\ 6.2.Completeness based on Polynomial-time Reducibility \

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it is called C-complete (under S;)

(a) VLeC[L <PA]

(b)AeC

Note: Sets satisfying the condition (a) are called C-hard.
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6.2.2. Proof for completeness v

Two ways to prove (AP-)completeness
(1) show *“for all L’ according to definition
(I1) use some known complete problems

Ex for (I) : Theorem 6.7,
Theorem 6.9(*= Cook’s Theorem; simulate TM by SAT)

Basically...
1. For any program in standard form,
2. simulate it by SAT formulae
—pretty complicated and tedious

Easy to handle since,
e.g., 3SAT has a
uniform structure.

Ex for (II): Example 6.4(3SAT<; DHAM), Theorem 6.10, ...

DHAM is N'P-complete for general graphs
DHAM is N'P-complete even for planar graphs
DHAM is NP-complete even for graphs with max degree=3
DHAM is N/P-complete even for bipartite graphs ...
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Theorem 6.10 The following sets are all A/P-complete:
(1) 3SAT, SAT (reduction from ExSAT)
(2) DHAM, VC (reduction from 3SAT)
(3) KNAP, BIN (reduction from 3SAT and KNAP Sr: BIN)

(I) Polynomial time reductions from A/P-complete problems:
1. 3SAT <P vC
2. DHAM </ DHAM with vertices of degree =<5 A

Vertex Cover: a vertex set that contains
at least one endpoint for each edge
Hamiltonian cycle: a cycle that visits each vertex exactly once

Note : DHAM remains N/P-complete even if max degree 3.

But it is polynomial time solvable if max degree 2.
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EIH6.10: LTFIZHIFEEEIFTRTNVP-TE
(1) 3SAT, SAT (ExSATA S DIETT)
(2) DHAM, VC (3SATHHMD3ETT)
(3) KNAP, BIN (3SATAS DB TTEKNAP </ BIN)

(D) NPEEMEA LN > TS RREN LD B EA R TT:
1. 3SAT <F VC
2. DHAM <! TS D R#HE 2 5I<HIBESh /-DHAM

Vertex Cover: TRTDAD, DL —ADTEREZELES
Hamiltonian cycle: ¥ R THDERE—ETOELHE

HFET: DHAMITREE 3 THENPESR,
B R2EZEZER B CEtE AT B,
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Theorem 6.10(2) : VC is NP-complete ‘

[Proof] Since VC € NP, we show 3SAT < ve.

For given formula F(X,,X,,...,X;,), we construct a pair <G,k>
of a graph and an integer in polynomial time.

There is an assignment that makes F()=1
<G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices X;*,X; and the edge (x;",X;") for each variable X; in F

2. For each clause Cj=(I;; V' I;,V1;3) in F, add vertices Iy, Iy, I;; and
three edges (I, 1), (lp:ls), (Iis.1iy)

3. add the edge (l;;,x;") if the literal I, is X;, or add (I;;,x;") if it is —x;
for each clause C;

4. letk=n+2m
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There is an assignment that makes F()=1 4/11
&G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices X;*,x;” and the edge (X;*,;") for each variable x; in F
2. For each clause Cj=(I; VI, VI;;) in F, add vertices I;;, Iy, I;; and
three edges (Iip.lip), (lip.liz). (lz.hip)

add the edge (I;;,%") if the literal I;; is x;, or add (l;,,x;) if it is —x;
for each clause C;

4. letk=n+2m

Ex: F(X),X0:X50%0) = (X VX VX3) A (77X, V%3 VX)) A (X V 71XV Xy)

bl
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Bl F(X) XaeX3Xe) = (X VX VX)) A (7%, VX3 VA XV %5V Xy)

k=4+2x3=10
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It is easy to see that the construction of G from F can be done in

polynomial time of the size of F. Hence, we show that...
There is an assignment that makes F()=1
G has a vertex cover of size k
Observation:
From the construction of G,
any vertex cover S should contain
Hence we have |S| = n+2m =k.
Ex: F(X).Xp.X3.%,) = (X VX VX)) A (7%, VX3 VXA (X V %3V X,)

at least one of X;" or X;”
at least 2 of 3 vertices in C ;

k=4+2x3=10
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If there is an assignment that makes F()=1, o1

G has a vertex cover of size k

1. Put{ X" if =1 } into S for each X;.

X if X;=

2. Since each clause Cj=(l;;,l;,l;;) is satisfied, at least one literal,
say l;;, the edge (l;;,X;,) is covered by the variable X;,. Therefore,
put the remaining literals (I;,,1;;) into S.

= From the|Observation, S is a vertex cover of size k.

Ex: F(X)X0:X50X0) = (X VX VX)) A (73X VX3 VXD A XV —1%5 V Xy)

k=4+2x3=10
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BBl F (X)X, X3,%,) = (X, VX VX) A (X VX VA XV %5V Xy)

k=4+2x3=10

If G has a vertex cover of size k, there is an assignment s.t. F()=1  7/11

1. From|Observation, a cover S contains 2m vertices
from the clauses, and n vertices from the variables.
2. Thus the cover S contains exactly one of X;* and x; and
exactly two literals of a clause C;.
3. Hence each clause C; contains exactly one literal I; which is not in S,
and hence incident edge should be covered by a variable vertex.

= The following assignment satisfies F:| %! i inS
X=0if x;in S

Ex: F(X)X0:X50%4) = (X VX VX3) A (77X, VX3 VX A XV 71XV Xy)

k=4+2x%3=10

QED.
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k=4+2x3=10

QED.
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Unsatisfiable example:
F(XpXa%3) = (4 VX VXD ATV 7%V 7x) A% VX5V X3)
A (X V%,V —Xs)

SL1

When F is unsatisfiable, it contains at least one clause such that each
literal is not covered by a vertex. So, Vertex Cover should

contain three literals in the clause. Hence any vertex cover has size
at least k+1.
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FE R TELGLMAL
F(X1%0:X3) = O VX VD ATV 7%,V 7%0) A (% V%3V Xs)
A V%,V —x3)

FERTELEVFTI. EQVTIILETERTH/A—EN TV
ENLTEET S, COEDTFILIE3IDES Vertex Cover [
ANTBEBAEL, &2 T Vertex Cover DY A XIE k+1 UL EIZH S,




[Proof] of edges incident to
Since DHAM € NP, DHAM_; ENP. a vertex
We DHAM <] DHAM._ ;.

Idea:

Replace the set of “arcs to v”
and the set of “arcs from v”
by a right ‘gadget’.

A Hamiltonian cycle through v
on the original graph
corresponds to the
Hamiltonian cycle through v
on the resultant graph.
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Theorem: DHAM on a directed graph with max. degree=5
(abb. DHAM - ;) is N’P-complete X degree: the number
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EE: RYBARSOHERY 57 LD DHAM [ NP T2 |
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FATT:
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Theorem: DHAM on a directed graph with max. degree=5 1o

(abb. DHAM _ ) is A’P-complete

Points:
« Up to down via cycle
« Each vertex has deg=5

height: O(log d;)
number: O(d;)

[Proof (sketch)]
For each vertex v of degree = 6, replace the edges around v
by the gadget.
1. Ifthe original graph G has n vertices with m edges, the
resultant graph G’ contains O(n+m) vertices with O(m) edges.
Hence the reduction can be done in polynomial time of n & m.
2. Each vertex in G’ has degree at most 5.
3. G has a Hamiltonian cycle < G’ has a Hamiltonian cycle. QED.

FB. REBASORAS T LD DHAM Z NP amE| "
TATT:

RAUR: o
- BEABELNDT =<: O(log dy)
- BIRMITRIMS5

| {E%%: O(d)

[REBABLE)]

BZont=057CHREBMNULDEFNFNDIERICADIBLE
H30% LEED gadget TEEHZ 5,

1. TOTSICHnIERMIBTHOT-AD, gadget TEEHZ =
HEDYZIC 1L O(n+m)IEHM O(M)iBEHES, Lizhi>TL
BEOETIICHOREED ZLEXFH TAEE,

2. FGDITRTOERIEREIEL =DM 5THD,

3. GANILVRABEL DO ANV BBERD  gpp,

Addition (%)

* Ryuhei Uehara, Shigeki Iwata:
Generalized Hi-Q is NP-complete,
The Transactions of the IEICE, E73, p.270-273, 1990.
« Peisen Zhang, Huitao Sheng, Ryuhei Uehara:
A Double Classification Tree Search Algorithm for
Index SNP Selection, BMC Bioinformatics, 5:89, 2004.
« Sachio Teramoto, Erik D. Demaine, Ryuhei Uehara:
Voronoi Game on Graphs and Its Complexity,
2nd |EEE Symp. on Computational Intelligence and Games, p.265-271, 2006.
* Ryuhei Uehara, Sachio Teramoto:
Computational Complexity of a Pop-up Book,
4™ International Conference on Origami in Science, Mathematics, and Education, 2006.
* Ryuhei Uehara:
Simple Geometrical Intersection Graphs,
3 Workshop on Algorithms and Computation,
Lecture Notes in Computer Science, Vol. 4921, p.25-33, 2008.

« T. Ito, E.D. Demaine, N. J. Harvey, C.H. Papadimitriou, M. Sideri, R. Uehara, and Y. Uno:
On the Complexity of Reconfiguration Problems,
19t Annual International Symposium on Algorithms and Computation,
Lecture Notes in Computer Science, Vol. 5369, p.28-39, 2008.

Many natural hard problems are either
« Poly-time solvable, or
o NP-hard

Schedule(3&Y D F 5E)

7/23(Thu): Last class (£ FEEZEDER)
— Course Evaluation Questionnaire (3% 747 —F)

— Misc. (ZD4h)

7/27(Mon): Final exam (Hi>R5158)
— 40 points

— You can bring your own hand-written notebook
(FEE/—FOHFHLIAAT)
— Lesson 3~Lesson 6 (;E#&3~3E5&6)

* Due to business trips, I won’t be in JAIST on
7/23 and 7/30.




