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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

‘We can enumerate them as Z={0, 1, -1, 2, -2, 3,-3, ...}.

Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

It is sufficient to show that there is a one-to —one correspondence

between p/q and natural number i.

Since we can assume that p is a positive integer, and

q is an integer, we can define an ordering over pairs (p,q)

ql

- as right figure:
@ index £45. TOFEELHIT . (Precisely, we skip p’/q’ if we already have of p/g =p’/q") “ I
This ordering gives a unique finite index for any p/q
and vice versa.
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R EHLEADEARBFTARTHS. l Theorem: The set R of all real numbers is not enumerable.
OLLEIREDEHLARDEESSHIEAMETHA_LERNBIRMBIETIART 5. Using the diagonalization we prove that the set S of all real numbers between 0
AHTHIERETDE, TRTDEREESHRDLENTES: and 1 is not enumerable. By contradiction, we assume that it is enumerable:
0.2,,2,,8,3... 0.8,,2,,8,3...
0.85,8y8;... 0.2,,a;,25... 0.85,89, 8y3... %2”2;‘2?3“
0.85,83, ;... 0.3,,a,,a, 0.85,83,833... “21922923-
3 33 -y s o3 > > 0.85,83, 35...
0.8,,88,3.. 0.2;,a5,a 084,84 8y3-.- e
o -d3 s A3z o 0.84,84,8y3..
0.3,,8,,8y3..-
0.88y, 8. T=1ZL, a; €{0,1, . 0.8 a
EOBUTHAREIZHHMIER l, %ﬁr_mwﬂma 0.8, 840 B A 0.8 8. where ;< {0, 1, ..., 9} BB By
x=0.b,b,b;... Define a new real number x by collecting those digits in the diagonal
%65 22T, X = 0.0,bybs...
if ay=1 then b, =2 else b=1 where b, is defined by
ELTHEEDD. if ay=1 then b, =2 else b,=1
COESIELN-FEB/NIIBASAIZOL I DR DEHRTHS.
L, EYADS, EICHIFELIZEDERELF LGV HARDAT The number X defined above is obviously between 0 and 1, but it is different
DI RED). from any number listed above since it is different at its diagonal position.
DFEY, XIFSIZBEIARLEIZHY, FETHS. That is, x does not belong to S, which is a contradiction.
LI=hoT, SHAIETHBEVSREICRYL HB. Therefore, our assumption that S is enumerable is wrong.
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4.1 fHEOBHSOERTR
[STHEATREN ? 1D EDRREDHEIRNTHERFEN 2 ]
HEOBEHSDEH (Computational Complexity Theory)
() SEED LRICET SR
Q) FHEEDOTRICET MK
Q) FHEDHLSIZI OV TDREENITFE

(1) HEED LRICEEATHHE
HEQFINT LT LOFREH (7L X LER)
HOEEXITRLT, ZNEHETILTIXL ADHY,
A4 n DEALGEBEFICHLTE A DR EEN
T(n) LLIATHSEE, 7ILTYXL A DERIGEED
LERIE T(n)

(REFOIEMETES)

Chap.4 Computational Complexity

(1) Studies on upper bound of computational cost

4.1. Survey on Theory of Computational Complexity
“Computable?”=»“How much cost is required for computation?
Computational Complexity Theory
(1) Studies on upper bound of computational cost
(2) Studies on lower bound of computational cost
(3) Structural studies on hardness of computation

Algorithm Theory: design of efficient algorithms

Suppose we have an algorithm A which solves a problem X

in at most time T(n) for any input of size n. Then, an upper

bound on the time complexity of the algorithm A is T(n).
(asymptotic worst case time complexity)
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QHEEDOTRICETIHE
FIRE X 2T BEALTILTVRLLREDGEIZIE T()
BRI M- TLESIEE, FIE X OBEGEZED
TRRIE T(n).
“P# NPFHE
EEVRATLDES

Q) HEDELS(Z DN TOHRETHE
“XTREDHLI" AL OBMIZONWTIHARSIE
HLSDIBEICLIMEEEE.

(2)Studies on lower bound of computational cost
If any algorithm for a problem X takes time T(n) in the worst
case, a lower bound on the time complexity of the problem X
is T(n).
=P # NP conjecture
*Robustness of crypto system

(3) Structural studies on hardness of computation
Studies to characterize hardness in the level of “xx-hardness”
hierarchical structure depending on the hardness
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4.2 HHEREE DY A 4.2 Measuring Computation Time
421 BERITOYSLEE 4.2.1 Revisiting Programs in the Standard form
prog 7455 L% (input ...); prog program name (input ...);
var pc: T% 125 L. B0 var pc: X% X; L X8
begin begin
pe=1; pe=1; Each statement must be either
while pc# 0 do while pc# 0 do if comparison then pe:=k else pe:=k, end-if
case pc of " p or - -
1: (X); % () DRIE case pc of substitution; pc:=k;
2: (X); - if EEBEST  then pei=k, else pei=k, end-if 1: (statement) ;
........... - RRAX: pe=k: - = 2: (statement) ;
k: (30); N :
end-case owgnpr~. ] e
end-while; k: (statement);
haltS B DZH) ; end-case
end. end-while;
halt(variable of type =*);
end.
5/18 5/18

‘B XHE R BB TRITTE SO DOFIH
u u: SEIDEH, v, v R ER
c: 2EIDEH, s: S EIDEH
(RAZ) (Hu=c; @Qu=uy
(3) u:=head(v); (4)u:=tail(v);
©ve—y: 22

B)v:=s; >

(7) v :=right(v); (8) v = left(v);

Q) v:i=u#yv; (10)v:=v#u
(B3 (1) u=c 12)v=s

v=VvORBOLLEITZEIEZNTINS.

- Constraints to execute each statement in constant time
u, u’: variable of type Z, Vv, V’: variable of type X*
c: constant of type X, s: constant of type X*

(Substitution)
(Hu:=c; 2)u:=u;
(3) u:=head(v); (4)u:=tail(v),
B)vi=s; =y 7?7
(7) v i=right(v); (8) v = left(v);
Q) vi=u#y; (10)v:=v#u,
(Comparison)
(Il)u=c (12)v=s

+ comparison of the form v =V’ is forbidden
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42 HHEBROFYA

421 MERTOTSLEE /| £4K(E while L—F

= * %’?:J"d:
Xl" Yor o X: AND AT > BEARGH1ID+pe~DHRA

ADQwhile)L—F1AIYH DRITEATD 1 RTYTEWNS.

A FIXy, Xgy ooy XL TADMELL T B FE TIZE Dwhile)L—T D
EEADX,, X,, ..., X, |= 56T B EHELBF M (BEL TAX), Xy, ... X)
DETEER) EVS. 220, FIELRLEE, SHERRMILERX.

time_A(X;, Xy <oy X) = AX), Xg, .or X ) DETEEFFE
time  A(l)=max{time _ A(X,X,,...X): D[ X <}

1<i<k

. . . 3/18
4.2 Measuring Computation Time

4.2.1 Revisiting Programs iry It consists of one while loop of
the Standard form »>one if + substitute to pc
»one basic states + sub. to pc

Definition 4.1 in each line

(Computation time)

A: program with k inputs in the standard form

X, Xg, o0y X2 INPULS to A
Single execution of while loop in A is “one step™ in A.
The number of iterations of the while loop required before
A halts is called the computation time of A for inputs x,, X,,
..., X (in short, computation time of A(X;, X, ..., X,)).
If A does not halt, its computation time is infinite.

time_A(X,, Xy, ..., X,) = computation time of A(X;, Xy, ..., X,)

time_ A(l) = max{time _ A(X,X,,...x): D | X <1}

I<i<k
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422. 705 LOBRHEE 4.2.2. Time complexity of a program
7n 7\‘3.&0)H%Faﬁ%‘l‘ﬁ%’&lj]ﬂ'*ffﬂ)&ﬁﬁ&bfiﬁ The time complexity of a program is represented as a function of
(AAXFINDRS) input size (length of an input string)
Z é’.f;;:]—lfﬂ:, : o - . . Valid Encoding:
TEOREOYFAXCERBOHERNTHRRGI—FE Encoding into at most constant times larger than the original.
4.5 lﬁﬁﬁﬁégiﬁigﬂ’_ s Ex.4.5: Unary and binary representations
r%ﬁ@:f{é(%{:ﬂ)#ﬁ%ﬁj &wii’{_@'i Binary representation is a valid encoding in the standpoint
23E§§Eli&éf&3—|:1t’(“%67ﬁ‘, of “size of a number is its number of bits”, but unary one
LERBIFTRGEI—RE is redundant.
7/18 7/18

EEAS BARABLOBIT LgITBVTUTARILTHH5.,
3c,d >0, Vn [f(n)= cg(n) +d]
fldg DA —F—THBEL. f=0(q) EES

ARCER cEd A n EIFRIITROONTNHESAHITER

EHEA: BRBEOEIEOBEE S g, h ISDWVTULTFAELIL:
1. Vn[f(n) = g(n)] > f=0(g)

2. Fc>0, yn[f(n) = cg(n)] > f=0(g)

3. [f =0(g) and g = O(h)] > f= O(h)

Definition 4.3: For functions f and g on natural numbers, if
3c,d >0, Vn [f(n)= cg(n) +d]
then we say f is in the order of g and denote it by f= O(Q).

Remark: the constants ¢ and d must be determined
independently of n.

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:

L Vn[f(n) = g(m] > f=0(g)

2. Fc>0, yn[f(n) = cg(n)] > f=0(g)

3. [f =0(g)and g=0(h)] > f=0(h)




2010/4/12

8/18
423 BMEOHHHERE
LA OEFTERBELL, tZEARB LOBET S.
WEOEHETZTOISLAEEH ¢, d>0NTFELT,
VI [time A(l) = ct(l) +d]
BolE, oFOMEMEE TR, HALNIODEHHEGHEEE
O THBHELS.

ABCCTIIHEMBEELT, £EEDRHHEEEEEL TS,
BEEHFICIITEEOX t K LI T T ETREI ELSERR,

CED A DBREEFHEER t KYELMBLNAGL.
(E2) A KYHELOZEEETHTOY S LAHEMELNALY.
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4.2.3. Time complexity of a problem

Def.4.4. Let ® be a computing problem and t be a function over
natural numbers. If we have a program A to compute ® and some
constants € and d > 0 such that

V1 [time_A(l) = ct(l) +d]
then we say that @ is computable in O(t) time, or time complexity
of @ is O(1).

Notice: We assume here that a computing problem is that of
recognizing a set.

Intuitively
problem @ is computable within time t
* time complexity of A may be less than t.
+ there may be a faster program to compute ® than A does.
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Pla.7. REHEBEDO R ER

FHHEMEPRIME)

AR B&RE (=1L, 2R
B :n (ZREM?

PRIME = {[n]:nl3&E%)

A=Y T DA
nl~+/2n n(g]n

prog Naive(inputn); 2 ~ n-| DM TEIDTHS
begin

foreachi:=1<i<ndo 200242
if n mod i = 0 then reject end-if o(l°)
d-for; . S

- T log n+log i BSRA OFILTYR L

end. NERSNN

time_ Naive(n) < Zkkn (clognlogi+d)
= clog nlog n+dn = O(n(logn)*)

nDESFE 1 EFTBE, | EIE(Xlog nf2hi, time Naive=0(122')
HIC, RPFEMEORKEGFEERX(E L) 00122

9/18
Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)

Input: a natural number n (binary representation)
Question: Is n prime?

PRIME ={[n7] :nis prime}

Stirling’s Formula:

nl~ «/2771[2)"

prog Naive(inputn);  try to divide by numbers between 2 —n-1
begin
for each i:= 1 <i<ndo
if n mod i = 0 then reject end-if
end-for; .
accept T log n+log i time
end.

time_ Naive(n) < Zkkn (clognlogi+d)
= clog nlog ni+dn = O(n(logn)*)

O(1°) time algorithm has been
developed in 2002!!

When the length of nis I, | is approximately log n. So, time_Naive
=0(I?2"). Thus, time complexity of PRIME is O(I22").

10/18

4.5
BAK OB tITHL, BREGHEED Ot LH2EE
(e FRRMRE) D &21h% O() BRI EEI ALV,
ZFDISRETIME()ERT .

Fiz, t QXSG EHE G REER P S
f=EIE, O FEI TREFIRELGERERDH-ITAN
TIME(2)THY, &£4& PRIME [FZD—EX.
PRIME € TIME(12))
o

o 5 H B 2 5

S 6
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Def.4.5.
For a function t over natural numbers, the set of all sets
(i.e. recognition problems) with time complexities O(t) is
called O(t)-time complexity class, and it is denoted by TIME(t).
And such a function t is called a time limit.
For example, a class of sets recognizable in time O(122") is
TIME(I22"), and the set PRIME is one element.
PRIME € TIME(I22))

o
Exponential
o Bl

Now, PRIME € TIME (I°)
Polynomia 6
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E5E REMLHEEISR
5.1 REMLZISAETHES SR
P=Upgmst TIMER®)
e =\U,| TIMEQ®)

=
£xp p:%lﬁz
CEE: FEEISRCZADES.
CRiRE: CHEEDRHEME °

o

TIME(2°")

©}

HBDMBEHPICAS>TULELVES,
WEMIZITFICEZEL..
ol T
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Chapter 5
Representative Complexity Classes

5.1. Representative time complexity classes

r= UpipolynomialTIME(p(l))

£ = UC>1 TIME(2%')

exp= U TiMEQs0)
P:polynomial

Cset: set in the complexity class C.
Cproblem: problem of recognizing a C set.
° o

Problems not in P are intractable
from the practical viewpoint...

12/18
Bl5.1: SRAP, €, EXPTIE, ZLIEABHTREDELEHRE
TIE7ZL.
P 2ER x LERA>ZER
E2DE x LIEX > 201 HFE
EXP:2MEENXE X ZIHAX D20 ZLEAFE

f5.2: PRIMEDFTHEI SR S8 200242 O(1°)

514.7 > PRIME € TIME(2') DT INTYRLAEES
#IZ, PRIME ¢ & NnNi=OT. §TIEP

EESL T HIRKHEOES

Ut  TTIME(): TE I EESS52
—INETIME(T)ERT .

FH5.1: (1) P= Ues(TIME(l®),  (2) EXP = Ugs( TIME(2'")

12/18

Ex.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
‘P: polynomial X polynomial->polynomial
&: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 > PRIME € TIME(2")

Thus, PRIME e & O(1°)time algorithm puts
it into P!!
Def.5.1: T set of time limits

Ut c 7Ll"IME('[): T time complexity class
—Tt is denoted by TIME(T).

Theorems.1 (1) P=U_ TIME(F),  (2) EXP=U__ TIMEQ2'")

13/18
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FHES.L: (1) P= Uy TIME(),  (2) EXP= U oo TIMEQ! %)

Theorem 5.1: (1) P= U TIME(I9), (2) EXP=U _TIMEQ2')*

FEBA: (2)DEERA IS A RS,
Ti: fELVSHEDZEXDES.
T, 2IERD 21K
> T, S T,%HDT, TIME(T)) S TIME(T,)
p: FEEDNZERX pET,OEEDNER)
ZEApDRRREEKET BE, p(l) = Ok
EHE43KY,
TIME(p(l)) S TIME(I) S TIME(T,)
L1=h>T, TIME(T,) = TIME(T,)
FEBA#R

EH4.3:
FTARTOHIPRER t.t, (TXFL.
t,=0(t,) %55 & TIME(t,) S TIME(t,)

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of I.
T,: set of all polynomials
> since T, C T, TIME(T,) € TIME(T))
p: arbitrary polynomial (p is any element of T,)
if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,
TIME(p(l)) S TIME(IY) € TIME(T,)

erefore, TIME(T,) = TIME(T,)
Ay oz

Theorem 4.3:
For any times t;,t,,
t,=O(t,) implies TIME(t,)< TIME(t,)
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f515.3. dn R am IR =X 5T M FE1 B (PROP-EVAL)
AA:<F,<a,a,...,a,>>
FIZIRMmBERERX AV - ©
@, 8y, ...,8,) [EFICHTZ2ERERYLNT
BHM: F@,ay, ...,a,)=1?

Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<a,, a,, ... , a,>>
F is an extended prop. expression
(@, a,, ..., &, ) is a truth assignment to F
Question: F(a;, a,, ... ,a,)=1?

x—y  |[x ey x—y X oy
Y) |(XVY) (=Y AY—X) Y [(TXVY) (=N AY—X)
0,0) |1 1 0,0) |1 1
©0,1) |1 0 0,1) |1 0
(1,0) (0 0 (1,0) |0 0
1,1 |1 1 1,1 |1 1
B o 15/18 15/18
155.3. an e am 22 =X 5T MM RS RE(PROP-EVAL) Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
AKN:<F,<a,a,...,a,>> Input:<F,<ay, a,, ... ,a, >>
FIZHiRMEREX AV -2 © F is an extended prop. expression
@y, ay, ..., 3 IEFISH T HEEEEY BT (@), @y, ... » @, ) is a truth assignment to F
B F@a,a,...,a,)=1? Question: F(a,, ay, ... ,a,)=1?
VARG RESRIER F AAO—FEShi=t 0 [F] Mot EREES. Construct a computation tree from a code [F ] of ext. prop. expression
SERILO([F] P)BEHETHERTES. It is built in time O(|[F ] P).
FERABOIATONIE, RELT7YTHT If computation tree is available, we can easily obtain the value
F@;,a, ..., a,) DIEEBESICETERRE. |, | F(a,, a,, ..., &, ) in a bottom-up fashion.
EEKR computation
Bl F(Xp, Xy, X3) = [X) A %] v [X —Xs5] . OR L Ex.: F(Xp, Xy, X)) = [X) A 7] v [X =X 007 N oo tree
F(0,1,0)=1 F(0,1,0)=1 0
F(1,1,0)=0 F(1,1,0)=0 , :
0 010
&K>TPROP-EVAL € P 0 Hence PROP-EVAL € P I
B . 16/18 16/18
f515.3. A REERER = I8 B M I RE : 2 FNFE L (2SAT) Ex. 5.3. 2-Satisfiability (2SAT)
AN <F>FlL2MER mEmEL Input: <F> F is 2-conjunctive normal form
B F@,a,...,a,) = 1Z@EETEVATHHHH? Question: Is there any assignment such that F(a,, a,, ... , &, ) = 1?
&R Conjunctive Normal Form (CNF)
F=(@OVOV. . VONOV.. . VOA..A(..) F=(@OVOV. . VONOV..VOA..A(..)
-UTIILOREBHOREBECTRREINZLO - described by /\ of \V of literals.

DTN exactly/at most
KEIFE T (K SAT) BESEF=DEM k SAT %—‘
-MBEROZRENS KBEOVTIILEET

- Each closure contains K literals

- 3SAT, 4SAT L RIHICEETES, - We can define 3SAT, 4SAT similarly.
- SAT: BFREBFO)TZILOEHIZHIBHAZLNED - SAT consists of any CNF.
- ExSAT: ANWHAEGERER (P ot - ExSAT consists of any extended propositional expression.
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1515.4: B =R BEMERARE(ST-CON) Ex. 5.4: Graph reachability problem (ST-CON)

AA:<Gst>: FMISTG, | =s,t=n(=G|) Input: <G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|)

B GETs Mot ~DELHDH? Question: Does G have a path from s to t?

FEAREIE M ERERANRLTHDHE »Cycle is a path that shares two endpoints.

PAAT—FABEE. TRTOBE—E S DELHK > Euler cycle is a cycle that visits all edges once.

>NSVEUHREF. TR TOIERE—EDDESMHK »Hamiltonian cycle is a cycle that visits all vertices once.
#l5.4: —%%%E’-ﬁ%f{]%(DEULER) Ex. 5.4: Euler cycle problem (DEULER)

AR <G> ﬁl’ﬁl7 772G Input:<G>: a directed graph G

B GlAA5—FAlZEL DAV Question: Does G have an Euler cycle?
f55.5: /N2 )L BARR RS RE(DHAM) Ex. 5.5 Hamiltonian cycle problem (DHAM)

AN:<G>: HERYSIG Input:<G>: a directed graph G

B GIENIILLUFABEEDH? Question: Does G have a Hamiltonian cycle?

- 18/18 18/18
DTOEENHMSNTINS: It is known that:
>UTOMER P IZET S:

v' PROP-EVAL, 2SAT, ST-CON, DEULER

>UTORREIX EIZET S, ..
v/ 3SAT, DHAM

PEEDEODIZANP

» The following problems are in P:
v' PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v 3SAT, DHAM

The class AV’P between P and £?




