we let V; =U;, and connect expressions of V; by A

|416.3: EXSATADISATADET | o4

E, (X, X0, X)) =[[X, € X, ] > [X, AX]]V =X,
Fl(XlaXzaxs)Eul /\[Ul H[Uz V_‘Xs]]/\[uz <_>[U3 —)U4]]
AU, & [X © X1IAU, < [X AX%]]

COLE, [ENFTEAEE] © [FAFTEATEE (6.2)
FREMERRICELYT VHITE- TS,

F M A
(v (l)V1 EVZ\/—|X3
O = @V,=M,oV]

37 @) BV, =[x <> %]
/\ TN @V =xax,
X

S X3

F &I 5012, V,oUEL, VOEERXE AR




a-b ="avb
acb = (a»b)A(b—>a)=[—aVb] o[ ~bVa]: useful relations
U < [U,v—x]=[-U vU,v-x]JA[U v-HU, v—X]]

=[-U,vU, v-x]A[U, v[=U, AX,]]
=[-U,vU, v-=x]A[U v =U,JA[U v ]
=[

=U, vU, v—=X AU, v=U, v—=U,JA[U, v X, v X ]
Others are similar.

Thus, every 3SAT form is converted.

ZHEBRAOLH |

a>b ="avb

=
=
[

bt Bk,

FERAIS & A

aob = (@a>b)A(b>a)=["aVvb]\ [~ bVa]THBIEFA LS.

U < [U,v—x]=[-U vU,v-x]JA[U v-HU, v—X]]
U, vU, v—x]A[U, v[=U, AX]]

U, vU, v—=x]JA[U, v=U, AU, v, ]

=U, vU, v—=XJA[U, v=U, v=U,JA[U, v X, v X ]

£OoT, IRT=MBEBRICEHRTELZ LA DM S.

From the construction of F; 614 F, OBRAEEY, 4
(1) F, is never true unless each U; is Vi(X,, Xy, X3). (HBU; DIEZEV(X,, X, X)ELELRY, FIIFEICIEGRSALN.
(2) If each U; is Vi(X;, X,, X3), we have F; =E, Q)BUDEEV(X,, X,, X)ELTEE, F| =E,
The above properties are proved by using induction. LOHMEMNRBYII DL, IREERALDLE L CEERAREE
proof is omitted.
| Conversion to 3SAT form ‘
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it is called C-complete (under Sa)

(a) VLeC[L <PA]
(b)Ac C

Note: Sets satisfying the condition (a) are called C-hard.

[6.2. ZIEABRMETTREEICEI(EEE |
6.2.1. EEMHDERLTOEFNEE
EF6.2:
NE(SSOTTICREENS.

(a) VLeC[L <PA]
(b) AeC

W EHeERE-TESIIC-EE.

HHEBIIRCIZRL, EEADNRODEMEFH-TLE,
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6.2.Completeness based on Polynomial-time Reducibility \

6.2.1. Definition of Completeness and its Basic Properties

Ex.6.5. Examples of A/P-complete sets

3SAT, SAT, EXSAT, DHAM, KNAP, BIN, VC, etc
EXP-complete sets

EVAL-IN-E, HALT-IN-E, etc.

EVAL-IN-E:

Input:<a,x,t >

a: the code of a program with linput, x e X", > 0
Output : eval-in-time(a, x,2") = accept ?

| 6.2 ZEABMETAMEMLICE RSN
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621 EEMDEREZOELRNMEE

Ble.5. VSANPOTEREE D

3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC%&
DSREXPDTEEESR

EVAL-IN-E, HALT-IN-E#3 &
EVAL-IN-E:
Aji<a x>

a: A7 S a0a— R, xes"  t20
Hi 7 : eval-in-time(a, x,2") = accept ?
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Theorem 6.3. For any C-hard (or C-complete) set A,
(H)AeP>C< P CP: CZP > A¢P
QAeNP>CES NP CP: CeNP > AgNP
(3)Aeco-NP > C< co-NP CP: CZco-NP > Ag co-NP
4)AEEXP>CC EXP CP: CZEXP > AZEXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B<" A and by the assumption A € P we have Be P (Th. 6.1)
(2), (3), (4) are similar.

FEH63. FEDC-RHBEE (5 :C-EEEE)AITHL,
(HAeP>CC P SHBIX C 2P > AgP
QY AENP>CS NP FBIE CZNP > AgNP
(3)A €co-NP > C S co-NP  ®BIE CZco-NP > A€ co-NP
AHAEEXP>CC EXP THBIX CLEXP > AEEXP
SIEER:
() BEEEDCEE LT BHL, AlSC-EHE#=MDS,

B<h A —7F, AcPORELY, B< P (FH6.1)
2), (3), BHREER
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Theorem 6.3. For any C-hard (or C-complete) set A,
(HAeP>CS P CP: CZP > AgP
QAENP>CS NP CP: CZNP > AeNP

(3)Ae co-NP > C S co-NP CP: CZco-NP > Aé co-NP
(A)ACEXP>CC EXP  CP: CTZEXP > AZEXP

Theorem 5.9.
(1) NP € co-NP
Ex.6.6: Meaning of Theorem 6.3 (class N'P) > NP =co-NP
Let A be N'P-complete set.
By the contraposition of Theorem 6.3(1) we have
NP+ PD>AEP

By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),
A ¢ co-NP

That is, N/P-complete sets are A’P-sets that cannot be recognized in

polynomial time unless P = NP.
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FEHE63. FEDC-RHBEE (8 :C-ELEE)AITHL,
()AEP>CC P sHEIEL C 2P > AgP
QAENP>CS NP *HBIX CENP > AgNP
(3)A €co-NP > C S co-NP F®&IE CZco-NP > A€ co-NP
@)ASEXP>CC EXP SHMBIE CLEXP > AEEXP
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Bls.6. EIEOCIDEK (VFANP
AENP-ZEEEETS.
FEE63(1)DRHBLY,

SEHES5.9.
(1) NP S co-NP > NP =co-NP

NP#PDAg P
FEHE63Q)DRHBEEES.I()DHEELY,
A ¢ co-NP
DFY, NP2 EAEP~ NPTHARY,
ZIEX B TIXEHTERLN.
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NP-compete sets are A’P-sets that do not belong to

NP ™ co-NP unless P = NP.

NP co-NP

‘/P\ co-NP -complete
NP—compleM

11/14
NP-ZL&EEIEP# NPTHARY, NPA co-NPIZIZALAEL

NPEATHS.

NP co-NP
m.w;—;e

(p)
yrege ST
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EX. 6.7. Meaning of Theorem 6.3 (class EXP)

Let D be any EXP-complete set.

Contraposition of Theorem 6.3(1)
(CZP > A€P, where EXP %P D #P)
P#EXP > EXPLP (P < EXP) > Dé&pP
Contraposition of Theorem 6.3(2) (CZNP > AENP,
Here, EXP 2 NP >DENP)
NP#EXP > EXPZ NP (NP S EXP) > DENP
Contraposition of Theorem 6.3(3)(C& co-NP > Azco-NP,
here, EXP Zco-NP >D ¢ co-NP)
co-NP # EXP > EXPZ co-NP 2D & co-NP
But, by Theorem 5.7, since we know P & EXP, we have D P.

EXP-complete sets are not computable in polynomial time.

12/14
$16.7. EERCIDER (VT REXP)

DEEXP-REEE LT S.

FE63(DDRME(CZP > AgP, ZITIXEXPZP 5D 2p)
P#EXP > EXPYP (P < EXP)> D&pP
EH6.3Q2)D*HE (C ENP > AENP,
CCTlEEXPZ NP SDENP)
NP#EXP > EXPLZNP (NP < EXP) > DENP
EE6.33)DRME (C Zco-NP > Afco-NP,
CITIXEXP Zco-NP 5D €co-NP)
co-NP#EXP DEXP Zco-NP >DE co-NP
EIADEES. TS PEXP THHHDD, DeP.

EXP-EERBFSHEARMTIIFERTHE.
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Theorem 6.4. A: any C-complete set 6.4 A FEDC-EEES
For any set B we have TRTOEEBITHL,
(1) A <"B B is C-hard. (1) A <PB >BIC-HE:.
(2)A </B AB eC - B is C-complete. (2)A</B AB eC-> BlC-5E£.
Proof: ELR
By Def. 6.2 vieC[L<p Al ek, VieC[L<! Al
By Theorem 6.2, L<; AAA<; B—>L<7 B TFH6.2&Y, L ANAIB LB
Therefore, vLeC[L<] B] LI=A2T, viecL<! B]
That is, B is C-hard.
Thhn, BIdC-HEE.
. 14/14 — 14/14
EXPC ={L: L is EXP-complete} EXPC ={L: LIXEXP-FEL}
NPC = {L: Lis NP-complete} NPC = {L: LIINP-Z£}
Then, we have the following theorems. ETBHE, ROFEMNKYILD.
Theorem 6.5. TEEE6.5.
EXPCAP =¢ (D)EXPCAP =¢
2) EXP — (EXPC UP)# 2) EXP —(EXPC UP)#
2 ( )# ¢ cxp 2 ( )# ¢ cxp
Theorem 6.6: Assuming P # AP EH6.6: P = NPERET DL
(WNPCOP =¢ P/ (WNPCOP =¢ \_P
Q) NP —(NPCV P)# ¢ ) NP —(NPC UP)# ¢
NP NP
} NPA co-NP } NPA co-NP
P P




Schedule(3&Y D F E)

* 7/16(Thu) Office Hour (Today!!):
— Comments on the report (L7R—rDERE LEEER)

s 7/23(Thu): Last class (RF¥REDHEE)
— Course Evaluation Questionnaire (R 747 —)
— Misc. (ZDAth)

* 7/27(Mon): Final exam (Hi>R5158)

— 40 points xTextbook, Copy, Printout,...
— You can bring your own hand-written notebook

(FBE/—bOHEERAHT)

— Lesson 3~Lesson 6 (:5%3~&%06)




