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2.2. Elements of Computation
We will represent “data” and “program” in minimum resources

...to simplify the discussion.

2.2.1. Elements of data representation
String data type suffices to represent data.
All data types including structured type can be represented
by strings on X (={0,1}).
Lemma 2.1: All elementary data types can be represented
by Z* types and structured type.

types for natural numbers, integers, reals, truth values, strings

Theorem 2.3. All the data types and elementary operations in
our programming language can be realized on Z*.
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
implemented by if and goto statements.

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and
while statements.
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Simple program: a program consisting only of the following elements. 22128
data type: string type on = (Z type, =* type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;
var pe: X% ... X; ... 2% % value of pc is a binary representation of an integer

begin
pe:=1;
while pc =0 do
case pc of
1: (statement) ; €ach statement is one of the two:

2: (statement) ; =if comparison then pc:=kl else pc:=k2 end-if
. =substitution ; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.

I (Proof based on examples)

22123
EMTOTSL: TOBRROATHESNDTOTS L

T4 T EOXFIIE(ZE, >8)
EXREE: XFHROEKFER
EITX: KA, if3(caseX), whileX, halt3X

EE2T. EARTOTSLLTNERBAEMTOY S AICERZ
BIENTES. LHMLRDESHRERTOYSLIZEEEES

prog 70455 L% (input ...) ;
var pc: 2% ... 25 ... 2% Y%pc DB X B AR B D2 RED

begin
pe:=1;
while pc =0 do
case pc of
1: (X): & (X)) DRIZ
2: (X) - if HE#X then pe:=k1 else pe:=k2 end-if
. + A pe:=k;
k: (30) oLFhh
end-case
end-while; - -
halt(c [BI=ES0 TR |

end.
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% program to determine whether x is 0* or not % xNO*MESNEHEST DTS L
prog A(input x: X*): £*; prog A(input x: X*): £*;
label LOOP; var a: X*; label LOOP; var a: X*;
begin begin
LOOP: if x= ¢ then halt(1) end-if; LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x); a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if if a=1 then halt(0) else goto LOOP end-if
end. end.
Convert it as follows. NERDESIZERTS.
(1) Each line of a program is one of the followings: (1) 7ATSLDRITIERONT hb.
(a) substitution, goto statement (a) K AX &gotoXX
(b) if comparison on Z* then goto ... else goto ... end-if (b) if T* EDELEL then goto ... else goto ... end-if
(c) halt(variable) (c) halt(Z$0
(2) Each line in the program body is labeled as L1, L2, ... ) TR SLEREDEITICIE, LIMNDIAEY, L2, L3,...LIEIC
(3) The line of the form (c) above appears only once in FRLDFENTNS.
the program and it is labeled as LO. B) =12L, DD ITIETRYISLOREICTIERLMENT,
ZRIELOESRILAFIFEINTINS.
20/23 20/23

prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mput x: Z¥): X%

label LO, L1, L2, L3, L4, L5, L6;

var a,c: X%

begin

L1:if x= ¢ then goto L5 else goto L2 end-if;
: ar=head(x); goto L3;

: x:=right(x); goto L4;

L4: 1f a=1 then goto L6 else goto L1 end-if;
Ee R |
: halt(c)

prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mput x: Z¥): X%

label LO, L1, L2, L3, L4, L5, L6;

var a,c: X%

begin

L1:if x= ¢ then goto L5 else goto L2 end-if;

L2: a:=head(x); goto L3;

: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

P —— ]
LO: halt(c)

21/23

prog C(input x: X*): X*;
var pc: num; a,c:x*;
begin
pe:=1;
prog B(input x: X*): X*; while pc 1= 0 do
label LO, L1, L2, L3, L4, LS, L6; case pe of
vara,c: X% ‘ 1: if x= ¢ then pc:=5 else pc:=2 end-if;

begin 2: a:=head(x); pc:=3;

L1: if x= ¢ then goto L5 else goto L2 end-if: 3: X:=right(x); pe:=4;

L2: a=head(x); goto L3; 4:if a=1 then pc:=6 else pc:=1 end-if;
L3: x:=right(x); goto L4; 5t e=1; pe:=0;

L4: if a=1 then goto L6 else goto L1 end-if; 0 ¢:=0; pei=0;

:¢:=1; goto LO; end-case;
: ¢:=0; goto LO; end-while;
LO: halt(c) halt(c)
end. end.
Q Remark: case statement

goto Lk 2 pe:=k; is realized by combination

of if and goto

21/23

prog C(input x: X*): £*;

var pc: num; a,c:x*;

begin

pe:=1;

prog B(input x: X*): £*; while pc !=0 do
label LO, L1, L2, L3, L4, LS, L6; case pe of
vara,c: X% ‘ 1: if x= & then pc:=5 else pc:=2 end-if;

head(x); pc

begin

L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

: x:=right(x); pc:
4 1fa 1 then pc:=6 else pe:=1 end-if;
: pe:=0;

L4: if a=1 then goto L6 else goto L1 end-if; : ¢=0; pei=0;
L5: c:=1; goto LO; end-case;
L6: ¢:=0; goto LO; kclnld[—(vv)hilc;
: alt(c
I;r?é.halt(C) end. T=12L, caseXI&
3 SERRIZILIFX D
goto Lk = pc:=k; HASHETEE.
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Theorem2.8 For every computable function, there is a program in EE28 TRTOFEAREREASICRIL,
the standard form. TNEHETHEERTOISLNEETS.
Consider a behavior of program counter. TOTS LAV ADBEEEZEZ THES.
Further constraints(refer to 101 page of the textbook) BB HE (TERFOIR—D)
“each statement must be implemented in constant time” EXIEE A EHBERTRITTESEDRET]
u, w’: variables of £ type,  v,v’: variables of * type uwLu: SBOEH, v ITEROEH
c: constant of T type, s: constant of =* type cIBDEH, s: T EIDEH
(Substitution) (RAX)
(1) w=c; Q) u=u’; (1) ui=c; 2) u=w’;
(3) w=head(v); (4) w=tail(v); (3) w=head(v); (4) w=tail(v);
(5) vi=s; =y ? (5) vi=s; =y ?
(7) vi=right(v); (8) vi=left(v); (7) vi=right(v); (8) vi=left(v);
Q) v=utv; (10) vi=v# u; Q) vi=utv; (10) vi=v#u;
(Comparison) (L832)
(1) u=c (12) v=s (11) u=c (12) v=s
1/13 1/13
Chapter 2: Introduction to Computability 2. FtEFIREEARS
What “Computation” is. .. R AA 2
+ Difference between “computable” and “incomputable” o [EHETEDICELLIFHETELRLIZEDEN
*  Basic factor of a “computation” (Done) > TS EIOEREREIE)
+  Proof of “incomputable”...diagonalization (Today) > TEHE TSRO ICEORA. . S ARMmESE)
2.1. Studies on recursive functions 2.1. fei e B BGR L ER
recursive function theory JF$M A BE $ i (recursive function theory)
(1) studies on what is "computation" @ “BHHE"EIXAMDIZDOVTOHE
(2) proof of incomputability @ FHEARTEEMEDIA
(3) structural studies on a class of incomputable functions @ HEFTELGEBDOITADEENHE
(4) related mathematics fields @ fhDFFLDBEENEF
2/13 2/13

Chapter 2: Introduction to Computability

(1) Studies on what is computation.
"When do we call a function computable?*

+recursive function theory by Kleene
*Turing machine theory by Turing

=>the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”

2. STETIEEMEAPY
D HELIFAMIZDVNTOHE
MaZz+-> Tt E A% &LV h 2 |

V) — 2N EERLIIFHHAIEE i (recursive function)
cFa—)2T WNEZFzF 12— #Hi(Turing machine)

D FRMBE R SR =T 1 — ) U Ei CHE TR S
T
HETGEMOTEE. .. Fr—F DIRIE (Church’s Thesis)
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(2) Proof of incomputability
Proof of computability is easy: just give a program

*to prove incomputability
we must prove that no program exists. ..
proof tools: diagonalization e
recursive reducibility
(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
—>structural studies

(4) Related mathematics fields
mathematical logic

3/13

@ FHHEAETRE DA
GHEAREEDRIATER IO S L ERE L
EHE AR ATREMEDEEBA TIE
EARTOY S LBENGENCEDFER:

5 £ #R i | ‘o -

TR R e R ST |

Q@ SHERATREAEBD VT RADEETHZR
HLSITISLTHEB{ESn=O5R
>HEEHTR

@ thOBFLOBEER T
I8 S I % (mathematical logic)iE &

Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input X to it.
Output: Whether does it stop if X is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple

inputs. ‘

(Remark) Programs are also encoded into strings on =*:
That is, A and X are also considered as strings on X*.

13
2. FtEFIREEARS

2.4 HEFEEMEOIEA L A RS
= 1E AR (2 R M HI FE R RE)
AR TATSLAETNADASN X
H: ANXEEZTETSEHE(WDOMNIR)FIETEM?

CCTRIAATOISLDELFBEOHFEZSD, 2D
ﬁ%é%)&ﬁw%ﬁr:mﬁ‘é’é:aﬁ!ﬁ&‘

CEB)IDY LB EITa—FIETTEE.
DFY, AL x BT EDXFIEEZDHENTES.

5/13
fora,xex’
IsProgram(a)
< [ais a one-input grammatically correct standard program]
eval(a, x)
= { f_a(x), if IsProgram(a),
2, otherwise.
f a(x): output value when an input x is given to the program
represented by the code a

Theorem2.16: IsProgram and eval are computable (programmable).
IsProgram : compiler (lint program)

eval(a, X) : it suffices to simulate the behavior of the program for
a code a with an input X, i.e. interpreter or emulator

refer to Section 4.3 for detail

5/13
Baxes [TxL,
IsProgram(a)
& [alXIANOGEMIZELWMZERTAY S LOI—F]
eval(a, X)
_ {ffa(x), IsProgram(a) &,
1, ZTOMDEE.

fax): a—RaRITOYSLICAD xEMZfzLED
HADE. (f ax)EERS BIZN)
TEHE2.16: IsProgram & eval [$T 055 L TRIBATRE.

IsProgram : 22734 5(lint)

eval@@, x) : OA—FaNRITOTSLITXxEAALIZEED
RTEVIaL—bFNIELLN.
2FY, A/VF—T)A. (T2aL—4H)

FEHAIX4.350
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Definition of a predicate Halt

for a,xe X’
Halt(a, X)
< [IsProgram(a) A [ LaJ stops for an input X]]

Ex.2.1 Halting is sometimes easily checked even with loops
prog B(input w: *): Boolean;

label LOOP;

begin
if w £ € then LOOP: goto LOOP

else halt(0) end-if

Assume that the program is written
in the standard form

end.
“Halt([ B, ¢): program B stops for an input €
* —Halt([B], x) forany XeX*-{¢}
Thus, we can easily check whether B halts or not.
(Remark) eval('_B—|,g )=0 but, for X# &

eval([B],x)=L (undefined)

6/13
EEHaltDE
Eoxer (23U —
Halt(a, X)
& [IsProgram(@) » [AJ1 x 12U | a | [(FFIETS. ]]
B2.1 L—TEEATONTHELMEEZHEICHETESHE.

prog B(input w: X*): Boolean;
label LOOP;

begin EBOTOTS LI
if w#¢ then LOOP: goto LOOP BEBTHINTODERE
else halt(0) end-if
end.
‘Halt( B, ¢ ): ABelIHLTAY 5L B [EfF1E.
EED XeX*-{g}IxL, —Halt([B], x)

GERE) eval([B],e)=0 ZH%, Xz ¢ ITHLTIE
eval([B],x) =L (RER)

7/13 7/13
Theorem 2.17: Halt is incomputable. - - "
(Proof) P EHE2.17 Haltl X5t E AR Al e
-~ . (GEBA)
By contradiction : Assume that Halt is computable. T = L s s
Halt is computable=» There is a program H to compute Halt. H Ii’t' Haltb::+§ﬁfﬁuf;_&ﬂiibf%gé%<;
Using the H, we obtain the following program X. Halih'Et 5 AT ﬁbaHa]t%E+§¢éjD7 TLHBEFET S
prog X(input w: £°): £ ZOHERAWT, ROKSBTAT I LXEES.
label LOOP; ' L. 5 . prog X(input w: £*): £*;
baegein i Assume that it is written in the standard form labgl LOOP: T B TEANTIND SR,
ifH (w, w) then LOOP: goto LOOP begin
clse halt(0) end-if if H (w, w) then LOOP: goto LOOP
end. else halt(0) end-if
end.
Using the function H we check whether the program (w]stops TaTS LW IIWEAALI=EEEIETEINESIME
for an input w. If the answer is “HALT” then the program X TO5SLHEREUHELTHEL,
enters infinite loop, and if it is “DO NOT HALT” then it stops. 2 true BSERIL—FIZAY,
Ehi false HH0EHALTRILET S, LV5TRTS LA
H: program or function, Halt:predicate H: 70454, Halt:ihiE
8/13
Letx,= |'X‘| and input X; to the program X | X(w) determines if program w halts X, = ]—X-| &L, X, & X(w)
. . . on the input W or not using the program H, L i
(i) enters an infinite loop, or

and it does not halt if the answer is true,
(ii) stops normal]y with the output 0. | andit halts if the answer is false.

Case (i)
*Since it enters infinite loop, ~Halt(x,, X; )
-at the if statement in the program X we have H (X, , x, )=false

So, halt(0) is executed (normal termination) : contradiction
Case (ii)

+Since it stops, Halt(x), x,) is true.
-at the if statement in the program X we have H (x,, X,)=true
So, it enters an infinite loop: contradiction

In either case we have a contradiction.
That is, the assumption that “Halt is computable” is wrong.
End of proof

H:program or function, Halt:predicate

el X 05 Al IewE AR ES B B
TATSLXIZAS . E5hETOY S ERGHELTHTEL,
(i) W—FIZA>TLES, or

Eh true HHEBIL—FIZAY,
(i) 0 AL TELE. &S false HH0&EH AL TRIET S
() ZRETDE..

- TATSLMNIL—TIZABMS, H(x,, X, )=true
s DFEY X)) [EBLET S REIZFE

(i) ZRETHE...
- TOYSLMBETTEMS, H(x, x,)=false
- DFEY X(x) [EELLEL: REICFE

ELLDIEELFEEELD,

Uizt TTHaltFFH B RTRE I E LS IRE [FERY.
AL 4:5ns5.4

Halt: ih 55
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Diagonalization st FAiRimE
Enumerable infinite set: THERES: BAUSROESLOMICIMNINEAHIEENIL.
a set with one-to-one correspondence with TURES ARF-ETEERTHIEEDIL.
the set of all natural numbers 2FY, 12T OEHRFMYHLTET, INAKEEHERONDED
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one. fll. EQBHLADEBEFAHERTHS.
BARLADEENDER | & ENER 2 &R/ETHIHIMELHD.
Ex. 1: The set E of all even positive integers is enumerable infinite. Bl2. BHLADEAZIIAHERTHS.
one-to-one correspondence between an element i of the set of all natural I IRENHD. £=lE, 2={0,1,-1,2,-2,3,-3, ..} LFIBETES.
numbers and an element 2i of the set E BI3. FEHLEROESEAEERTHS. (BEH?)
Ex. 2: The set Z of all integers is enumerable infinite.
‘We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}. _ PN -
Ex. 3: The set R of all rational numbers is enumerable infinite. (Why?) | R UL EORARIZFARTHE. l
Theorem: The set R of all real numbers is not enumerable.
10/13 10/13

Theorem: The set R of all real numbers is not enumerable.

Using the diagonalization we prove that the set S of all real numbers between 0
and 1 is not enumerable. By contradiction, we assume that it is enumerable:

[EB: ZHLHOREREFAHTHD. |

OLLEIRFEDRBEAEDERSHFAH THAZ LE T BIRMETIART 5.
AHTHLIERET DL, TRTHDEREEEAARDIENTES:

0.8,,2,,8,3... 0.8,,2,,8,3...
0.a,,a),a3...
0.85,8y8;... OaHaIZ a13 0.85,89, 8y3... 0.2,,a;,25...
18218283+ ;
0.85,83, ;... 0.85,83,833... 0.85,a,, y3...
0a.a.a 0.a3,83,as;... 0a.a.a 21922 %3
-941942 Ag3-- 0.8,,8,,8,3-.. -Aqry Ay3eee 0.a3,83, as3...
’ 0.3,,84, 8y3..-
084 a 0.88, 8. T=1ZL, a; €{0,1, .
0.8808. Wherea; {0, 1,...,9} BB - A OBV THERLIHHMITER L %ﬁr_nwﬂmﬁ 0.8180 s e
Define a new real number x by collecting those digits in the diagonal x=0.b,b,b;...
x = 0.b,b,b;... %1E%. CCT,
where b, is defined by if ay=1 then b, =2 else b=1
if ay=1 then b, =2 else b,=1 ELTHEEDS.
COESIELN BN IIBASAIZOL I DR DEHTHS.
The number X defined above is obviously between 0 and 1, but it is different L, EYADDS, EICHIFELIZEDNERELF LGV HARDAT
from any number listed above since it is different at its diagonal position. WTELD).
That is, x does not belong to S, which is a contradiction. DFY, XIFSIZEBSHRWNIEIZRY, FETHS.
Therefore, our assumption that S is enumerable is wrong. LA T, SHAIETHAEVSREICRYL HS.
11/13 11/13

Ex.2.17 Program X used in the proof of incomputability of Halt
prog X(input w: £*): £*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

f_X: function computed by the program X
iff _a(a)=L then —Halt(a;, &)

~f_X@E@)=0
iff _a,(a)#L then, Halt(a, &)
~f X(g) =1

That is, there is no function f_a; in the set 7 of functions
such that f_X=f_a;.

% The number of programs is enumerable, while the number
of functions is not.

$12.17 Hat D FH E AR FTREM DEEBAD P TRV =TBI S LX
prog X(input w: £*): £*;
label LOOP;
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-if

end.
f X: TATSLXAEHET SEH
fa(@)=LnLE, —Halt(a, a)
~ f X(a)=0
fa@)=LNE&E, Halta, a)

o f X(@) =L
DEY, f X=f athibf alE
sHE A aﬁﬂéﬂzw% ﬁo)qﬂl:ﬁﬁu‘;u.

* 705 LOERISATHERIZA. R DOERIZIFATHEER
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Theorem 2.18 The following function diag is incomputable. TEIE2.18 RDBIH diag (XETE R TTHE
diag(a) =f_a(a) # 0, if Halt(a, a) diag(a) =f_a(a) # 0, Halt(a, a)D&E
=g, otherwise =g, ZODEE
Proof: BERA:
Let F, be a set of all computable functions (with one argument) . HEMAREL(SIHO)BEHRLADEEEF LTS
Since a code of a program is an element of £*, TOTSLOA—REZ DITEMNS,
we can enumerate all grammatically correct program codes CSGEMICELWT AT S LOI—FFNEWVEICa, &y, ..., 8 .
a,, @y, ... , & ... in the psuedo-lexicographical order. LWRBIENTES. (RSBEDHERIER)
We can also enumerate all the functions of F,.f a,, f a,, ..., f_a... F OB a,f a,...,f a,. EHRBZIENTES.
a4, 20,85 ...5 4 a8y, 8y, ..., By
10
. Q .
values of f_g; values of diag(a;) f a,DfE diag(a,) DE
diag(a;) = W#0, if the value w of (f_a;, a; ) is not undefined | . diag(a) =w#0, f_a (a)DIEWHKRESE LThl e
g,  otherwise €, ZOHDLEE
,,_ 13/13 13/13
diag is different from any f_a;.

Why: diag() is different from f_a;() at its diagonal position.
diag(a) = f _a,(a)

(two functions f,() and f,() are different if

a there exists an input x such that f,(x) #,(x).)
diag ¢ F
That is, the function diag is not computable.
°e ® End of proof

Diagonalization

Given a set G of functions, construct a function g which does
not belong to G.

diagld&EDf_a Lt R4 5.
B diag\)& fa0ld, MAROFMTRT ELS.
I diag(a;) = f _a(a)
diag ¢ F
DFY, B#kdiaglEETEATRETHL.
°e SEER#E

xR
HEIERVEBRRAICESGUVLERT =20 DL,
HOLEBDES G NEALIILE, ZORAIZESHEN
B g ZBMI A EESA TS,

SOLTHELTZ g [F. /BRI A DRICELGS=H.
B#HEE G ITIXBEHLY,




