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Chapter 2: Introduction to Computability

What “Computation” is...

Difference between “computable” and “incomputable”
« Basic factor of a “computation” (Done)

Proof of “incomputable”...diagonalization (Today)

2.1. Studies on recursive functions
recursive function theory
(1) studies on what is "computation"
(2) proof of incomputability

(3) structural studies on a class of incomputable functions
(4) related mathematics fields
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Chapter 2: Introduction to Computability o

(1) Studies on what is computation.
"When do we call a function computable?*

+recursive function theory by Kleene
* Turing machine theory by Turing

=>the whole set of recursive functions

=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”
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(2) Proof of incomputability
*Proof of computability is easy: just give a program
*to prove incomputability
must prove that no program exists. .,

proof tools: diagonalization e
recursive reducibility

(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
structural studies

(4) Related mathematics fields
mathematical logic
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Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input X to it.
Output: Whether does it stop if X is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple

inputs. ‘

(Remark) Programs are also encoded into strings on 2*
That is, A and X are also considered as strings on Z*.
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Za,xeX [ZHL,
IsProgram(a)
& [alXI AN OGEMIZELWNMEZERTAY S LOI—F]
eval(a, X)
_ {ffa(x), IsProgram(a) &,
1, ZTODEE.

fax): 3—F aRTTOYSLICAD xEMA=LED
HADE. (f ax)EERS BIEN)

TEH2.16: IsProgram & eval [T 0455 L TRIEAAE.

IsProgram : 22734 5(lint)

eval@@, x) : OA—FaNRITOTSLITxEAALIZEED
RTEVIaL—bINIELLN.
2FY, A/V5—T)H. (T2aL—4H)
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fora,xex’
IsProgram(a)
< [a is a one-input grammatically correct standard program]
eval(a, x)
= { f_a(x), if IsProgram(a),
2, otherwise.

f a(x): output value when an input x is given to the program
represented by the code a

Theorem2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, X) : it suffices to simulate the behavior of the program for
a code a with an input X, i.e. interpreter or emulator

refer to Section 4.3 for detail
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REEHaltD B2 Definition of a predicate Halt
Baxer [ZHL — for ke ™
Halt(a, X) Halt(a, X)
& [IsProgram(a) » [AJ1 x IZxL | a | [(FFLTS. ]] & [IsProgram(a) [ | a |stops for an input x]]
B2.1 W—TEEATOTHIELHEZEEICH ETES54. Ex.2.1 Halting is sometimes easily checked even with loops
prog B(input w: £*): Boolean; prog B(input w: £*): Boolean;
label LOOP; label LOOP;
begin EBROTOYS LI begin Assume that the program is written

if w# ¢ then LOOP: goto LOOP ZEBRTHDONRTNSERE

else halt(0) end-if
end.

“Halt( B, ¢ ): ABelIHLTAT 5L B [EfFLE.
EEDXeX*-{e}HxL, —Hal([B], x)

GERE) eval([B],e)=0 £ZH, X# ¢ ITHLTIE
eval([ B],x) =L (RER)

if w ¢ then LOOP: goto LOOP
else halt(0) end-if

in the standard form

end.
“Halt([ B], €): program B stops for an input €
* —Halt([ B], x) forany XeX*-{g}
Thus, we can easily check whether B halts or not.
(Remark) eval('_B—|,5 )=0 but, for X £ &
eval([B],x)=L (undefined)
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- Theorem 2.17: Halt is incomputable.
TEI2.17 Halti $FH E A AT B (Proof) P
(RIEEA) otion - .
H S A AT R RS L TP B A ﬁylc?ntrad1ct1on 1 Assume that Halt is computable.
o= e = — < alt is computable=» There is a program H to compute Halt.
Halt?b‘.fl‘%ﬁ[ﬁb-)Halt’&a+§§’%?7El7 TLHBFET 5. Using the H, we obtain the following program X
ZOHERAWT, ROLSHETATSLXEED. orog X(input Wi T B '
prog X(input w: X*): X*; label LOOP: ’
l"‘b?l LOOP; ERIZIFIZERTELINTVDERE. begin Assume that it is written in the standard form
begin ifH (w, w) then LOOP: goto LOOP
if H (w, w) then LOOP: goto LOOP else halt(0) end-if
else halt(0) end-if end.
end.
TaTS LW ITWEAALIZEEELETEINES M E Using the function H we check whether the program w stops
TO5SLHERUHELTHEL, for an input w. If the answer is “HALT” then the program X
25 true RS ERIL—TIZAY, enters infinite loop, and if it is “DO NOT HALT” then it stops.
BEh' false G0EHALTRLT S, £LV5TRTSL
H:7O4'S 4, Halt:ihss H:program or function, Halt: predicate
8/13
x=[X]eL, x % X(w)

clete X 055 Linl (FwE A AL EEELET B
TATSLXISAS R E5mETOYS LHERGHEL THEL,
(i) W—FIZA>TLES, or

EDHY true WOEBIL—TITAY,
(i) 02 AL TELE. ES false S0 HALTRELET S
O ZRESSE..

- TOYTSLDBI—TIZABHE, H(x,, X, )=true
s DFEY X)) [EBLET S REIZFE

(i) ZRETHE...
- TOYSLBETTEMS, H(x, x,)=false
- DFEY X(x) [EELLEL: REICFE
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Let x,=[ X | and input X, to the program X
(i) enters an infinite loop, or
(ii) stops normally with the output 0.
Case (i)
*Since it enters infinite loop, —Halt(x,, X; )
-at the if statement in the program X we have H (X, , x, )=false

So, halt(0) is executed (normal termination) : contradiction
Case (ii)

+Since it stops, Halt(x,, X,) is true.
-at the if statement in the program X we have H (x,, X,)=true
So, it enters an infinite loop: contradiction

[N . In either case we have a contradiction.
EELDGEELFEELELD, _ ) That is, the assumption that “Halt is computable” is wrong.
L= > Tl HaltiEEH ERTRE 1 LWLV IR E LFRY. End of proof

BEE  H:ooysL
. 4 . . . \
Halt: shE5 H:program or function, Halt:predicate
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EHE2.18 ROBEEK diag (EETEFATAHE Theorem 2.18 The following function diag is incomputable.
diag(a) =f a(a) #0, Halt(a, a)D&E diag(a)E f_a(a) #0, if Halt(a, a)
=g, ZTOMDEE g, otherwise
FIERA

FHEATREL (15150 BB EARDEREF T 5.
TOTSLOA—RIES DFTEMD,
SGEMIZELWT 0SS LOI—REINEVIEIZa), a,

..., 4
EHRBoEHTED, (BEEEDRELIER) ‘
FOBISLET 8, f ay ....1 4. ELARBIEMTES,

8189, Ay, ..., By

f aD{E

diag(a) D&
diag(a) =w#0, f_a (a)DIEWHKREE LThL\eE
€, ZOHDLEE

Proof:

Let F| be a set of all computable functions (with one argument) .
Since a code of a program is an element of £*,
we can enumerate all grammatically correct program codes
a;, a,, ..., 8 ... in the psuedo-lexicographical order.
We can also enumerate all the functions of F,.f_a,, f_a,,

A
a,a,a,, ..., 38 !

0
values of f_ag; values of diag(a;)

diag(a;) = w#0, if the value w of (f_a; , &; ) is not undefined | .
€, otherwise
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diagldEDf_a Lt B4 5. diag is different from any f_a;.
I diagO)& f_a()lE, SBROFFTRTELRS. Why: diag() is different from f_a,() at its diagonal position.
Il diag(a,) = f _a,(a) diag(a,) = f _a,(a)
diag ¢ F (two functions f,() and f,() are different if
1 . .
DFY, B#hdiaglLEHEARETHL. 1 there exists an input x such that f,(x) #,(x).)
‘o S diag ¢ F,
That is, the function diag is not computable.
End of proof
°e
xt A HRER L
HIERIVERREGICBILVLERT=ODMZE,
HOBBDES G HNEALNTLE, TOEEICBIEL
B g #HERT BAZEEZ TS, Diagonalization
CHLTHERL- g (X, ARD N ORIZELS=H. Given a set G of functions, construct a function g which does
B#MES G ICIEBSAEL, not belong to G.
_ 11/13 11/13
pop=Er N Diagonalization

AHRERES: BABLAOEALOMICIFIRIEAHIEADL.
AHES - ARFBAERRTHIEENIL.
DFEY, 1DFOBREMYHLTET, IUCESHERONDHLD

fll. EQBHLADESETTHERTHS.
BABEEROEENDER I &L ENER 2 #0ETHIR MBI HS.
Fl2. BHLAROEEZITATHERTHS.
IR IS B, £=lE, 72={0, 1,-1,2,-2,3,-3, .} EFNETES.
Bi3. FEHEAROESTAERRCHS. (GEHN?)

[EE: EMLBORAREIITETHS. |

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

‘We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable.

(2 EREHOEEREIARTHS. | 1213

OLLEIRFEDRBEEDERSHFAH THAZ LE T BIRMETIERT 5.
AHTHLIERET DL, TRTHDEREEESAIRIIENTES:

0.a,,8,,a,3...
0.2,,8,, @y3... 0.a;,a,83...
0.23,8;,853... 0.85,8,, 83...
0.24,84,83... 0.a3,83, as3...
0.84,84, ay3...
0.8,8, 8. 1=T2L, a; €{0,1,...,9} e
EOBUTHAREICHHRISEAL, FABRIM | 04 0,8, 4

Xx=0.b,b,b;..

%1% ICT,

if ay=1 then b, = 2 else b,=1
ELTHEEDHS.
CO&SIELNIER/DRIZBAS N 0L IDRMDERTHS.

L, EYADS, EICHIFELIZEDERELF LGV (HARDAT
DBFRED).

DFEY, XIFSIZBEIANZ EITHY, FETHS.

LI=hoT, SHAIETHAEVSREICRYL HS.

Theorem: The set R of all real numbers is not enumerable. 1213

Using the diagonalization we prove that the set S of all real numbers between 0
and 1 is not enumerable. By contradiction, we assume that it is enumerable:

0.a,,a,,a,3... 0.a,,a,,a);
a;,
0.85,8,5, 3. 0.8,,85, 853
0.23,8;,853... 0.85,83,a33...
0.24,858,;... 0<a4|a4za;t;<~-
0.8y, 83 &
0248 8. Where 3y {0, 1, ..., 9} Bl B B

Define a new real number x by collecting those digits in the diagonal
x=0.b,b,b;...

where b, is defined by
if ay=1 then b, = 2 else b,=1

The number X defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, X does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.
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$12.17 Hat DFF E AR AT REEDEEBAD TRV =TOI S LX
prog X(input w: X*): X*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f X: TATSLXHEET S
fa@)=LOEE, —Halt(,a)
- f X(a)=0
fa(@)=Ld&x, Halia, a)
~ofX@) =L
DFEY, f X=f a&hidf ald

AR EERORE FOBIFFELLEL,

* 7055 LDERIZTTHERERZA. B OERITIE AT H &R

Ex.2.17 Program X used in the proof of incomputability of Halt
prog X(input w: X*): X*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f X: function computed by the program X
iff _a(a)=L then —Halt(a;, &)
~f_X@E)=0
if f _a,(a)#L then, Halt(a, &)
o f X(@) =L
That is, there is no function f_a; in the set 7, of functions
such that f_X=f_a;.

% The number of programs is enumerable, while the number
of functions is not.
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