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5.2. J5ANP

EES2 EE LISHLTROEHEHTESER gL
SIAXBFE T H AR EE R AAFAELTZET S
ExeX Txel o IweX |w<q( x)[R(Xx,wW)] (5.1)
2FY, L={x:IweZ*[|w|<q(x) AR(X,W)]}
COLEE, LENPEE LWL, LOREBEENPHEELLS.
Ff=, NPEREDRAFEITANPENS.
HE: Bxex THLT, HERX |w<q( x]) AR(X, W)
Eimtzd W, € Z*ExD (BERXED) FFLELS.
UTTIE Iwes*|wiq(x|) = 3wBEE.

TARYAXDEBEXROIHIA G ONT=EE, TATIED
EHEBE-IMNEINESEAKRETHETES. |

## %8 : A’P=Nondeterministic Polynomial

1/12
5.2. Class NP
Def. 5.2: Suppose that we have a polynomial g and
polynomial time computable predicate R for a set L such that

foreach xe2*,xe L & Iwe X" :|w[< q( x)[R(x, W)]
ie, L={x:qweZ*[|wl<q( x|) AR(X,W)]} (5.1)
Then, L is called an AP set, and the problem of recognizing L

is called an AP problem.
Also, the whole set of AP sets is called the class NP.

Note: For each xeX* W, €Z™* satisfying the predicate
[wi< q(] x]) A R(X, W) is called (polynomial) witness of x.
Hereafter, we use notation Iw e 2*:|wl< q(|x]) = 3Jw

“Given a witness of polynomial length in the input size, we can
determine in polynomial time whether it satisfies the condition
of a given problem.”

c.f.: N’/P=Nondeterministic Polynomial

B15.7: £V EARRRIRE (DHAM) € NP 212

TSIDERIFLI~n EHFESDHEN TS ERE.
NILRVEABDOMYFED 1~n DIEFI< I, I, ..., 1, >
COIEFI A ZIEX R DTN
HEMT I~ EYHS |

1o s EEMOBH—
<1,2,34,5> DN\ILAUEAE DI
28 ERA <1,.2,3,54> D/1N\ILRUEABTHLY
<1,4,3,2,5> D/1\I)L VBB TR
Rp(x, W) ©XI&HSHYZIG(nTER) DI—F]
A wIEl~nDIEFI< 1y, 1y, ..., 1, >]
AWIEZGD/NZJLEUABEERLTUNVS)
FTARTD XeZ*TDVWTROBFEMNRYIID.
xD\$HBTTTCHA—RIZHE>TINSEE:
x € DHAM & 3wg (=<1,,...,1, >)[Rp (X, w5)]
xBTS TDA—RIZESTUENEE: Y[R, (X, W)]
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Ex.5.7: Hamilton Cycle Problem (DHAM) € NP

Assume graph vertices are numbered 1~n.
Trace on a Hamilton cycle= permutation of 1~n<Iy, I, ..., I, >
This permutation is a witness of polynomial length.

/| (c.f.)There are n!~n" many

Ex.: 1 ¢ o5 candidates of witness
~ <1,2,3,4,5> >Hamilton cycle Dwitness
)8 3, <1,2,3,5,4> not Hamilton cycle

<1,4,3,2,5> <»not Hamilton cycle
Rp(x, w) <>[x is a code of a graph G(with n vertices)]
A [wis a permutation of 1~n: <1y, I, ..., I, >]
A[w represents a Hamilton cycle in G]
For each x € Z*we have
if x is a code of a graph G:
x € DHAM & 3wg (=<1,,...,1, >)[Rp (X, w5)]
if x is not a code of any graph: VW[—RD (x,W)]

5I5.8; SRR 55 2 1 FRRE(3SAT, SAT, EXSATAE) 82

B1Z:EXSAT e NP

F(Xy, ..., %) EEDHLRGERER
FOFERATRE < Fay, ..., a,: KaldIM0[F(, ..., a,) =1]
FELD R0
FADEHKEDEIY L TE<a, ...,a,>TKY.
> E&E 3(n+n+1)=6n+3 < 6| [F || +3

() = 61+3
MEER:
Re(x, W) © [xITHBIRRAMEREIXF (nEH) DI—F]
AWIEF~DEYET<ay, a,, ..., 8,>]

A[F(@ay, ..., a,) =1]

HEKRERWSEF(ay, ..., a,) DIEFSEXFHFETEHHEATRE.
&2T, RAZIAXKHE CEHE IR
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Ex.5.8: Satisfiability Problem of Prop. Express. (3SAT, SAT, EXSAT)
Goal :EXSAT e NP

F(xy, ..., X,): arbitrary extended prop. logic. expression
F is satisfiable<> 3a,, ..., a,:eacha;is0or 1 [F(ay, ..., a,) =1]
length of a witness g
Truth assignment to F is denoted by < a, ... , a,>.
- its length is  3(n+n+1)=6n+3< 6|[F]|+3
ae(l) = 61+3

predicate Rg

Re(x, w) <> [x is a code of an extended prop. express. F (n variables)]

A [wisanassignmentto F: <ay, ay, ..., a,>]
A [Fay, ... ) =1]
Using a computation tree, the value of F(a, ... , a,) is computed in

polynomial time. Thus, R is also computable in polynomial time.
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NPEETHHZEDERITfAH? What does it mean by being an AP set?
(5.1)Fi#E=9q REALSE, X EL? ERDEKSITHIETES. Using q and R satisfying the predicate characterizing an AP set,
for each w e =<90x 4o we can determine x €L ? in the following way.
if R(x, w) then accept end-if
end-f(gr' ) P foreach w e 59" do
reject; ' if R(x, w) then accept end-if
! end-for;
BSD) U FOXFIET S THRELTHANAE, reject;
acceptb\reject;f;\jﬂif%é. T:T% fta)fgfx‘?‘gu ES If we enumerate and check all possible strings of length at most
20q(x) RAE FEHBIRD FE T D EITER. q(lx|), then we can accept or reject them. Here note that there are
RO EA R TR TEAEAENPEALEL TL. 2 to the q(|x|) (exponentially many) such strings.
We may think that those sets recognizable as above are AP sets.
5/12 5/12

NPIZEELI-9FX

EHE5.3. £ALIL, ZOBESLANPIZELTINSES,
CO-NPEEEWNS. Ei=, co-NPEEDLAEISZcO-NPENS.

WX co-P EEELTH P LRELLDOTEEK.

TS5 IRTDES LICHL, ROFEHEREE.
(@) L eco-NP
(b) EAL%E HELULBER q LZEXERN
SHE AR EEQE AT,
L={x:vwez*:|wl< q( x D[Q(x,w)[}
ERED.

Classes related to NP

Def.5.3. Aset L is called a co-A/P set if its complement L belongs
to A’P. The whole family of co-AP sets is called the class co-AP.

Note: It is nonsense to define co-P since it is equal to P.

Theorem 5.5. For every set L, the following conditions are equivalent.
(@) Leco-NP
(b) The set L can be represented as
L={x:vwex*:|wl<q( x D[Q(x,w)I}
by using some polynomial q and polynomial-time computable
predicate Q.
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B5.9: FEHERE
[n] ¢ PRIME «>3m:1<m<n[ n mod m=0]
Li=#'2T, q,(n) =né&l,
R, (x,w) <> [x&N]v[[weN]A[L<m<n]A[n mod m=0]]

(f=F2L, n, mIE & 4x, wh R BRHK,
NIZBERBOD2ERTEEE)
EEERTDE,
FRTDXeZ*[ZHL, x&PRIME « 3g,WR,(x,W)]
I, x €PRIMEIZ Y ZEEHL
&27T, PRIME € NP, i.e., PRIME € co-NP
I, Q(x, W) & = R,(x, W) EFBHE
PRIME = {x: Vq,w [Q,(x, )]}
ERED.

PRIME eNP HRE2DH, TOERITHo L.
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Ex.5.9: Primality testing
[n] & PRIME <> 3m:1<m<n[ n mod m=0]

Therefore, for g,(n) =n,
R, (x,w) <> [x&N]v[[weN]A[l<m<n]A[n mod m=0]]

(where, n and m are natural numbers represented by x and w.
N is a set of all natural numbers in the binary form)
This definition leads to
for every XxeZ* we have x¢&PRIME <> 3¢,WR,(x,w)]
This is a witness to x € PRIME
Thus, PRIME < AP, i.e., PRIMEE co-NP
In fact, using Q(x, w) <> —R(x, w), PRIME can be expressed as
PRIME = {x: Yg,w [Q,(x, W)}

We can also show that PRIME e AP, but its proof is more complex.
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NPREEDH
- & AEIE I RE(COMPOSITE)
A :BR%n
BR:nlZEHREMN 2 (BEHTHLM?)

-y Ty RIRE(KNAP)
AN BR¥OM<a, 8, ..., 8, b>
B D, a=b LLDFFOEESC {L,.., n}HHEM?

-FEFEOHEE(BIN)
AN BREDH<a, 8, ..., a8, b k>
B AFOEAU={L, .., n}&U,, ..., UDKEIZHEIL,

712
Examples of A’P problems
»Composite Number Testing Problem(COMPOSITE)
input: natural number n
question: Is n composite? (Is it not prime?)
*Knapsack Problem(KNAP)
input: n+1 tuple of natural numbers < ay, a,, ... , a,, b>
question: Is there a set of indices S < {1, ..., n}s.t. Ziesai =b?

*Bin Packing Problem(BIN)
input: n+2 tuple of natural numbers < a,, a,, ... , a,, b, k>
question: Is there a partition of a set of indices U={1, ..., n}

&jT Zieu, a <b &FBTLILTEEM ? into Uy, ..., Uysuch thatZ:iEUJ a, <b foreachj?
-Vertex Cover Problem(VC)
-ERWEEMBEVC) 18 S ES: input: pair of undirected graph G and natural number k <G, k>
A7 AT 57GEBRBKDA<G, k> EDiB(uv)H question: Is there a vertex cover of k vertices over G?
B GIKERDTERIEENFET HH? uvd—7Alx .
S’liﬁihé \ Vertex Cover S contains at least one of u and v for each edge (u,v).\
8/12 8/12

53. At EE VS AMDERF

(56 PC £C Exp) B B X 2 (R 2. 4):
EEDFIFREFRE t, t, (Z3FL.
ve > O,Qn[ctl(n)2 <t,(n)
— TIME(L) S TIME(t)

EEEY, Ao,

(EE5T: PG £G EXP.

SIEBA:
1y PrPe &
ty(n)=2", t(n)=2¢&g % &, EBEELY,
TIME@2") & TIME(23)
—7, P S TIMEQ") ¢ TIMEQ™) € £2hvb,
PG &
(2B R

FEBAfR

5.3. Relation in the Complexity Class

Hierarchy Thm. (Thm. 4.4):
For any times t;, t, ,

Ve> 0,V nfct, (n)? <t,(n)
—>TIME(LL)§TIME(t2)

‘Theorem 56: PS £C EXP.‘

Obvious from the definition.

‘Theorem 57: PG & S EXP. ‘

Proof:
HPrs &
For t,(n)=2", t,(n)=2%", from the hierarchy theorem we have
TIME(2") & TIME(23")
On the other hand, since P < TIME(2") ¢ TIME(2%") < &
PG &
(2) is similar.
Q.E.D.

9/12

TEHES.8.
Q)P S NP, PSS co-NP(&DT, P S NP N co-NP)
Q) NP S EXP, co-NP S EXP (&2T, NP U co-NP S EXP

EERA: (1) P S NP (P S co-NP £LE#H%)
L ERDOPESE
> LI AR CRBATAE
&oT, FIRABRHEEFEAREREPERAVTROLIIZETS.
vxex*[xeL-PX)] or P={x: P(x)}
R(x, W) =P(X)&EE (FE25| 8T ESR)
> EENEEADONT,
L={x: 3 w[ Rx.w)[}
FoT, NPOEZEKY, Le NP ie, P S NP.
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Theorem 5.8.
1)P < NP, P < co-NP (thus, P S NP N co-NP)

QNP S EXP, co-NP S EXP (thus, NP U co-NP S EXP)

Proof:
L) P S NP (P S co-NP is similar)
L: arbitrary P set
=> L is recognizable in polynomial time
Thus, we have the following description using a polynomial-time
computable predicate P.
vxeX*:[xeL < P(X)] or P={x: P(x)}

We define R(x, w) = P(x) (neglecting the second argument)
-> for any polynomial g,

L ={x: W[ Rx.w)I}
Thus, from the definition of NP, Le NP ie.,, P S NP.
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QNP S EXP (co-NP S EXP) 10712
L EBEDONPEE
-)%Iﬁitqe‘:%Eiﬁﬂ#&ﬁé’rgﬂﬁ'ﬁﬁ%ﬁmﬁ“ﬁ&L‘C,

={x:IWR(x, W)} ={x: 3wl wi< q(| x ) A R(x,w)]}
QEREAVT, LERBT IO 5 LEES.
prog L(input x);
begin
foreach w e =9 do
if R(x, w) then accept end-if
end-for;
reject
end.
RIIDAAICKHT SIS LOBEHES:
RIFZERBFHEEFE AR oTAD, HBHBIEHXpITKIL,
RO EHERRE=p(x| + W]) <p(l+q(l)) — | DLIEX
24 TIE, {pd+q(l) +cq(|)}2q('>+d O(2 ')
&OoT, Le&XP > NP S EXP SEBR#Z

(2) NP S EXP (co-NP C EXP) 10112

L: any NP set
=>There is some polynomial g and polynomial-time computable
predlcate R such that
L ={x:3WR(x, W)} ={x:3wl| wl< q(| x[) A R(x,w)]}
prog L(input x); program recognizing L using q
begin
and R
foreach w e =9 do
if R(x, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R is polynomial-time computable, for some polynomial q
time of R=p(|x| + |w|) <p(l + q(I)) «—— polynomial of |
Intotal, {p(l+q(l)) + cq(l)}ZQ(') +d = 0(2 +ah)
Hence, L eEXP > NP S EXP Q.E.D.
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SEE5.9.

(1) NP < co-NP > NP =co-NP
(2) Co-NP S NP > NP = co-NP
BYNP#£co-NP > P2 NP.

#E: Q)&kY, NP #co-NPDIEERIE, P# NPDIEBALYHELLY.

SEER: (1) NP S co-AN'P > NP =co-NP ((2)DFERALEHR)
FEDL €co-NPIZHLTL € NPOVRENIE, co-NP S NP
MEEBATEDD T, IREDNP C co-NPEEHETNP = co-NP
NEZB.
L e co-NP —~ L €ENP (E#&5.3&kY)
~L €co-NP (NP S caNP&XY)
~LENP (EZ5.3&L=L&Y)
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Theorem 5.9

(1) NP € co-NP > NP =co-NP
(2) co-NP € NP > NP = co-ANP
BYNP#£co-NP > P2 NP.

Note: from (3) the proof for N/P # co-A/P is harder than that
for P# NP.
Proof: (1) NP S co-NP > NP =co-NP (proof of (2) is simiiar)
Since co-NP S NP is shown if we prove LeAP for any Le co-NP
Combining it with the assumption AP < co-A/P, we have
NP=co-NPandso
L e co-NP —~L €ENP (by Definition 5.3)
“LE€co-NP (NP S co-NP) =
L ENP (Definition 5.3 and L=L)

12/12 12/12
BYANP £co-NP > P = NP. ‘ BYANP £co-NP > P= NP.
| XHE: P = NP > NP =co-NP ‘ |Contraposition: P=NP > NP = co-NP‘
P=NPERET DL, TRTOHLITHL If we assume P=N'P, for any L we have
LeENP © LeP (P=NP&Y) LeNP © Lep (P=NP)
« L_EP (‘& FHIRES.5) © L_EP (Exercise 5.5)
oTeNp (P=NP &Y) oTenp (P=NP)
SL(=L)€co-NP  (EFE5.3&Y) <L (=L) €co-NP  (Definition 5.3)
““ NP =co-NP SERR#R ““ NP =co-NP Q.E.D.

NP #co-NPHIELL E

NP

OFGING

If NP #co-NPis true,

NP

OFGIANG




