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Observation of the definitions of the classes...

Def: Class P (Chapter 5)
Set L is in the class P <
There exists a poly-time computable predicate R such that
for each XEX*, XELOR(X)

Def: Class NP (Def 5.2)
Set L is in the class NP &
There exists a poly g and a poly-time computable pred. R s.t.
for each xEX", xELS IwE X' :|w|=q(IX)[R(X,w)]

Def: Class co-NP (Theorem 5.5)
Set L is in the class co-NP &
There exists a poly g and a poly-time computable pred. R s.t.
for each XEX", XELSVWE 71 \w|=q(X)[R(X,W)]
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- = ] Chapter 6. Analysis on Polynomial-Time
| %65 SEABRIHETEMEOHH | P YSIS On £ 0y
Computability
6.1. ZIRX R TEREME
6.1. Polynomial-time Reducibility
6.1
ALBERERDEELTS. Def.6.1: _
(1) B% h: A->B: I8 R FFfli% 5T (polynomial-time reduction) Let A and B be arbitrary sets.
(@) h [FT DI AD 2 HBE %K (1) function h: A->B: polynomial-time reduction
O (b)) xeZ*[xe Ao h(x)eB] (a) his a total function from X* onto X*
(o) h [FBIEXB RIS AL, )| OxZ*[xe Ae>h(x)<B]
(c) h is polynomial-time computable.
Q) ADBBAD S ERBMETAFET BEE, _ o ,
AlFB~ LI BRI E ST A BE &L VS (polynomial time reducible). (2) When there is a polynomial-time reduction from A to B,
ZDEE, ROELSIZE we say A is polynomial-time reducible to B.
P Then, we denote b
A<’ B [ ac s
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A<] B SEXBMOMBENTIE, ADHLE <BOHLE

w61 A< BoEE,

()BEP>ACP,

(2)B € NP> A€ NP,

(3)B € co-NP > A € co-NP.
(4)B e EXP > A cEXP.

EOSREIHIS. —RRICIE, B €D A e EEILTELALN.

516.2: ONE= {1} EEHET HEE, VSAPDTRTNDESLIC
20T L<° ONE
HERYILD. _f1, xeLD&FE,
hoo = { 0, TOMDEE
EEETBE, () hEZHEIA~D LB M.
(2) xeZ*[xeL <> h(x) e ONE]
(3) hixZEREHEEE AT RE(Le PoxcLDFIEL ZEREFHN)

A S:] B  within polynomial time, hardness of A < that of B

Theorem 6.1 Agf1 B leads to,
(HBEP>AEP.
(2)BE NP> AENP.
(3)B € co-NP > A€ co-NP.

(4)BE EXP > A € EXP.

Note: class £ is exceptional. Generally, B €€ > A € £ is not true.

Ex.6.2: If we define ONE= {1}, for each set L in P we have
L SI: ONE
If we define {1 ifxel,
hex) { 0, otherwise
(1) h is a total function from Z* onto Z*.

(2) xeZ*[xe L «>h(x) e ONE]
(3) h is polynomial-time computable(so is computation Le P->x <L)
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EH6.2:A,B,C:IEENESR Theorem 6.2: A, B, C: arbitrary sets
(HA <A (HA <P A
QA< BAB< C AL C QA< BAB<L C>ASLC
coze a _P P P
EE A= BoA BAB A Def:A = B A< BAB< A
P 45
=, [FRTER R =P is an equivalence relation.
5/14 5/14

| GEREX DT R AREREO R OBIR

2SAT  (drEmEXFEEMEME: ZfERR)
3SAT  (SEiRIEXX T B HRRE : =fER )
SAT (hEREX T EHRE)

ExSAT  (¥LiRdEEsmEX 7 B IERRE)

2SAT <P 3SAT - BRKE... B85
S n 38 < BESEKE...

RI4kIZ, >RACYTINEFE>TEOESEE,

i = =
3SAT <, SAT <" ExSAT SE e

2SAT < 3SAT <P SAT < ExSAT (6.1)
ata g
ExSAT <} 3SAT
THAHLETREDE,
3SAT = SAT = ExSAT
E12%.

Relation among satisfiability problems of propositional expressions

2SAT  (propositional satisfiability problem)
3SAT
SAT

ExSAT  (extended propositional satisfiability problem)
2SAT <P 3SAT « at most K. .trivial
m « exactly k...

Similarly, >easy if you can repeat the same literal.
ise!
3SAT Sﬁ SAT 5:‘ ExSAT »the other case ... good exercise!

2SAT <} 3SAT <P SAT <! ExSAT (6.1)
Here, if we can show
ExSAT <P 3SAT

then we have
3SAT =0 SAT = ExSAT

|416.3: EXSATADISATADET | o4

E, (X, %, X)) =[[X, € X, ] > [X, AX]]V =X,
Fl(XlaXzaxs)Eul /\[Ul H[Uz V_‘Xs]]/\[uz <_>[U3 —)U4]]
AU, & [X © X1IAU, < [X AX%]]

COLE, [ENFTEAEE] © [FAFTEATEE (6.2)
FREMERRICELYTLHITE- TS,

F ORI
(v (l)V1 EVZ\/—|X3
@~ - @V=MoV]
G @) (N, =[x o x,]

/ \/ \ (DV, =X, A X,

X X X3

F &I 5012, V,oUEL, VOEERXE TR

‘ Ex. 6.3: Reduction from EXSAT to 3SAT | o/14

E, (X, X0, X)) =[[X, € X, ] > [X, AX]]V =X,

F (X%, %) =U AU © U, v=x]]A[U, < [U; 5 U,]]
AU; [ © XA U, © [X, AX]]

Then, [E, is satisfiable] <> [F, is satisfiable] (6.2)

F, is easier to be converted to 3SAT form.
How to construct F;

(])\/ (l)V1 EVZ\/—|X3
N O A

BV, =[x ©X,]
4V, =X, A X,

0N
GBI @) \
N

X X3

To construct F; we let V; =U;, and connect expressions of V; by A




F OWRAELY, /4

(HEU; DIEZEV(X,, Xy, X)) ELIEWRY, FIEEITITASAL.
Q)BUDEEV(X,, X,, x)ELTEE, F| =E,

LOMESRYIDOIEE, REERLSGE L TIEARRE
FERAIL &

ZHEBAAOLH |

a>b ="avb
aob = (@a>b)A(b>a)=["aVvb]\ [~ bVa]THBIEFA LS.
U < [U,v—x]=[-U vU,v-x]JA[U v-HU, v—X]]
=[-U,vU, v-x]A[U, v[=U, AX,]]
=[-U,vU, v-=x]A[U v =U,JA[U v ]
=[-U,vU,v-x]A[U v=U,v=U,JA[U, vX Vv X]

ftht @4
£OoT, ITRT=ZMBEBRICEHRTELZ LA DN S.

From the construction of F;

(1) F, is never true unless each U; is Vi(X;, X,, X3).
(2) If each U; is Vi(X,, X,, X3), we have F| =E,

The above properties are proved by using induction.

proof is omitted
| Conversion to 3SAT form ‘

a-b ="avhb

acb = (a—»b)A(b—>a)=[—aVb] o[ ~bVa]: useful relations
U < [U,v—x]=[-U vU,v-x]JA[U v-HU, v—X]]
=[-U,vU, v-=x]A[U, v[=U, AX,]]
=[-U,vU, v-=x]A[U v =U,]A[U v ]
[

=U, vU, v—=XJA[U, v=U, v=U,JA[U, v X, v X ]
Others are similar.

Thus, every 3SAT form is converted.
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[6.2. ZIEABRETTREEICEI(REE |
621 EEMDERLTOERNMEE

EE62: FHEEVIRCZHL, EEANRDEHEFH-TLE,
ZhEE OTT)CRLENS.

(a) VLeC[L <PA]

(b) AeC

W EHeERE-TESIIC-EE.
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it is called C-complete (under Sa)

(a) VLeC[L <PA]
(b)A<E C

Note: Sets satisfying the condition (a) are called C-hard.

9/14

6.2. ZIEABMBETAMEL K OIELYE |

621 EEMDEREZOELRNME
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6.2.Completeness based on Polynomial-time Reducibility \

Ble.5. VSANPOTEREE D

3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC#HE
DSREXPDTEEES

EVAL-IN-E, HALT-IN-E#3 &
EVAL-IN-E:
Aji<a x>

a: AN 7a S a0a— R, xes"  t20
Hi 7 - eval-in-time(a, x,2") = accept ?

6.2.1. Definition of Completeness and its Basic Properties

Ex.6.5. Examples of A/P-complete sets

EVAL-IN-E:

3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc
EXP-complete sets

EVAL-IN-E, HALT-IN-E, etc.

Input:<a,x,t >

a: the code of a program with linput, x e X", > 0
Output : eval-in-time(a, x,2") = accept ?
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EH63. FEDC-RHBEE (F:C-EELEE)AITHL,
(HAeP>CC P SHBIX C 2P > AgP
QY AENP>CS NP FBIE CZNP > AgNP
(3)A €co-NP > C < co-NP  ®BIE CZco-NP > A€ co-NP
AHAEEXP>CC EXP THBIX CLEXP > AEEXP
SIEER:
() BEEEDCEE LT BHL, AlSC-HE#=MDS,

B<h A —7F, AcPORELY, B< P (FH6.1)
2), (3), BHFEER
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Theorem 6.3. For any C-hard (or C-complete) set A,
(H)AeP>C< P CP: CZP > A¢P
QAeNP>CCS NP CP: CeNP > AgNP
(3)Aeco-NP > C< co-NP CP: CZco-NP > Ag co-NP
(4)AEEXP>CC EXP CP: CZEXP > A€ZEXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B <" A and by the assumption A € P we have Be P (Th. 6.1)
(2), (3), (4) are similar.
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FHE63. FEDC-RHBEE (& :C-ELEE)AITHL,
()AEP>CC P sHEIEL C 2P > AgP
Q)AENP>CS NP *HBIX CENP > AgNP
(3)A €co-NP > C < co-NP F&IL CZco-NP > A€ co-NP
@)ASEXP>CC EXP SMBIE CLEXP > AEEXP

Bls.6. EIEOIDEKR (VFANP
AENP-ZEEEETS.

FEE63(1)DRHBELY,
NP#PD>Ag P

FEHE633)DRHBEEES.I()DHEELY,
A ¢ co-NP

DFY, NP2 EEEP~ NPTHARY,

ZIEX B TIXEHTERLN.

SEHES5.9.
(1) NP S co-NP > NP =co-NP

11/14

Theorem 6.3. For any C-hard (or C-complete) set A,
(HAeP>CE P CP: CZP > AgP
QAENP>CS NP CP: CZNP > AeNP
(3)Ae co-NP > C S co-NP CP: CZco-NP > Aé co-NP
A AEEXP>CC EXP CP: CZEXP > AZEXP

Theorem 5.9.
(1) NP € co-NP > NP =co-NP

Ex.6.6: Meaning of Theorem 6.3 (class N'P)
Let A be N'P-complete set.
By the contraposition of Theorem 6.3(1) we have
NP« P=>AEP
By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),
A ¢ co-NP
That is, N/P-complete sets are A’P-sets that cannot be recognized in
polynomial time unless P = NP.
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NP-ZL&EEIETP# NPTHARY, NPA co-NPIZIZA LA

NPEATHS.

NP co-NP
m.w;—;e

(p)
yrege ST
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NP-compete sets are N’P-sets that do not belong to

NP ™ co-NP unless P = NP.

NP co-NP

co-NP -complete

)
NP—compleM
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EE64 A ZEDC-ELEE Theorem 6.4. A: any C-complete set
: P

(A <18 S8 A28 s Cha.

(2)A <[B AB eC~ BIC-5E2. (2)A <"B AB eC > Bis C-complete.

SEER: Proof:

%gﬁz;u vLeC[L<] A] By Def. 6.2 VLeC[L<! A

TH62&Y, L<P ArnA B LB By Theorem 6.2, L<; AAA<; B—>L<7 B

Lf=A2T, viec[L<" B) Therefore, vLeC[L <" B]

That is, B is C-hard.
Jigb, BIXC-HE.
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EXPC ={L: LIXEXP-FEL} EXPC ={L: L is EXP-complete}
NPC = {L:LIINP-ZE} NPC = {L: Lis NP-complete}
ETBE ROFEMNEYILD. Then, we have the following theorems.
TEIE6.5. Theorem 6.5.

)EXPCAP =¢ (D)EXPCAP =¢

2) EXP —(EXPC UP)# 2) EXP — (EXPC UP)#

2 ( )# ¢ £xp 2 ( )# ¢ cxp

EH6.6: P = NPERET HE Theorem 6.6: Assuming P # NP
()NPCOP = ()NPCOP =
Q) NP —(NPC UP)# § Q)NP - NPCYUP)* ¢
NP NP
} NPA co-NP } NPA co-NP
P P




