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Chap.4 Computational Complexity FA4E FEOHEMSAM
4.1 HEOBHSOERBR
4.1. Survey on Theory of Computational Complexity SHEREEN? DI EDRREDHEIRNCHEFEN? )
“Computable?”=»“How much cost is required for computation? HHEDOEHESDOER (Computational Complexity Theory)
Computational Complexity Theory () HEEDLRICETIHE
(1) Studies on upper bound of computational cost Q) FHEEDOTRIZETIHE
(2) Studies on lower bound of computational cost Q) FHEDHLSIZ OV TDHEEHITFE
(3) Structural studies on hardness of computation
(1) HEED LRICEATSHR
(1) Studies on upper bound of computational cost MEOENTILTYRXLDHREH(FILTY X LIEBH)
Algorithm Theory: design of efficient algorithms HAMBXIZHLT, FNEELTILTIVXL ADHY,
Suppose we have an algorithm A which solves a problem X HALRXn DOEALGREEFIIZXLTE A DIFREIETEEN
in at most time T(n) for any input of size n. Then, an upper T(n) UATHBEE, 7ILTUXL A DBEREEFEED
bound on the time complexity of the algorithm A is T(n). EBRIX T(n)
(asymptotic worst case time complexity) (REBOHHIMEREESE)
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(2)Studies on lower bound of computational cost Q) HEROTRICETHHE
If any algorithm for a problem X takes time T(n) in the worst FARE X [2H 3 BEALTILTYRXLLREDIGEIZIE T(n)
case, a lower bound on the time complexity of the problem X BRI IT T hD o TLESEE, HE X OEFAEZED
is T(n). TBRIE T(n).
+P # NP conjecture P # NPT
Robustness of crypto system EEVATLOBRS
(3) Structural studies on hardness of computation Q) HEDELSI OV TOHEEMNTE
Studies to characterize hardness in the level of “xx-hardness” “XxIZEDHLI"HBE DI OVVTRANSLIL.
hierarchical structure depending on the hardness HLIOEBEICKLIEEEE.
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4.2 Measuring Computation Time

4.2.1 Revisiting Programs in the Standard form

Programs in the standard form
prog program name (input ...);
var pe: X6 -5 X L X8
begin

pe:=1;

while pc£0 do
case pc of
1: (statement) ;
2: (statement);
3: (statement);

Program consists of a while-loop

Each statement must be either
if comparison then pc:=k; else pc:=k, end-if

k: (statement) ; or
end-case substitution; pc:=k;
end-while;
halt(variable of type =*);
end.

4.2 SHEBEOEYA
421 8RR TOTSLBE
EEBTOSSL

prog TR 5 L% (input ...);
var pe: X6 -5 XL X8

begin
peccl; 2{KIFKE7 while-loop
while pc£0 do
case pc of
L) BB
2: (X); N
3: (30 - if EEEEXX  then pe:=k; else pe:=k, end-if
k(SC) - ﬁ)\XC, pc:=k;
eild-cas’e DULFT .
end-while;
halt(S B D)
end.
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- Constraints to execute each statement in constant time
u, u’: variable of type Z, Vv, V’: variable of type £* B XA EREHERTERTTEI=H0FH
c: constant of type X, s: constant of type X* u, w: SEIDEH, v, v S RID T
(Substitution) c: SRDEH, s: T RIDEH
Du:=c @u=uy (RA) (Hu:=c; Qu:=u%;
(3) u:=head(v); (4)u:=tail(v); (3) u:=head(v); (4)u = tail(v);
G)v:=s; TOyv=ug 7?7 G)v=s; =y 7?7
(N vi=right(v);  (8) V= left(v); (7) v :=right(v); (8) v :=left(v);
(9)v::'u#v; (10)v:=v#u; Q) v=ut#y (10)v:i=vi#u;
(Comparison) (B83T) (1)u=c (12)v=s
(1hu=c (12)v=s V=V OROLERITZEIEINTINS.
+ comparison of the form v =V’ is forbidden
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4.2 Measuring Computation Time 4.2 HEREOEYE
Definition 4.1 421 E£ERITOTSLEE
(Computation time)
A: program with k inputs in the standard form EELL FHEBMOES)
X1, Xgy -ony X INPULS tO A A KANEERTOT S L
Xps Xz, ooy Xt AND AT
Single execution of while loop in A is “one step” in A.
The number of iterations of the while loop ADwhile)L—F1E Y53 DRITFEATD 1 RTYTENS.
required before A halts is called ATIX, X, oy X JZTH L TADE L T ZE TIZ[E SwWhile)—F D
the computation time of A for inputs X;, X,, ..., X, EREADX,, X,. ... X J<H S BDEHEBER (BELTAX, Xy, ...y %)
(in short, computation time of A(X,, Xp, ... X,)). DHERRD &0V, =1L, SIELGVEE, SEERITEEX.
If A does not halt, its computation time is infinite. i -
P time_A(X}, Xg, oo Xi) = AXy, Xy, .., X, ) D EHEL RS
time_A(X;, X, ..., X,) = computation time of A(X;, X,, ..., X,) time _ A(l) = max {time_ A(X;, X,,-.., X, ) Z [x <1}
time _ A(l) = max {time _ A(X,, X,...X): 2 | <1} ik
1<i<k
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4.2.2. Time complexity of a program

The time complexity of a program is represented as a function of
input size (length of an input string)

Valid Encoding:
Encoding into at most constant times larger than the original.

Ex.4.5: Unary and binary representations
Binary representation is a valid encoding in the standpoint
of “size of a number is its number of bits”, but unary one
is redundant.

422. 7095 LOEMHEE

TOYSLOBMEEEEAN YA XOBHELTRE
(ANXFFIDES)
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TR DY A X EHIE OEFERN T BRI 1L
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Definition 4.3: For functions f and g on natural numbers, if EEL3: BARABLEOFEOBE#H & gIcRLT. HL
Hc,d,n, >0, Vn>n, [f(n)= cg(n) +d] Hc,d,n, >0, Vn>n, [f(n)= cg(n) +d]
then we say f is in the order of g and denote it by f = O(Q). BB fEA—F—g THBELF=0(g) £,
Remark: the constants ¢, d and n, must be determined EE EHc d n [&n EMILTHRITRITESLL,
independently of n.
Theorem 4.1: The followings hold for any functions f, g and h on EEAL BABLEOITEOBEH S g h IZxL. LUTFARIL:
natural numbers: 1. Vn[f(n) = g(n)] 2> f=0(9)
L. Vn[f(n) = g(m)] > f=0(g)
2. Fc>0, yn[f(n) = cg(n)] > f=0(g)
2. Fc>0, yn[f(n) = cg(n)] > f=0(q)
3. [f =0(g)and g = O(h)] > f=0O(h)
3. [f =0(g)and g = O(h)] > f=0O(h)
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4.2.3. Time complexity of a problem

Def.4.4. Let ® be a computing problem and t be a function over
natural numbers. If we have a program A to compute ® and some
constants ¢ and d > 0 such that

VI [time A(l) = ct(l) +d]
then we say that @ is computable in O(t) time, or time complexity
of @ is O(1).

Note: We assume here that a computing problem is that of
recognizing a set.

Intuitively
problem @ is computable within time t
* time complexity of A may be less than t.
+ there may be a faster program to compute ® than A does.

423 HEORMIER

AL O FEHEMBELL, txAARK LOBEELETS.

WEOEHETETOISLAEEH ¢, d>0NFELT,
Vtime A(l) = ct(l) +d]

BolE, OIFOMEMEETETR, HALNIODHHEGHEEE

o) THHELS.

AR CCTIHETERELLT SE0RAMEEEELTLS.

BEfRFICIETHEEOX t B LT TEERREI LV,

CED A DEREFEEIT t KVELABELALLY.
CE2) A KYLECOZEHET HT0T S LB LEMELNL.
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Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)

Input: a natural number n (binary representation)
Question: Is n prime?

PRIME ={[n7] :nis prime}

Stirling’s Formula:

nl~ «/2771[2)"

prog Naive(input n);
begin
for each i:= 1 <i<ndo
if n mod i = 0 then reject end-if
Zrclgefﬁr’ T log n-log i time
end.

time_ Naive(n) < Zkkn (clognlogi+d)
= clog nlog ni+dn = O(n(logn)*)

try to divide by numbers between 2 —n-1

(O(Ié) time algorithm has been
developed in 2002!!

When the length of nis I, | is approximately log n. So, time_Naive
=0(I?2"). Thus, time complexity of PRIME is O(I22").

Pla.7. REHEBED R ER

FHHEMEPRIME)

AR B&RE (=1L, 2R
B :n (ZFREM?

PRIME = {[n]:nl3&E%)

A=Y T DA
nl~+/2n n(g]n

prog Naive(input n);

: 2 ~n- 1D TE>THD .
begin %Eﬁ-
foreachi:=1<i<ndo 2002£ (=

if n mod i = 0 then reject end-if o(l°)
d-for; . S
- T log n+log i BSRS DOFILTYR L
end. MEREEINTN

time_ Naive(n) < Zkkn (clognlogi+d)
= clog nlog n+dn = O(n(logn)*)

nDESFE 1 ET5E, | XIFXlog nf=h D, time Naive=0(122")
H®IC, FRFEEEOREGEZIT(§42) 012
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Def.4.5.
For a function t over natural numbers, the set of all sets E§45 . - N
. e I o . BAM LB tITHL, BRFTEED OO LB5EE
(i.e. recognition problems) with time complexities O(t) is (o SREPREE) D2 (A% O(1) ESFHEHE BHT AL
called O(t)-time complexity class, and it is denoted by TIME(t). 1.C., s sk e s O B8 =/ '
. . . L FDYISRAETIME()ERT .
And such a function t is called a time limit. ~ -
i it 290 Ff=, t ORS7EE B IR EFE & FF 5
For example, a class of sets recognizable in time O(I22') is RN =3 h T Bk e e NN
TIME(I22"), and the set PRIME is one element I2EZIE, O(22) E%Iii’fﬁﬁaﬁkﬁfﬁuﬁi BERDIIFAM
> : NG —
PRIME € TIME(22) TIME(22)T#%HY, &4& PRIME [FZD—E&H#.
PRIME € TIME(I22")
(o] (o]
Exponential B
O O
2 2
Now, PRIME € TIME (1°) — 4TlE PRIME € TIME (1°)
Polynomia 6 Z1E 6
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Chapter 5 E5E RRMAFHEEISR

Representative Complexity Classes

51 RRMGEHHERISX

5.1. Representative time complexity classes P = Up~§IEit TIME(p(l))
P= Up:polynomialTIME(p(l)) &= UC>1 TIME(2%)
&= kVJc>1 TIME(2¢) ExXp= U TIME(2PD)
U p:ZIEN

= () = = =

EXPS A otymoni EC™) CEE HEEITROADES.
. . CHRE: CHREDRHME °

Cset: set in the complexity class C. °
C problem: problem of recognizing a C set. ©

HAHBEEHPIZA>TULNERLVEDS,
HEMICEFICEZEL..

° o

Problems not in P are intractable
from the practical viewpoint...
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Ex.5.1: Polynomial makes no serious difference in the classes BI5.1: SRAP, €, EXPTIE, ZLIEABEHEIEEDEVIHEE
P, E, EXP. TIE7ZL.
‘P: polynomial X polynomial=>polynomial P 2IENX x FIEXS>LIER
&: linear power of 2 X polynomial = linear power of 2 E2DRME x 2N > 20 BE
EXP: poly. power of 2 X poly. = poly. power of 2 EXP2MEBERFE x ZER D20 FEHAFE
Ex.5.2: Complexity class of PRIME f515.2: PRIMEDFEE X £3%: 20024E(2 O(1°)
Ex.4.7 > PRIME € TIME(2") #4.7 > PRIME € TIME(2") DT ILTYR LREES
— . . Z 2 ]
Thus, PRIME e & \L()(I")tlme algorithm puts IS, PRIME e € Ni=OT, STIEP
it into P!!
Def.5.1: T: set of time limits EES. 1. T HIRBEOES
U A IME(): T time complexity class U o TIME(t): TERIStEE ISR
te . teT
—Tt is denoted by TIME(T). SINETIME(DERT.

FH5.1: (1) P= Ues(TIME(l®),  (2) EXP = Ugs( TIME2')

Theorems.1 (1) P=U__ TIME(),  (2) EXP=U__  TIMEQ2')
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Theorem 5.1: (1) P= U5 TIME(I®), (2) EXP= U  (TIME(2! )¢ FEHS.L: (1) P= Uy (TIME(®),  (2) EXP= U oo TIME(! %)

FIERR: SERA (TR

Proof: The proof of (2) is omitted. E?Céizgﬁgggéﬁa)%ﬁ

T,: set of polynomials of the form of I°. T: SERDLE
. o 2°

Toi set .Ofa”%’Oéyn;mlals e . > T, S T, 50T, TIME(T,) S TIME(T))

| 2sinee Ty & T, TIME(T,) & TIME(T,) p EEOSER (RT,OEEOER)

p: arbitrary polynomial (p is any element of T,) SERpDBAREEKET BE, pd) = O

if the maximum degree of a polynomial p is k, p(l) = O(I¥) 143 LY '

From Theorem 4.3
’ TIME(p()) € TIME(I¥) € TIME(T,
TIME(p(h) < TIME(!) S TIME(T)) L,T:?‘J‘g;(%), TIME(Tf) )= TIME(;})I)

erefore, TIME(T,) = TIME(T,) s "
e M " qEp. AL

Theorem 4.3: EH4.3:
For any times t;,t,, FTRTOHIBREFM t,.t, (SRL.
t,=0(t,) implies TIME(t,)< TIME(t,) t,=0(t,) 25> £ TIME(t,)< TIME(t,)
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL) f15.3. 28 3R 2 =L FTHf A RE(PROP-EVAL)
Input:<F,<a,, a,, ... , 3, > A<k, <a,a, @ >>
F is an extended prop. expression FIZHhEdmERELX AV - © N
(@, @y, ..., a, ) is a truth assignment to F B @8y ..., 8, ) [EF ISR T O HEBERYHT
Question: F(a,, a, ..., a,)=1? BHE: Fa,a,...,a,)=1?
X—Yy X oy X—Yy X ey
0y) [(XVY) (=Y A Y—X) ) [(TXVY) (=) A Y—X)
0,0) |1 1 0,0) |1 1
0,11 0 ©0,1) |1 0
(1,0) |0 0 (1,0) (0 0
(1,11 1 (1,1) |1 1
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL) 155.3. an e am 22 =X 5T M RS RE(PROP-EVAL)
Input:<F,<ay, a,, ..., a, >> AKN:<F,<a,a,...,a,>>
F is an extended prop. expression FIXMERMBEREX AV -2 ©
(@), @y, ... » @, ) is a truth assignment to F @y, 8y, - » a)IFFITH T HEBERIVET
Question: F(a,, a,, ... ,a,)=1? B F@,a,...,a,)=1?
Construct a computation tree from a code [F | of ext. prop. expression VARG REGRIER F AAO—FEShi=1 0 [F] Mot EREES.
It is built in time O(|[F1P). SHEARIZO([F] PR THER TES.
If computation tree is available, we can easily obtain the value FERABLINATONIE, RELT7YTRT
F@,, &, ... , &, ) in a bottom-up fashion. | F@,a,, ..., a,) DEEBRICFERAIRE. | |
computation HELX
Ex.: F(Xp, X5 5 X3) = [X) A 7X] v [X) —X] @ N troe Bl Fx, %5 %) =[x A %] VX —%5] 0 0% |
0
F(0,1,0)=1 ﬂ@ F(0,1,0)=1
F(1,1,0)=0 ] y:é ] g} F(1,1,0)=0
0 1 0
Hence PROP-EVAL € P é &KDTPROP-EVAL € P 0
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» The following problems are in P:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v 3SAT, DHAM

D

The class AV’P between P and £?

LTOEENHONTINS:
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Ex. 5.3. 2-Satisfiability (2SAT) 1553, an A EmEE = I8 B M RS RE - 2 AR S (2SAT)
Input: <F> F is 2-conjunctive normal form AN <P>FIR2fER mEmER
Question: Is there any assignment such that F(a,, a,, ... , a,) = 1? B F@a,a,,...,a,) = 1Z@m=dEYLTHHEH?
Conjunctive Normal Form (CNF) iEM:
F=(@OVOV..VONBV.. . VOA..A(.) F=(@OVOV..VONBOV.. . VOA..A(.)
- described by /\ of \V of literals. -UTIILOREBNOREBECREINZLO
exactly/at most £ 158 /=DM
K SAT %—‘ KEIFE RS (K SAT) bESE,
- Each closure contains k literals -BEROZRENS KBEOVTIILEED
- We can define 3SAT, 4SAT similarly. - 3SAT, 4SAT B RHRICEETE S,
- SAT consists of any CNF. - SAT: ZREBHMD YT )L OEHKIZHIBIGLNED
- EXSAT consists of any extended propositional expression. - ExSAT: ANDRRGFERER (P o6
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EX. 5.4: Graph reachability problem (ST-CON) f5115.4: FZEATREME RIRE(ST-CON)
Input: <G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|) AN :<Gst>: EAIJSTG, [ Sst=n(=|G|)
Question: Does G have a path from s to t? B GETshD t~DELHZH?
> Cycle is a path that shares two endpoints. >EREF. BREEADVRLTHDE
> Euler cycle is a cycle that visits all edges once. PAAS—FREIE. TRTOLE—EDDEDFR
»Hamiltonian cycle is a cycle that visits all vertices once. PNSILNUBBREIE. TRTOTEREZ—E I DEIHR
Ex. 5.4: Euler cycle problem (DEULER) l5.4: —%%%ﬁﬁﬁf@%ﬁ(DEULER)
Input:<G>: a directed graph G AJ1:<G>: ﬁﬁ_7 276G
Question: Does G have an Euler cycle? B GldA15—FlEL DAV
Ex. 5.5 Hamiltonian cycle problem (DHAM) 515.5: /N2 )L BB R RE(DHAM)
Input: <G>: a directed graph G AA:<G> HMYISIG
Question: Does G have a Hamiltonian cycle? B GIENIILLFBREEDH?
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It is known that:

>LTOREIR PICET S:
v' PROP-EVAL, 2SAT, ST-CON, DEULER

>UTOREIX EIZET S ...
v/ 3SAT, DHAM

D
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