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» Text for former half:

"Introduction to Computability and
Computational Complexity*

by Osamu Watanabe,
Kindai-Kagaku-sha (in Japanese)
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Chap. 1 Problems and Algorithms vz

1.1. What are problems and algorithms? Intractable problems?

Problem
= Problem of computing a function: input — output
(not only numerical computation)
Sorting Problem
input: sequence of natural numbers a,, a,, ... , &,
output: increasing order &, a, ... , &,
Input and output must be mathematically defined
output: ipe

Example: Performance of a computer system

system S — X (input)  simulation of 1 cycle of S

input: input X and current state u
output: output y and next state v

UV | =y (output)

problem of computing a function to map (x,u) to (y,v)

1R5E : EARAFNTHL THREM IS AVMEE RS
FoERIE, BEAANICHLTIE ? &RY
=B D15 0@

FIREZ AE< 7 LT X L (algorithm)
ANNTHLTEENREL TV DHNERDDHE.
AERODD s
AR OB M

2RAERXDOIRETERIRE
AR HE#Ha, b, c
H A1 - ax2+bx+c=0% =9 xMD—D
HADMANEBERERDS, B AERDDIFEIE?

7YX L=Hi%]
DTNTVAL=TOTSLELTERRTEDIHERZE

Assumption: system returns some value for any input
e.g. ? is returned for an abnormal input
=standpoint of total function 0@

Algorithm for solving a problem
a method for computing an output specified in the problem.

What to be computed? .
How to compute? > difference

Problem of calculating a root of a quadratic equation
input: rational number a, b, ¢
output: an x that satisfies ax2+bx+c=0
Output is clearly defined but how can we find it?

"Algorithm = method"
=>algorithm=a method that can be realized as a program
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HLUORREEOSLLERE Hard and Easy Problems
SHEOEHS - Complexity of Computation
B TIE, TERIICETTER TR E 12 1RS Former half of the lecture deals with “incomputable” problems.
HETIE. TREMICFHETERVEEIZRS Latter half of the lecture deals with “hard” problems.
F(ZAZ 72U AR (intractable problems) Intractable problems
MEtERTREME DR I TR 5GR L "Theory of Computability"
"Theory of Recursive Functions"
1.2, FHETATRELRERE DB
=1L FERE (IF L M FE R RE) Example 1.2. Incomputable problems
AN TATSLAOAA) EZRAD AT X Halting Problem (Problem of deciding halting)
HIANXEEZTETIEDLEELT EHH? input:a one-input program A and an input X
FLEF B%BYES, LAELVESNO. output: whether does it terminate if X is given to A?
COMBIIHERARETHAHENARTED YES if it terminates and NO otherwise.
>k We can prove that this problem is incomputable
to be explained later
4/22 4/22

ELWTOTSLEEDDIEHLLVAY, FHEEOSLLVRIE

SASYYDOFRIFELLS,? .
AR:%L

Hi 73 Yes Hm No

ESTEARETHOTHELL\ERE
SHERENANIBED
BBEDAE)-ARETHD
HEORNEER - L TORERIEES

DIFEOEHSOER] > &b

BERLHETRARROESE
=ZEABHTHET HIENTAEE
D FICEZBEE
(FEXFREEFICRASHMEDNREETHELGNILITER)

A correct problem is hard to program, but can be computed easily

*Is Collatz Problem true? .
input: nothing

output: Yes or No.

Computable but hard problems
*too much time for computation
too much space for storage
*computability based on computation cost

=>"Theory of computational complexity" -> later

Criterion on practical incomputability
=impossible to be computed in polynomial time
=>intractable problems
(Note that polynomial time is not the criterion to be tractable.)

5/22

NPELRRE

() BEHZTELZIE, ThDBOEHEBLLTOIHENE
HEITFIVITES.

Q) LhL, BRI (ADDH 4 XIZBELT) B SMIC
BRTEDT, I—D2—D2DEHEFTVIT SIS EHM
TaYSLTIE BREGTEENEHRBEMMICERLTLES.

1950 M SRR ZE BtA

1.3, FEEEHRE(bin packing problem)
D EOEROEY: B 4, ay ...
RENTNEN DDk @@*El-?i(ﬂlié&?l:'*&)égk
MNTEDM?

B#MRTETRE, PECRBED o THIE MR MR A
MO TLESD.
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NP Complete Problem

(1) Given a solution to the problem, it can be easily checked whether

it satisfies the condition for solution.

(2) But, a simple program checking every solution candidate takes
exponential time since the number of candidates grows
exponentially.

The study starts in 1950's.

Examplel.3. Bin packing problem
* nitems of lengths a,, a,, ... , &,
+ Is it possible to pack all the items into k boxes of length b?

A simple algorithm takes at least exponential time.
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TNPEEREREIX L AKX KR TIXAR L. |

B4, EALGZERBIEREBELYITEONTIEMT 5.
pMZEEDZIER, enZFEEDIBHEHETHE
D+HKRELG N ISHLT, p(n) <<en) AARKYILD.

() +43 KEZE n [2DULVTIE n10000<<1,0000001"

T2

(1) ZOMBEEETOT S LI FEELEVEEE, GTETTEE
EWSEKRT) FICEZLVRIREENS.

() FDMEE L ERABRURNTREIT OIS LNEELLZL RS
F, GtHERZ%LVSERT) FICAZBORBEENS.

P # NP Conjecture _

Any NP complete problem cannot be solved in polynomial time.

Example 1.4. Any polynomial function grows more slowly than an
exponential function.
Let p(n) be any polynomial function and e(n) be any exponential
function
= for sufficiently large n, p(n) <<e(n).
e.g., n10000 << 1,0000001" for sufficiently large n.

Definition 1.2.

(1) A problem for which there is no program to solve it is called
"intractable" in the sense that it cannot be computed.

(2) A problem for which there is no program to solve it in
polynomial time is called "intractable" in the sense that
it is hard to be computed.

7122 7122
1.2. % 1.2. Preparation
1.2.1. %4, B%, iERE 1.2.1. Set, function, predicate, and etc.
(O0F ¢ (1) Number
FICETSALRY, BRB0ZED)DAZERS. Only natural numbers (including 0) are considered.
X DEBDEE, [X]T x DEHIMERT (YIVET) [x] represents the integral part of X (rounding off)
Q&& B (2) Set B
1ZEMGEES: AUB,ANB,AACB standard notations: AUB,AnB,A AcB
AXB:ALBDEZRDIEFFEAXRDES A X B = a set of all pairs of elements of A and B
Al: EEADERE IA]|: number of elements of the set A
REIELT, RXFTILITFRYNTEREERT. fHlHE In principle, sets are denoted by capital letters.
I' #4070J330 5B TXFELTHINDGES Exception: I symbols used in programs
> {0, 1} Y {0,1}
N BHREOLEKO0EFED) N a set of all natural numbers (including 0)
8/22 8/22

X EEDARES
XEDXFIN=XDEBERE"XF " AL, TOXF
EARE(EZET) ETHENLD
XFIDRE=XFIEERTIXFOH
K: XFIx DR
X =51 0100 DEE(F4.
RIODXFHHEZEFIENL, ¢ ELVSRETERT.
20 E1ZAWRTTESXFINLARDES (EFHEED)

BERIEF (LEE) . ESBEOHERIERF
xy: 2* LD XFF|
X<y & (a) [x| <ly|, BB,
(b) [x| =y TRAIZEBLEDIXFZEX, ;LT HEE
X <Y

(f51) 101 <0011 <0100
BEOBREXIEFLDENEEIMN?
B, COLIBIEFEZEATEIOMN?

X: any finite set
strings on X=a finite sequence of elements of X (each element
of X is regarded as a "letter")
length of a string=the number of letters in the string
[x|: length of a string X
the length of a string "0100" is 4.
A string of length 0 is called an empty string, denoted by ¢ .
>*: a set of all strings consisting of 0 and 1(including empty string)

(Pseudo—)Lexicographical Order: (with length preferred)
X, y: strings on X*
X<y < (a) |x| <y, or otherwise,
(b) for the first different letters in X and y be X;, Y;,
Xi <Y
(example)101 <0011 <0100

What is the difference from usual lexicographical order?
What is the reason of introducing such an order?
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MBS Logic symbols
Akl Bk example meaning
PAQ PMDQ PAQ Pand Q
PvQ PFEIXQ PvQ PorQ
—P P T7zLy il not P
P>0Q P#5IE Q (—PV QLERIE) P->Q if P then Q
PoQ PELIEQADQALIEP PoQ if P then Q and if Q then P
Ix e L[R(X)] LIZEY%%% x TRX) Ixe L[R(X)] for some X in L, R(X) holds
vxel[R(x)] LIZBTHEEDXxTRX vxe L[R(x)] for any x in L, R(X) holds
£ LIR()] RO £12% x A5 L D I-EREH S Ixe LIRM)] there are infinitely many X in L with R(X)
. = . for any X except finitely many elements in L,
vxel[R(x)] LOFOHEREZEERL=FTATD x TRX) v xe L[R(X)] R(x) holds
10/22 10/22

R mER
SMEEHEMEREE(A VY, )DBHEEK
Bl F(X, X2 X1v X2 A=Xi
BEREOFYLT
Bzont-mEREXOSHELRICEREERATHIL.
LofiTiE,
(0,0), (0,1), (1,0), (1,1)
DABYDEY B THEFE. (0:4, 1:H)
mERER DS E
TSI MBERHIVEFDEEGEIE)
FIE: JTZILEORGL B IEV)TOHUVEIE
EX: FBEZANDGEESEA)TOHLVER
—EX: MBEXoBOGEREXT, LMLBMIEN
L&HE2BD)TIINSMEEED
=mEX: MEXOROGEREXT, LMEZMIEN
LESEBEDITILNSLEEHLD
IR MmEREN: RELSLLT o obFLEZIO

Propositional Logic Expression
Expression consisting of propositional variables and logic
symbols /> V> 7 e.g. F(Xy, X2 X1v X2]A—X1
Truth assingnment
Assigning truth value to each propositional variable in each logic
expression. e.g. there are 4 different assignments (0,0), (0,1),
(1,0), (1,1) for the expression above. (0: false, 1: true)
Classification of propositional expressions
literal: logic variable or its negation
sum term: term in which literals are connected by OR
sum-multiply expression: expression in which sum terms are
connected by AND
2-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly two literals
3-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly three literals
extended logic expression: one that may include —,« as well.
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TS5TODRE
TSINETERICIMDIBICESESS.
552miB: (i, ))
JS7MRE G=(nE)
nTEAH, EDNES

TS5 T DB BRI S7DH:

2

1 o A2

4 3 4 3

E={(1,2), (1,3), (2,3), (1,9} E={(1,2), (2,1), (1,3),(2,3), (4,1)}

G=(4,{(1,2),(1,3),(2,3), (1.4)}) G=(4, {(1,2),(2,1),(1,3),

FIZ1E(1,2)EQ,DIFRFILAELN (2,3), 4.1)})
BOMEEXRT S
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Expression of a graph
graph vertices are numbered sequentially
graph edge: (i, j)
expression of a graph G = (n, E)
n: number of vertices, E: set of edges

Example of a graph: Example of a directed graph:
1 o) 2 e 2
4 3 4 3

E={(1,2), (1,3),(2,3), (1,4)} E={(1,2), (2,]), (1,3),(2,3), (4,1)}
G=4{(1,2),(1,3),(23),(1.4}) G=(4,{(1,2),(2,1),(1,3),
Do not distinguish (1,2) from (2,1) (2,3), (4,DH})

(1,2) and (2,1) are different arcs




1.22. 7)Y X LD R A%
PASCALED FiERTOJ 53V ) 55
nNE

Bl 2ERRTEZONT-BRYEE
prog TR(input x: string on X): integer;
label LOOP;
var n: num; c: string;
Y% B Tstring EBIETE LT-&E [Estring on TREZERRT 5.
begin
if X # 0 A head(x) = 0 then LOOP: goto LOOP: end-if;
Y2 ERETHVEDAANSNDEERIL—TIZAS.
n:=0;
9. whilex>gdo % cldZEINERT EH
10. c:=head(x);

PN L E W~
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1.2.2. Algorithm Description

PASCAL-like procedural programming language

Ex. Conversion from a binary natural number into an ordinary one.

prog TR(input x: string on X): integer;

label LOOP;

var n: num; c: string;

% string implies a type of string on I'.

begin
if X # 0 A head(X) = 0 then LOOP: goto LOOP: end-if;
%if non-binary expression is input then goto infinite loop
n:=0;

9.  whilex>gdo % ¢ is a constant for an empty string

10. c:=head(x);

XN B LD

11. if c=1 then n:=2*n+1 11. if c=1 then n:=2*n+1
12. else n:=2*n end-if; 12. else n:=2*n end-if;
13. x:=right(x) 13. x:=right(x)
14.  end-while; 14.  end-while;
15, halt(n) 15.  halt(n)
16. end. 16. end.
13/22 13/22
ERFE: Remarks:

*AH AT SR T EL<.

“TR: AT 54L& ( )ABNANEREZTORIEE,

(YDENEAOR
«f TR: FATSLTRANETET S (E8%5) BI%K
CEEETEERIL—T

+description concerning input and output are omitted.

*TR: program name (input variable and its type declaration)
the type of output follows

«f TR: the (partial) function computed by the program TR

*normal termination and infinite loop

HADBFONDEDFhalt X TELFLET HEEDH. -Output is obtained only when it terminates correctly
-HANBLALEWNMES, TRV SLNHET HEHIE by a halt sentence.
EIREEEALET. *When an output is obtained, the function value computed
f TR(001) = L by the program is considered as "undefined"
f TR(001) = L
14/22 14/22
EHOR Types of variables
BAKE: num# natural number type: type num
XEFIE: string® string type:
3(—7—5']’&%55676"2'4""&L'CE‘F?*L%)EE%O, 1,2,...,a,b, ... Let T be a set of all symbols 0, 1,2, ..., a, b, ... used in strings
DERET £T5.
Elementary operations on strings
XFINBET—HDERNER head(x) the first letter of X
head(X) X DREDIXF right(x)  the part of X after its first letter
right(X) x D2XFEMEDERD tail(x) the last letter of X
tail(x) X DRFEDIXF left(x) the part of X before its last letter
lefi(x) X DEENORED2XFEETOES X#y concatenation of X and y
X#y x &y D& X<y comparison based on lexicographic order with length

x<y RIMEBEOHEXIEFIZLDKR/ILE

T=12L, head(e)=right(¢)=tail(c)=left(e)= &

preferred

where, head(e)=right(e)=tail(e)=left(e)= ¢
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[F—210lF05 5L 1R EOERECTRE
L HRERDBCETEREEMIETD
22.1. T—ARBEDI=HDERER

EHE 3.
bhhrhd IOV EEDTRTOT—HEL
FOLEOEKFEEFI>REZD LORKEZL T TERTES.

22 ETEDEAER

(R&EE)
s FTRTOT—RIFE={0,1} LOXFFHTRIETES
T RTOEKREEEET AL TEKKSITEEThIE &L

15/22
2.2. Elements of Computation

Theorem 2.3.
All the data types and elementary operations in our
programming language can be realized on Z*.

(Outline of Proof)

* Each data can be represented by a string in *={0,1}*

« It is sufficient to implement each basic operation to run
over the binary strings.

16/22 16/22
BARHOD 1 ERE .
BSAHN S 0% n @3 Unary representation of a natural number
|’nT B 0 DR [4]1 100 natural number n—>sequence of n Os
0 . E;*ﬁ nOIERRZ 7 D 00000 [n]: binary representation 74-| = 100
’ n : unary representation 4 =» 00000
Iohbhda—kFEeix] “Our encoding method”
x]: T—2xZ&RITDITX DI—F) [x] : anelement of =* representing a data X (a code of X)
lw]: Z*DITwARLTLNST—% |w] : adatarepresented by an element w of X*
F12.6. 7RY S LE (EITA—FAYD) XFHIERAELTI—F1E. Ex.2.6. Programs are also coded by considering them as strings
progA ... A =0111000 01110010 01101111 .... progA ... A =0111000 01110010 01101111 .... W "
i begin r 0. ccouldusca
be‘gm P f o t’oéﬁl‘\‘b?_l': ;gl P different coding
. —_— A
end. 01100101 01101110 00101110 ... ig}fff’fm end. 01100101 01101110 00101110 ... method, but ...
e n d - e n d
17/22 17/22

22 FTEDEARESR [F—& 0l T055 L 1 ER/INEOERETRE
LR RERBILTHBREEMIET S

222 HIHHEEOIODERER

HRE24. BT O S LABEHEERLBHTULL)IE,
FRTCifXEgotoXIZkH>TRIETES.
(B&E)
JA—Fv—bk > if&gotoX
BRIEVHEL > REvoE2ANTEZLET
FHRE2.5. TARTOFIEEE (LI EgotoX ITLH>TEIRTES.
TEE2.6. TRTOHEEE L Ewhile X Tk > TR TES.

EE27. EARTOTILLTNERBARM IOV S AICERZ
BTENTES. LALMRERTOTSLETEED
(BU=EDWTEER)

2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
implemented by if and goto statements.
(Proof sketch)

flowchart -> if statement and goto statement

recursive call > can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and
while statements.

Theorem 2.7. Any program can be rewritten into its equivalent
simple program of a “standard form”.

(Proof based on examples)
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% xMO*MESMEHIET SHTOT 5L % program to determine whether x is 0* or not
prog A(input x: X*): £*; prog A(input x: X*): £*;
label LOOP; var a: X*; label LOOP; var a: X*;
begin begin
LOOP: if x= ¢ then halt(1) end-if; LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x); a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if if a=1 then halt(0) else goto LOOP end-if
end. end.
INERDISZERT S. Convert it as follows.
(1) 7RIS LDOETIERDOVNT . (1) Each line of a program is one of the followings:
(a) KA X &gotoXX (a) substitution, goto statement
(b) if Z* EDLEE then goto ... else goto ... end-if (b) if comparison on £* then goto ... else goto ... end-if
(c) halt (ZE#4) (c) halt(variable)
) TR SLEREDEITICIE, LIMDIAEY, L2, L3,...LIEIC (2) Each line in the program body is labeled as L1, L2, ...
SRNILIDFEINTLNS. (3) The line of the form (c) above appears only once in
3) 1=2L, ©DHEDITIETRI S LOREKICIERLMNENT, the program and it is labeled as LO.
FNIELOETRNILFIFENTINS.
19/22 19/22

prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mpmx )X
label LO, L1, L2, L3, L4, L5, L6;
vara,c: I*;
begin
L1:if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;
: ight(x); goto L4;

1 then goto L6 else goto L1 end-if;
=1; goto LO;

L4:if

prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mpmx )X

label LO, L1, L2, L3, L4, L5, L6;

vara,c: I*;

begin

L1:if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

LO: halt(c) LO: halt(c)
end. end.
20/22 20/22

prog C(input x: X*): £*; prog C(input x: X*): X*;

var pc: num; a,c:X*; var pc: num; a,c:X*;

begin begin

pe:=1; pe:=1;
prog B(input x: £*): =°; while pc =0 do prog B(input x: *): =*; while pc =0 do
label LO, L1, L2, L3, L4, L5, L6; case pc of label LO, L1, L2, L3, L4, L5, L6; case pe of
vara,c: 3 ‘ 1: if x= € then pc:=5 else pc:=2 end-if; vara,c: 3% ‘ 1: if x= € then pc:=5 else pc:=2 end-if;
begin 2: a:=head(x); pe:=3; begin 2: a:=head(x); pc:=3;
L1: if x= & then goto L5 else goto L2 end-if: 3 right(x); pe:=4; L1: if x= ¢ then goto L5 else goto L2 end-if: 3 X:=right(x); pe:=4;
L2: a=head(x); goto L3; 4:if a=1 then pc:=6 e]%e pe:=1 end-if; L2: a:=head(x); goto L3; 4:if a=1 then pc:=6 else pc:=1 end-if;
L3: x:=right(x); goto L4; 5 L3: x:=right(x); goto L4; 5:¢c=1; pe:i=0;
L4: if a=1 then goto L6 else goto L1 end-if; L4: ifa=1 then goto L6 else goto L1 end-if; 01 ¢:=0; pei=0:
L5: ¢:=1; goto LO; end-case; L5: ¢:=1; goto LO; end-case;
L6: ¢:=0; goto LO; end-while; L6: ¢:=0; goto LO; end-while;
LO: halt(c) halt(c) . L0 halt(c) halt(c)
end. 2 end. ET:L, ca‘sej(ldi end. 5 end Remark: case statement
2 ERRIZILIfXD 3

goto Lk = pe:=k; HAEHETER.

is realized by combination

goto Lk 2 pe:=k; .
of if and goto




B@TAJSL: TOBROATHRINDGTOTIL 2vz2 Simple program: a program consisting only of the following elements. a2
FT—45E: T EOXFHIE (R, =8) data type: string type on T (Z type, X* type)
ERNEE: XFINEOEKXEH elementary operations: elementary operations on strings
FITX: KRAX, ifX(caseXX), whileXX, haltX execution statements:  substitution, if (case), while, halt
EH2.7. EARTOTSLL TN ERIBELBEMTAT S LICERZ Theorem 2.7 Any program can be rewritten into its equivalent
BIENTES. LHMLRDESHZERTOYSLICEEEES simple program of the following form:
prog 7045 Ls£(input ...) ; prog Program name(input ...) ;
var pc: T ... Z; ... 2% %peDIE L B AR D2 ER T var pc: £*; ... X; ... £*; % value of pc is a binary representation of an integer
begin begin
pe:=1; pe:=1;
while pc !=0 do while pc !=0 do
case pc of case pc of
1: (30): & (X)) DRIF 1: (statement) ; €ach statement is one of the two:
2: (30); - if LB then pe:=kl else pe:=k2 end-if 2 (statement) - “if comparison then pc:=k1 else pe:=k2 end-if
. + A ;pe=k; . - substitution ; pe:=k;
K (30); oLFhh k: (statement) ;
end-case end-case
end-while; end-while;
halt(c) halt(c)
end. end.
22/22 22/22

EE2.8. T RTOE A AL,
FNEETHEERTOTSLNEETS.

TOTSLAI ADEEEEZTHED.
BRHHH9 (TFRM0IR—=)

B X(EE R EHEFRTEITTELEDEIT]
wu:TEROEH, v EOEHR

cIRDEH, s: T EIDEH
(KA

(1) u=c; 2) u=u’;

(3) w=head(v); (4) w:=tail(v);

(5) vi=s; =2 ?

(7) vi=right(v); (8) vi=left(v);

9) vi=utv, (10) v:=v # u;
[€:4::9°9)

(11) u=c (12) v=s

Theorem2.8 For every computable function, there is a program in
the standard form.

Consider a behavior of program counter.

Further constraints (refer to 101 page of the textbook)
“each statement must be implemented in constant time”
u, u’: variables of X type, v,v’: variables of * type
c: constant of X type, s: constant of X* type
(Substitution)

(1) w=c; Q@) u=u’;

(3) w=head(v); (4) w:=tail(v);

(5) vi=s; =3 ?

(7) vi=right(v); (8) vi=left(v);

9) vi=uttv, (10) v:i=v # u;
(Comparison)

(11) u=c (12) v=s

C_ETODEED..

o EALMRE-T—230/1OXFIH TRRTED
- BEOTOYSLFDLDELT—41LTES
- TRIEER=T RIS LEED]
o FABTOTSLBIZERICERED
- BER
o 2{K[& while loop
* while D EERLRASID if XA1DF2F
F&IZ halt XHA1DHD




