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Summary of the last class...

* Any problem/data can be represented by a binary (0/1)
string
— That means any problem/program can be seen as a binary
data!
* “Solve a problem”="“make a program”=*design an
algorithm”

* Any program can be rewritten in the “standard form”
— Standard form
* consists of one while loop

« in the while loop, each statement contains one basic assignment
statement or if statement

« has one halt statement at the last of the program

21/22
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T—HE: T EOXFHNE (G, >H)
EXEE: XFNEOEKEE
T RAX, if(case3X), while3X, halt3X

EE2T. EARTOTSLLTNERBLAEMTOV S AICERZ
BoEMTES. LMBRDESHIBERTOTSLICEESEES

prog 70455 L% (input ...) ;
varpce: 2% ... 25 ... 2% Y%pc DB X B AR B D2 RED

begin
pe:=1;
while pc =0 do
case pc of
1 (X): &0 DRI
2: (%) - if HEEESC then pei=kl else pc:i=k2 end-if
. « KA ;pe=k;
k: (30); LT
end-case
end-while;
halt(c)
end.
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Simple program: a program consisting only of the following elements.

data type: string type on = (Z type, =* type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;
var pe: X% ... X; ... 2% % value of pc is a binary representation of an integer

begin
pe:=1;
while pc =0 do
case pc of
1: (statement) ; €ach statement is one of the two:
2: (statement) ; -if comparison then pc:=k1 else pc:=k2 end-if

. -substitution ; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.
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EE2.8. T RTOE A AL,
FNEHETIEERTOTSLNEET .

TOTS LA ADEEEEZTHED.
BRHHH9 (TFRMOIR—=)

B X(EE R EHEFRTEITTELELDEIT]
wu:TROEH, v EOEH

cIBDEH, s T RDOEH 1S
(KA
(1) u=c; 2) u=u’;

EH SRR =

(3) w=head(v); (4) w:=tail(v); 5

(5) v=s; TS5 LHMEN DR
(7) vi=right(v);  (8) vi=left(v);
9) vi=u v, (10) v:=v # u;
[€:4::39°9)
(11) u=c (12) v=s
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Theorem2.8 For every computable function, there is a program in
the standard form.

Consider a behavior of program counter.

Further constraints (refer to 101 page of the textbook)
“each statement must be implemented in constant time”
u, u’: variables of X type, v,v’: variables of * type
c: constant of  type, s: constant of X* type
(Substitution)
(1) w=c; Q) u=u’;
(3) w=head(v); (4) w:=tail(v);
(5) vi=s; =y ?
(7) vi=right(v); (8) v:=left(v);
) vi=utv, (10) v:i=v # u;
(Comparison)
(11) u=c (12) v=s

Computable function=
There exists a program
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Chapter 2: Introduction to Computability

What “Computation” is...

Difference between “computable” and “incomputable”
« Basic factor of a “computation” (Done)

Proof of “incomputable”...diagonalization (Today)

2.1. Studies on recursive functions
recursive function theory
(1) studies on what is "computation"
(2) proof of incomputability

(3) structural studies on a class of incomputable functions
(4) related mathematics fields

D HELIFAMIZDVNTOHE
MaZz+-> Tt E A% &LV h 2 |

-9V — R INEE LRI BE B (recursive function)
Fa—Y G WNEZI=F 1) #H(Turing machine)

DIFMAER SR =T 1) N THETREEER SR
T
HETGEMOEE. .. Fr—F DIRIE (Church’s Thesis)
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Chapter 2: Introduction to Computability o

(1) Studies on what is computation.
"When do we call a function computable?*

+recursive function theory by Kleene
* Turing machine theory by Turing

=>the whole set of recursive functions

=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”
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(2) Proof of incomputability
*Proof of computability is easy: just give a program
*to prove incomputability
must prove that no program exists. .,

proof tools: diagonalization e
recursive reducibility

(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
structural studies

(4) Related mathematics fields
mathematical logic
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2.4, SHEA R HEM O FEEA & AR RE
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Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input X to it.
Output: Whether does it stop if X is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple
inputs.

(Remark) Programs are also encoded into strings on £*.
That is, A and X are also considered as strings on X*,

Implicit Notations
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Za,xeX [ZHL,
IsProgram(a)
& [alXI AN OGEMIZELWNMEZERTAY S LOI—F]
eval(a, X)
_ {f_a(x), IsProgram(@)D & &,
1, ZOMDEE.

fax):a—KadRTIOTSLAICAA xEMZFELED
HADE. (f ax)EERS BIEN)

TEH2.16: IsProgram & eval [T 0455 L TRIEAAE.

IsProgram : 32734 5(lint)

eval(@ x) : A—RF aNRTITAYTSLITxEAALIEEZD
ETEIIaL—rT Ik
2FY, A/V5—T)H. (T2aL—4H)
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fora,xex’
IsProgram(a)
< [ais a one-input grammatically correct standard program]
eval(a, x)
= { f_a(x), if IsProgram(a),
?, otherwise.

f a(x): output value when an input x is given to the program A
represented by the code a
Theorem2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, X) : it suffices to simulate the behavior of the program for
a code a with an input X, i.e. interpreter or emulator

refer to Section 4.3 for detail

FEHE R4 350
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REEHaltD B2 Definition of a predicate Halt
Baxer ITHL — for axex
Halt(a, X) Halt(a, X)
& [IsProgram(a) » [AJ1 x IZxL | a | [(FFLTS. ]] & [IsProgram(@) A [ | & |stops for an input X]]
F2.1 W—TEEATOTCHELEEHEICHETES15E. Ex.2.1 Halting is sometimes easily checked even with loops
prog B(input w: 2*): Boolean; prog B(input w: X*): Boolean;
label LOOP; label LOOP;
begin EBROTOYS LI begin Assume that the program is written

if w# ¢ then LOOP: goto LOOP ZEBRTHDONRTNSERE

else halt(0) end-if
end.

“Halt( B, ¢ ): ARelZHLTRI 5L B IEfFLL.
EEDXeX*-{e}HxL, —Hal([B], x)

GERE) eval([B],e)=0 £ZH, X# ¢ ITHLTIE
eval([ B],x) =L (RER)

if w £ & then LOOP: goto LOOP
else halt(0) end-if

in the standard form
end.
“Halt([ B, ¢): program B stops for an input €
* —Halt([ B], x) forany XeX*-{g}
Thus, we can easily check whether B halts or not.
(Remark) eval(l_B—|,5 )=0 but, for X £ &
eval([B],x)=L (undefined)
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- TATSLMIIL—TIZABMS, H (x, X)=true
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- Theorem 2.17: Halt is incomputable.
== = N
/(TEEFT:E;;)I’/ Haltliu'l'ﬁxa.‘-ﬁb (pI'OOf)
B o= N By contradiction: Assume that Halt is computable.
HeTEE . N L4 o
:Ilj%\fﬁlgh_fjlzliﬁrlﬁ%;%ﬂi% Lj_f:ir% iﬁ;\ p— Halt is computable=» There is a program H to compute Halt.
%aﬂgH’g—HflL:":b Xﬂ)ac;: ";‘7’12!7“_ AX%’E%) i : Using the H, we obtain the following program X.
prog X(input w: Z’*)',Z" B 7 ) prog X(input w: £*): X*;
. ] label LOOP;
1""’?1 LOOP; ERIZIFIZERTELINTVDERE. begin Assume that it is written in the standard form
bc%'t?H ) then LOOP: s0t0 LOOD ifH (w, w) then LOOP: goto LOOP
iftH (w, w)t ;':e hﬂlt(d)g;:gif else halt(0) end-if
end. end:
TaTS LW ITWEAALIZEEELETEINES M E Using the function H we check whether the program w stops
TO5SLHERUHELTHEL, for an input w. If the answer is “HALT” then the program X
25 true RS ERIL—TIZAY, enters infinite loop, and if it is “DO NOT HALT” then it stops.
B false HH0EHALTRIET S, EV5TRTSLA
H:7O4'S 4, Halt:hiE H:program or function, Halt: predicate
8/13 ] 8/13
x=[X]&L, x & Xw) _ N Let x =X | and input X to the program X
a4 SLXIZAR ng;#yg;ﬁi;g;@iii&iéﬁ (1) enters an infinite lpop, or
Q) ERIL—FIZASTLES, or | B true o MEL—FIZAY, (ii) stops normally with the output 0.
(ii) 0ZH AL TEILE. Eh' false HH0EHALTELET S

Case (i)
+Since it enters infinite loop, —Halt(x, X )
-at the if statement in the program X we have H (X , X )=false

So, halt(0) is executed (normal termination) : contradiction
Case (ii)

*Since it stops, Halt(X, X) is true.
-at the if statement in the program X we have H (X, X)=true
So, it enters an infinite loop: contradiction

HETHEL(GI80) ERLKOEEEF LTS,
TRYSLOIA—RRFTOTENS, “SCEMICELLNVTAS S LOI—F”
FINSWIEIS

a;,a,, ...,8, ..
L(REBEDHERIEFT) ERBIENTES.
FOTFDB%ZE T a,fa, ..., 8. EHRBZIENTE UTDEEZD,

o ma . In either case we have a contradiction.
EELDGEELFEELELD, _ ) That is, the assumption that “Halt is computable” is wrong.
L= > Tl HaltiEEH ERTRE 1 LWLV IR E LFRY. End of proof

T =T
. 7 . : . .
Halt: shE5 H:program or function, Halt:predicate
_ _ 913 913
EE2.17DBIFERA I B REmIEIZLD) ‘ Another proof of Theorem 2.17 (by diagonalization) ‘
FIERA:

Proof:
Let F, be a set of all computable functions (with one argument) .

Since each program code is in 2*, we can enumerate all grammatically correct
program codes

A, .y B e
in the psuedo-lexicographical order. Thus, we can also enumerate
all the functions in F,:
fa.,fa,..,fa,..
that gives the following table:

a
€
1
1

a,
1
0
0
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EI2.17DBIFEA (3 B REmIEIZELD) ‘ Another proof of Theorem 2.17 (by diagonalization) ‘
FIEBR: Proof':
CCT Halt B EHEAREAS . ThEHET ST SLHBEET S, If Halt is computable, there exists a program H that computes Halt.
ZLTH Z2E5ELUTORMS [ NHETEETHLI LN DA D, Using H, we can compute the following function f,.
f(a)=1, Hali(a, a)D&E f(a)=1, ifHalt(a, a)
=0, ZTOfDEE =0, otherwise
ROREBOLEDEDL... Comparing to the table...
A, 3,38, ..., & -5 O a, a8y, ..., 3 , A, A3, ..., A
f(a)DIE EATTEE i‘|:3<"]L 0\ Values of f,(a;) For any integer i,
LCHLUTF AL : we have:
» f_a(@)=f,@) » f_a(@)=f,@)
FOTHIEF, D Thus f, does not
RSB ! appear in F,!
f_aDiE Values of f_a;
£oTHa) & F) DBEHRTIEAL, DFY Halt (FEHHATRETIEARL, Hence f (@) is not an element in F,. Therefore, Halt is not computable.
. 11/13 11/13
= <

AR
HEIERMEBRAICESLVILERT 20 DL,
HOLEBDES G NEALNILEE, ZOREIZESLL
B g ZEMI DA EESA TS,

SOLTHELT: g [F. BRI M DRICELSH.
BHES G ISERBEELY,

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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A RS

AHRERES: BABLAOEELOMICIFIRIEAHEIEADL.
AHES - ARFBAERRTHIEANIL.
DFEY, 1DFOBREMYHLTET, INUESHERONDHLD

Bll. EQBHLADESETTHERTHS.
BABEEROEENDER I & ENER 2 20T HIR MBI HS.
Hl2. BHLAROEEZITAHERTHS.
IR IR EAHD. £=lE, 2={0, 1,-1,2,-2,3,-3, .} EFNETES.
BI3. AEHLAOESTTHERTHS. (HEH?)

[EE =B BOEAREFEAETHE. |

12113
Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

‘We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable.
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O EIREDEYLAEDRESHNIEAHTHALEMBIRMEATIHENRT S,
AHTHAERETSE, TRTDEREESURLENTES:

0.2,,8,a3...
0.25185, 3. 0.2,,8,,a3...
0.23,83, 33... 0.85,8,, Ay3...
0.24,8,,8,3... 0.a3,83, as3...
0.a4,8,8,...
0808080 1L, a, €{0.1,..,9} e
EQBUVTHEREICHARITEAL, Hi-RER/NK 0.8, 84 ... A
x=0.b,b,b;... .
%1€%. T,
if ay=1 then b, = 2 else b=1
ELTHEEDD.

COFIIELNIER/DHILBAS N0 IDFMDEHTHS.

LA, YA, EIZHZELIZEDERELF LGV RARDOFT
DTEED).

DFY, XIFSICBSBNILITRY, FETHS.

L=t T, SHATETHHELSREITRYA HS.

Theorem: The set R of all real numbers is not enumerable.

Using the diagonalization we prove that the set S of all real numbers between 0
and 1 is not enumerable. By contradiction, we assume that it is enumerable:

0.a;,8,a;... 0.2,a,a;
4191243
0.85,8,5, 83... 0.8y,8y 8
0.a3,83,833... 083,85y 2rs
0-241352855-- 0.8,,8,,83...
0.8,,8, 8- &
0.248 8. where {0, 1,...,9} K1k Fa-e: Tk

Define a new real number x by collecting those digits in the diagonal
x=0.b,b,b;...

where b, is defined by
if ay=1 then b, = 2 else b=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, X does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.
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