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Chap. 1 Problems and Algorithms Hes

1.1. What are problems and algorithms? Intractable problems?

Problem
= Problem of computing a function: input — output
(not only numerical computation)
Sorting Problem
input: sequence of natural numbers a,, a,, ... , a
output: increasing order a;;, &, ... , &,
Input and output must be mathematically defined

oufputthe-bestrecipe

Example: Performance of a computer system

system S «— X (iInput)  simulation of 1 cycle of S
input: mnput X and current state u
output: output Y and next state v

n

U=V | —y (output)

problem of computing a function to map (x,u) to (y,v)



1. B@EET7ILT) X L

1.1. BgEElE, ZILOYX LElL, FLTEFIZE Z UV,

Ml & [ 4r] H

= B#D:tERE

) — a8

AN BREDFH a,a, ...
73 AR BNz /NSUMIEISS
ANEH AN FRIICATEIZTE

]

1/23

28 b (4

rlm

- & .

. AN > HS

(HAEE 120 THLY)

, ap

iNT=Fla,, a, ..., a.

A

FoNTLVDTE

F1.1. AVEA—3L AT LDEIE

VAT LS

u->v

— X(A 1)

— y(£ 77)

AT LSD 1Y A9 )LIEK
AN AHx EIRFEDIREE U
Ay ERDIREE v

X, WZY,V) IR IS 5% f DETEME



2/23

Assumption: system returns some value for any input
e.g. ? 1s returned for an abnormal input
=standpoint of total function @@

Algorithm for solving a problem
a method for computing an output specified in the problem.

What to be computed? _
How to compute? = difference

Problem of calculating a root of a quadratic equation
input : rational number a, b, C
output: an x that satisfies ax>+bx+c=0
Output is clearly defined but how can we find 1t?

" Algorithm = method"
=>»algorithm =a method that can be realized as a program



2/23

RE : EAGEADIHLTEHEEBI A IETIRT
ez 1E BEADITRHLTIE ? 23RS
=2 EEM D5 . 0®

ez fiZ< 7 )LO1) X L (algorithm)
AAITHLTHEENRELTLDH AT ROLFE.
ANMR[ 23K D DB

2RAERDIEETE EE
AN - HE#a b, c
H 1 ax2+bx+c=0%F & =9 xD—2D
H A N ERRERE D, HAOZEKROBAEIE?

[ZILOdYX L=FHik]
S>7ILdYURL=TATSLELTEHTELHHEAE



3/23

Hard and Easy Problems
- Complexity of Computation
Former half of the lecture deals with “incomputable” problems.
Latter half of the lecture deals with “hard” problems.

Intractable problems

"Theory of Computability"
"Theory of Recursive Functions"
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Halting Problem (Problem of deciding halting)
input:a one-input program A and an input X
output: whether does 1t terminate 1f X is given to A?
YES if 1t terminates and NO otherwise.
We can prove that this problem 1s incomputable
—>to be explained later
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Computable but hard problems

*too much time for computation
“too much space for storage
computability based on computation cost
=>"Theory of computational complexity" -2 later

Criterion on practical incomputability
=1mpossible to be computed in polynomial time
=>»intractable problems
(Note that polynomial time is not the criterion to be tractable.)

o sosperets.
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NP Complete Problem

(1) Given a solution to the problem, it can be easily checked whether
it satisfies the condition for solution.

(2) But, a simple program checking every solution candidate takes
exponential time since the number of candidates grows
exponentially.

The study starts in 1950's.
Examplel.3. Bin packing problem
* nitems of lengths a,, a,, ... , a,

- Is it possible to pack all the items into k boxes of length b?

A simple algorithm takes at least exponential time.
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P = NP Conjecture _

Any NP complete problem cannot be solved in polynomial time.

Example 1.4. Any polynomial function grows more slowly than an
exponential function.
Let p(n) be any polynomial function and e(n) be any exponential
function
=> for sufficiently large n, p(n) <<e(n).
e.g., N10000 << 1.0000001" for sufficiently large n.

Definition 1.2.

(1) A problem for which there 1s no program to solve it 1s called
"Intractable" in the sense that it cannot be computed.

(2) A problem for which there 1s no program to solve it in
polynomial time 1s called "intractable" in the sense that
it 1s hard to be computed.
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1.2. Preparation

1.2.1. Set, function, predicate, and etc.
(1) Number
Only natural numbers (including 0) are considered.

[X] represents the integral part of X (rounding off)
(2) Set

standard notations: AUB, AN B,R AcB

A X B = a set of all pairs of elements of A and B
|A||: number of elements of the set A

In principle, sets are denoted by capital letters.

Exceptions:
I symbols used 1n programs
2 {0, 1}

N  aset of all natural numbers (including 0)
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X: any finite set

strings on X=a finite sequence of elements of X (each element

of X 1s regarded as a "letter")
length of a string=the number of letters in the string
X|: length of a string X
the length of a string "0100" 1s 4.

A string of length 0 1s called an empty string, denoted by ¢ .

>*: a set of all strings consisting of 0 and 1(including empty string)

(Pseudo—)Lexicographical Order: (with length preferred)
X, y: strings on X*
X<y <> (a) |X| <ly|, or otherwise,
(b) for the first different letters in X and y be X;, i,
Xi < Yi.

(example)101 <0011 <0100
What 1s the difference from usual lexicographical order?
What is the reason of introducing such an order?
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Logic symbols

example meaning

PAQ P and Q

PvQ PorQ

—P not P

P—>Q if P then Q

PoQ if P then Q and if Q then P
Ix e L[R(X)] for some X in L, R(X) holds
Vx e L[R(X)] for any X in L, R(X) holds

there are infinitely many X in L with R(X)

. for any X except finitely many elements in L,
VX e L[R(X)] R(x) holds

Ix e L[R(X)]
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Propositional Logic Expression

Expression consisting of propositional va d
symbols 7 V> e.g. F(X1, X2 X1v X2]A—=Xi
Truth assignment
Assigning truth value to each propositional variable 1n each logic
expression. e.g. there are 4 different assignments (0,0), (0,1),
(1,0), (1,1) for the expression above. (0: false, 1: true)
Classification of propositional expressions
literal: logic variable or its negation
sum term: term in which literals are connected by OR
sum-multiply expression: expression in which sum terms are
connected by AND
2-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly two literals
3-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly three literals
extended logic expression: one that may include —,« as well.
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Expression of a graph
graph vertices are numbered sequentially
graph edge: (1, ])
expression of a graph G =(n, E)
n: number of vertices, E: set of edges

Example of a graph: Example of a directed graph:

2

1 1

4

E=1(1,2), (1,3), (2,3), (1,4); E=1(1,2), (2,1), (1,3), (2,3), (4, 1)}
G=(4, {(1,2),(1,3),(2,3),(1,4)}) G=(4, {(1,2),(2,1),(1,3),
Do not distinguish (1,2) from (2,1) (2,3), (4,1)})

(1,2) and (2,1) are different arcs

4
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1.2.2. Algorithm Description :

PASCAIL -like

L XN L NL 1IN\ p 1V

Ex. Conversion from a binary natural number into an ordinary one.

1. prog TR(input x: string on X): integer;

2. label LOOP;

3. var n: num,; c: string;

4. % string implies a type of stringon I'.

5. begin

6. if X # 0 A head(X) = 0 then LOOP: goto LOOP: end-if:
7. %if non-binary expression is input then goto infinite loop
8. n:=0;

9. while x > ¢ do % ¢ 1s a constant for an empty string

10. c:=head(x);

I11. if c=1 then n:=2*n+1

12. else n:=2*n end-if;
13. x:=right(x)

14.  end-while;

15.  halt(n)

16. end.
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1. prog TR(input x: string on X): integer;

2. label LOOP;

3. var n: num,; c: string;

4. %EB|stringEBIETE L& (Estring on TRZERT 5.

5. begin

6. if X # 0 A head(X) = 0 then LOOP: goto LOOP: end-if;
7. Y2ERFETEVLDONANSNDEERIL—TIZAS.
8. n:=0;

9. whilex>gdo % el&ZEFNERT EH

10. c:=head(x);

11. if c=1 then n:=2*n+1

12. else n:=2*n end-if;

13. x:=right(X)
14.  end-while;
15.  halt(n)

16. end.
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Remarks:
* description concerning input and output are omitted.
*TR: program name (input variable and its type declaration)
the type of output follows
f TR: the (partial) function computed by the program TR
‘normal termination and infinite loop
* Output 1s obtained only when it terminates correctly
by a halt sentence.
* When an output is not obtained, the function value
computed by the program 1s considered as "undefined"
f TR(001) = L



13/23
FEEIE:
- A BIZEET SRk (&<
TR: 705 35L%8 ( ADNANEHEZTDORIETE,
( Y OENEADE

f TR: TAJSLTRAEHE TS (E5) B
EERTEEREIL—T

HANBENEDIFhalt XX TIELLFIETEHEEDH.

-HANBEONGEWNMGES, TOJSLNEE T HEHE

EIXREEEHET.
f TR(001) = L

1hinl




14/23

Types of variables
natural number type: type num

string type:
Let I"be asetofall symbols 0, 1,2, ...,4a,b, ... used in strings

Elementary operations on strings

head(X) the first letter of X

right(x)  the part of X after 1ts first letter
tail(X) the last letter of X

left(x) the part of X before its last letter

X#Y concatenation of X and y
X<y comparison based on lexicographic order with length
preferred

where, head(e)=right(e)=tail(e)=left(e)=¢
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2.2. Elements of Computation

We will represent “data” and “program” in minimum resources

...to simplify the discussion.

2.2.1. Elements of data representation
String data type suffices to represent data.
All data types including structured type can be represented
by strings on X (={0,1}).

Lemma 2.1: All elementary data types can be represented
by X* types and structured type.

types for natural numbers, integers, reals, truth values, strings

(Outline of Proof) It 1s sufficient to prepare functions on S*
for elementary operations on natural numbers
(e.g., plus, minus, multiply, divide, compare).
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Unary representation of a natural number

natural number n->sequence of n 0s
In]: binary representation 1413 100

_ n : unary representation 4 = 00000

Ex. 2.2: Ordinary letters are also represented by binary strings

e.g. each letter 1s coded 1n 8 bits

Lemma 2.2. All structure types are represented by X* type.

16/23
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Theorem 2.3. All the data types and elementary operations in our
programming language can be realized on X*.

“Our encoding method”

| x |: an element of =* representing a data X (a code of X)
|w |: adata represented by an element w of X*

EX.2.6. Programs are also coded by considering them as strings

prog A ... A =0111000 01110010 O1101111 ....
begin p r 0 ...
end. 01100101 01101110 00101110 ...
e n d

We could use a
different coding
method, but ...
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
Implemented by if and goto statements.

(Proof sketch)
flowchart -> if statement and goto statement
recursive call -> can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and

while statements.
(Proof based on examples)
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% program to determine whether x is 0* or not
f e TF) T*.

prog A(input x: 2*): X*;
label LOOP; var a: 2*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

Convert 1t as follows.
(1) Each line of a program 1s one of the followings:
(a) substitution, goto statement
(b) if comparison on X* then goto ... else goto ... end-if
(¢) halt(variable)
(2) Each line in the program body 1s labeled as L1, L2, ...
(3) The line of the form (c¢) above appears only once 1n
the program and 1t 1s labeled as LO.

19/23
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label LOOP; var a: 2*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end

NZTRDEOZERT 5.
() 7AT S LDBTIERDLNG b
(a) X A X &gotoX
(b) if Z* EMLLEL then goto ... else goto ... end-if
(c) halt (ZE %)
2) TRT I LAEDEITIZIE, L1ABIREY, L2, L3,...LlEIC
INILDIFENTLNS.
3) =L, (o) DRDATIFTAT S LD &EICTERLMARENT,
ZTNITLOETANILEFITFENTULNS.
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prog A(input x: 2*): 2*;

label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if

=

prog B(input x: X*): X*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: 2%;

begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5: c:=1; goto LO; _‘
o hate) o ()Addhat |
LO: halt(c)

end.

end.
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prog A(input x: 2*): 2*;

label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if

=

prog B(input x: X*): X*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: 2%;

begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5: c:=1; goto LO; ’
o hate) o (DhaieEEm |
LO: halt(c)

end.

end.
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prog C(input x: X*): 2*;

var pc: num; a,c:x%;

begin

pc:=1;

prog B(input x: X*): X¥; while pc !=0do
label LO, L1, L2, L3, L4, L5, L6; case pc of
var a,c: X*; ‘ 1: 1f x= € then pc:=5 else pc:=2 end-if;
begin 2: a:=head(x); pc:=3;
L1: 1f x= ¢ then goto L5 else goto L2 end-if; 3: x:=right(x); pc:=4;
L2: a:=head(x); goto L3; 4: 1f a=1 then pc:=6 else pc:=1 end-if;
L3: x:=right(x); goto L4; St ci=1; pe:=0;
L4: if a=1 then goto L6 else goto L1 end-if;  6: ¢:=0; pc:=0;
L5: c:=1; goto LO, | end-case;
L6: c:=0; goto LO; end-while;
LO: halt(c) halt(c)
end. end.

Remark: case statement
goto LK = pc:=k; is realized by combination
of if and goto



prog B(input x: 2*): X*;
label LO, L1, L2, L3, L4, L5, L6;

var a,c: X*; ‘
begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;

L2: a:=head(x); goto L3;
L3: x:=right(x); goto L4;
L4: if a=
L5: c:=1; goto LO,
L6: ¢:=0; goto LO;
LO: halt(c)

end.

goto LK =» pc:=k;
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prog C(input x: X*): 2*;
var pc: num; a,c.Z*,
begin
pc:=1;
while pc !=0 do
case pc of
1: 1f x= € then pc:=5 else pc:=2 end-if;
2: a:=head(x); pc:=3;

x:=right(x); pc:=4;
: if a=1 then pc:=6 else pc:=1 end-if;
: ¢.=1; pc:=0;
: ¢:=0; pc:=0;
end-case;
end-while;
halt(c)
end.

=1=L, caseXI&
(1L D
HAEHHETEI.
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Simple program: a program consisting only of the following elements.

data type: string type on X (X type, X* type)
clementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;
var pc: 2% ... 2; ... X*; % value of pc 1s a binary representation of an integer

begin
pc:=1;
while pc =0 do
case pc of
1: (statement) : €ach statement is one of the two:
2: (statement) : 1f comparison then pc:=kl1 else pc:=k2 end-if

: “substitution ; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.
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BonJSL: TOERDAHTHERINGTOTSL

T—3E: SEOXFHEGCH, »F)
EXEE: XFIRHOEKER
EITX: KA, ifX(caseX), while3X, haltX

TFIE2.7. EATTOTSLLFNERMELGBEHM OO S LIZEMRZ
BLENTES. LB RDEIOILGIZERTOTSLIZETEES

prog 7045 5 L% (input ...) ;
varpe: 2% ... 25 L 2% %peDIEIX B AR D2 ERED
begin
pc:=1;
while pc =0 do
case pc of S
1: (j() : & () Dl
2: (37) - - if EEERX then pc:=kl else pc:=k2 end-if
; - XA X ; pe=k;
k: (30); DLT N

end-case
end-while;
halt(c)
end.
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Theorem2.8 For every computable function, there is a program in

~ 'F | Tl

ad 1UI

Consider a behavior of program counter.

Further constraints (refer to 101 page of the textbook)
“each statement must be implemented in constant time”

u, u’: variables of 2 type,  v,v’: variables of 2* type

c: constant of X type, s: constant of X* type
(Substitution)

(1) w:=c; (2) u=u’;

(3) ui=head(v); (4) u:=tail(v);
(5) vi=s; (Oyw=e— 7
(7) vi=right(v); (8) v:=left(v);
(9) vi=u # v; (10) vi=v # u;
(Comparison)
(11) u=c (12) v=s
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EH2.8. TARTOFErRIEEEZICHL,
TNZEEITLERERTOT S LAFET S.

JO0SLhO3DNEEEEZZTHED.
BEAHIH (TEXFRAR01IR—)

[ZXIEEREHFH TETTESEDEIT]
wu: XBEOEH, X BEOETH

c:IEOEH, s: 2B D TEH
(FXAX)
(1) u=c; (2) ui=u’;

(3) u:=head(v); (4) u:=tail(v);

(5) v:=s; (Orv=vi— ?

(7) vi=right(v); (8) v:=left(v);

(9) vi=u # v; (10) vi=v # u;
(HLERX)

(11) u=c (12) v=s



