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Chapter 5

Representative Complexity Classes

5.1. Representative time complexity classes

r=0UJ

TIME(p())

P:polynomial
£ =\Uj | TIMEQY)
exp=U  TiMEQ0)

P:polynomial

Cset: set in the complexity class C.
Cproblem: problem of recognizing a C set.

o

o
Problems not in P are intractable
from the practical viewpoint...
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL) f15.3. 28 3R 2 =L FTHf A RE(PROP-EVAL)
Input:<F,<a,, a,, ..., a,>> AR :<F <a,a,...8,>>
F is an extended prop. expression FIZEaRkmERER AV -~ ©
@y, ... , &, ) is a truth assignment to F B @8y ..., 8, ) [EF ISR T O HEBERYHT
Question: F(a,, a, ..., a,)=1? BHE: Fa,a,...,a,)=1?
X—Yy X oy X—Yy X ey
0y) [(XVY) (=Y A Y—X) ) [(TXVY) (=) A Y—X)
0,0) |1 1 0,0) |1 1
©0,1) |1 0 0,1) |1 0
(1,0) |0 0 (1,0) |0 0
(1,1) |1 1 (L,1) |1 1
15/18 15/18

Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<a,, a,, ..., a,>>
F is an extended prop. expression
@y, @, ... , &, ) is a truth assignment to F
Question: F(a;, a,, ..., a,)=1?

Construct a computation tree from a code [F1of ext. prop. expression
It is built in time O(|[F1P).
If computation tree is available, we can easily obtain the value
F(a,, a,, ..., a,) in a bottom-up fashion.

computation
Ex.: F(Xp, Xy, X)) = [X; A 7] v [X =X 007 N oo tree
F(0,1,0)=1 .
F(1,1,0)=0 ]
® O %
Hence PROP-EVAL € P

155.3. an e am 22 =X 5T M RS RE(PROP-EVAL)
A :<F, <ap,ay, ..., a,>>
FIZHiRMEREX AV -2 ©
@y, y, ..., a)IEFIT T HEEEEIY LT
B F@,a,...,a,)=1?

VLR ERER F AO—FIEENAD [F] ASHEREES.
FTERIKO([F] P)BEEI TR TES.
FEANGOATONIE, RELTYIRT
F(al, ay, ..., ay ) ®1E[¢§%I:E+§E1ﬁg 01

15'] F(Xh X35 X3) = [Xl N _‘XZ] V[Xl _>X3] 0 0% !
F(0,1,0)=1 »
F(1.1,0)=0

&>T PROP-EVAL € P 0
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» The following problems are in P:
v" PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v 3SAT, DHAM

D

The class AV’P between P and £?

LTOEENHONTINS:

16/18 16/18
Ex. 5.3. 2-Satisfiability (2SAT) 1553, an A EmEE = I8 B M RS RE - 2 AR S (2SAT)
Input: <F> F is 2-conjunctive normal form AN <P>FIR2fER mEmER
Question: Is there any assignment such that F(a,, a,, ... , a,) = 1? B F@a,a,,...,a,) = 1Z@m=dEYLTHHEH?
Conjunctive Normal Form (CNF) iEM:
F=(@OVOV..VONBV.. . VOA..A(.) F=(@OVOV..VONBOV.. . VOA..A(.)
- described by /\ of \V of literals. -UTIILOREBNOREBECREINZLO
exactly/at most £ 158 /=DM
K SAT %—‘ KEIFE RS (K SAT) bESE,
- Each closure contains k literals -BEROZRENS KBEOVTIILEED
- We can define 3SAT, 4SAT similarly. - 3SAT, 4SAT B RHRICEETE S,
- SAT consists of any CNF. - SAT: ZREBHMD YT )L OEHKIZHIBIGLNED
- EXSAT consists of any extended propositional expression. - ExSAT: ANDRRGFERER (P o6
17/18 . 17/18
EX. 5.4: Graph reachability problem (ST-CON) f5115.4: FZEATREME RIRE(ST-CON)
Input: <G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|) AN :<Gst>: EAIJSTG, [ Sst=n(=|G|)
Question: Does G have a path from s to t? B GETshD t~DELHZH?
> Cycle is a path that shares two endpoints. >EREF. BREEADVRLTHDE
> Euler cycle is a cycle that visits all edges once. PAAS—FREIE. TRTOLE—EDDEDFR
»Hamiltonian cycle is a cycle that visits all vertices once. PNSILNUBBREIE. TRTOTEREZ—E I DEIHR
Ex. 5.4: Euler cycle problem (DEULER) l5.4: —%%%ﬁﬁﬁf@%ﬁ(DEULER)
Input:<G>: a directed graph G AJ1:<G>: ﬁﬁ_7 276G
Question: Does G have an Euler cycle? B GldA15—FlEL DAV
Ex. 5.5 Hamiltonian cycle problem (DHAM) 515.5: /N2 )L BB R RE(DHAM)
Input: <G>: a directed graph G AA:<G> HMYISIG
Question: Does G have a Hamiltonian cycle? B GIENIILLFBREEDH?
18/18 18/18
It is known that:

>LTOREIR PICET S:
v' PROP-EVAL, 2SAT, ST-CON, DEULER

>UTOREIX EIZET S ...
v/ 3SAT, DHAM

D

PEEDEODIZANP
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5.2. Class NP

Def. 5.2: Suppose that we have a polynomial ¢ and
polynomial time computable predicate R for a set L such that

for each x e ¥, xe L <> Iwe 2" ;| w|< q( x D[R(X, W)]
ie, L={x:IweZ*[|w[<q(Xx[)ARX,W)]} (5.1

Then, L is called an AP set, and the problem of recognizing L
is called an AP problem.
Also, the whole set of AP sets is called the class NP.

Note: For each xeX* W, €Z* satisfying the predicate
[w<q( x|) A R(X,W) is called (polynomial) witness of x.
Hereafter, we use notation Iwe Z*:|w|<q(x[) = 3Jw

“Given a witness of polynomial length in the input size, we can
determine in polynomial time whether it satisfies the condition

of a given problem.”
c.f.: N’/P=Nondeterministic Polynomial

_ 1/12
52. 95 ANP

EES.2 KA LICHLTROEHEH-IEEX gL
SRt E T REREE R AFTELET S,

ExeX Txel < we |wi<q(xDIRX,W)] (5.1)
2FY, L={x:3weZ*[[w[<q(x) AR W)}
COEE, LENPEE LWV, LORBEBMBEENPEREELS.
Flz, NPEEDEEREIFANPENS.

HE: Bxex IHLT, HERX |w<q( X)) ARX W)
Einf-g W, eZ¥ExD (FEXKRD) FEMENS.
UTTIE Iwe s :|wi<q(x)) = 3w

TARYAXDEEXROIHIA G oNT=EE, A TIED
EHEBE-IDEINESEAKRETHETES. |

## % : N'P=Nondeterministic Polynomial

. 2/12
Ex.5.7: Hamilton Cycle Problem (DHAM) € NP
Assume graph vertices are numbered 1~n.
Trace on a Hamilton cycle® permutation of 1~n<Iy, I, ..., I, >
This permutation is a witness of polynomial length.

/| (c.f.)There are n!~n" many

Ex.: 1 ¢ o5 candidates of witness
<1,2,3,4,5> =»Hamilton cycle =>witness
26 3\4 <1,2,3,5,4> =»not Hamilton cycle
<1,4,3,2,5> =»not Hamilton cycle
Rp(X, W) €[ is a code of a graph G(with n vertices) ]
A [w is a permutation of 1~n: <y, I, ..., I,>]
AW represents a Hamilton cycle in G]
For each X € 2*we have
if X is a code of a graph G:
X € DHAM > 3w (=<1,,...,1, >)[Rp (X, W;)]
if X is not a code of any graph: VW[—RD (x,W)]

5.7: 1\2 )L+ ERRRRIRE (DHAM) € NP 212
JZIDERIFI~n EBEIFINTVSERE.
NELRVEABOWYED 1~n DIEFI<I, I, ..., 1>

COIEFIN ZEX RO

Bil: 1 SO — DB B)BE |
e .

Q5
<1234,5> DNIILAUEE DI
I, <1,2,3,54> D /N\IJLb VAR THL

O
2 <1.432,5> DNILAUEABTHN
Rp(x, W) [xXI&HBY S IG(nTER) DI—F]
A WIET~nDIEFI< Iy, Iy, ..., 1,>]
ANWIEGD/NZ LU BABRERL TS
FTARTD XeZHIDWTROBFZEMNRYIID.
XD H BT S5TGCHIA—KRIZH->TNDEE:
X € DHAM > 3wg (=<1,,...,1, >)[Rp (X, W5)]
xBTS TDA—RIZESTUVENEE: Y[R, (X, W)]
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Ex.5.8: Satisfiability Problem of Prop. Express. (3SAT, SAT, ExSAT)
Goal :EXSAT € NP

F(X;, ... , X,): arbitrary extended prop. logic. expression
F is satisfiable<> 3a,, ..., a,:eachaisOorl [F(,,...,a,) =1]
length of a witness (g
Truth assignment to F is denoted by <a,, ..., a,>.
- its length is 3(n+n+1)=6n+3< 6|[F]|+3
ge(l) = 6143

predicate Rg

Re(X, W) <> [ is a code of an extended prop. express. F (n variables) |

A [Wis an assignmentto F: <ay, a,, ..., a,>]
A [F@,, ..., a,)=1]
Using a computation tree, the value of F(a,, ... , &,) is computed in

polynomial time. Thus, Rgis also computable in polynomial time.

515.8: B EARIER 75 2 1 RME(3SAT, SAT, ExSATAE) 32

H#Z:ExSAT € NP

F(Xy, ... , %) EEDILRMERER
FMNFERATEE © Ja,, ..., a,: &ald1H0 [F@, ..., a,) =1]
FEHLOD &g
FADEHKEDEIY L TE<a,...,a,>TKY.
> E&E 3(n+n+1)=6n+3 < 6| [F ]| +3
ge(l) = 6143
MEER:
Re(x, w) < [xIZHDIERMERERF (nEH) DI—F]
AWIEFADEIYHT<a,,a,, ... ,8,>]
~[F@y, ..., a) =1]

HEKRERWSERa,, ..., a,) DIEFSEXFHFETEHEATRE.
&2T, ReAZAXKHE CEHE IR
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What does it mean by being an /P set? NPEETHAHEDERIET[A?
Using g and R satisfying the predicate characterizing an NP set, G.DZEmIz9 g, REAWLSE, x L2 ERDEKSIZHIETES.
we can determine “X € L?” in the following way. for each W e X9 4o

if R(X, w) then accept end-if
for each W e 59" do end—f(()r‘ ) ’
if R(x, w) then accept end-if reject; ’
end-for; ’
reject BEDQ) U FOXFIET S THRELTHANAE,

accepthreject MEIETES. 1212, TDKIGEXFHIE
20q(x)FRME EHBEM) FETHEITER.

ERDHEAXTHRATEDRREZNPEREZATLL.

If we enumerate and check all possible strings of length at most
q([x[), then we can accept or reject them. Here note that there are
2 to the q(|x|) (exponentially many) such strings.

We may think that those sets recognizable as above are NP sets.

5/12 5/12
Classes related to AP NPIZBELII5R

Def.5.3. TR -
. o - EHS3 KELE, TOWEALANPIZELTLSLE,
A set L is called a co- AP set if its complement L belongs to NP. ) A = g A = ) -
The whole family of co-A/P sets is called the class co-A/P. CONPREENS. Fz, co NPREDEREITAONPENS.
) o E: co-P EFEELTH P LRLHDTEEK.
Note: It is nonsense to define co-P since it is equal to P.

EESS FRTOES LISHL, ROEHITFRIE.
Theorem 5.5, For every set L, the following conditions are equivalent. (@) L eco-AP
@ Le conp ¢ a (b) £& L%, BAGSER q LSHREH
(b) The set L can be represented as E-I-E:EIEEJEEEQ%FF]L\T'
L = {x: Vwe =*:| wl< ( X DIQUG W]} L= {x: vwe =*:| w|< ( X DIQU W)}
by using some polynomial g and polynomial-time computable ERED.
predicate Q.
6/12 6/12
Ex.5.9: Primality testing B15.9: FEHIERE
[n] & PRIME <> 3m:1<m<n[ n mod m=0] [n]¢ PRIME «> 3m:1<m<n[ n mod m =0]
Therefore, for g,(n) =n, L#=h'2T, g, =n&l,
R, (x,w) & [x & N]v [[weN]JA[l<m<n]A[n mod m=0]] R, (x,w) & [x & N]v [[weN]A[l<m<n]A[n mod m=0]]
(where n and m are natural numbers represented by X and w. (=20, n, mIE & 4x, whiRT BHARH,
N is a set of all natural numbers in the binary form) NIZBERBD2ERTE LR
EEET DL,

This definition leads to FARTDXxeZ*[ZHL, xePRIME & 3q,WR,(x,W)]

for every X€Z* we have X PRIME > 3q,WR, (X, w)] i, x € PRIMEIZx S HEEHL
This is a witness to X ZPRIME &27T, PRIME € AP, ie., PRIME € co-NP

Thus, PRIME € AP, ie., PRIME € co-NP I, Q(X, W)« = Rp(x, w) &9 5E
In fact, using Q(X, W) <> -R,(X, W), PRIME can be expressed as PRIME = {x: quw [Qp(X, W]}

PRIME = {x: ", [Q,(X, W)]} ERED.
We can also show that PRIME € A/P, but its proof is more complex. PRIME €NP {REDHY, TOIERAIFHo L.
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Examples of A’P problems
»Composite Number Testing Problem(COMPOSITE)
input: natural number n
question: Is n composite? (Is it not prime?)
*Knapsack Problem(KNAP)
input: n+1 tuple of natural numbers <a,, a,, ... , a, , B>
question:Is there a set of indices S S {1, ...,n}s.t. D, (& =b?
*Bin Packing Problem(BIN)
input: n+2 tuple of natural numbers <a,, a,, ... , a,, b, k>
question:Is there a partition of a set of indices U={1, ..., n}

7112
NPREEDH
- & LB E B8 (COMPOSITE)
A BR%n
BR:nlZEHREMN 2 (EHTHLM?)

-y Ty RIRE(KNAP)
AN BR#DM<a;, ay, ..., 8, 0>
B D a=b LLDRTFOEESC (1,....n}HHDIN?

-FEREOMBEBIN)
AR BR#DHM<a, a,, ..., a, b, k>
BRI RFEDESU=(1,..,n}EU,, ..., UOKREIZHEIL,

into Uy, ..., U, such that Z a, <b foreachj? &jT Z a <b &FBTEILAEEM?
ieU; iU i =
-Vertex Cover Problem(VC)

input: pair of undirected graph G and natural number k <G, k> 'T‘Eﬁ*&ﬁﬁ%ﬁ_(vc) y TERIRTES:

question: Is there a vertex cover of k vertices over G? AT &R STIGEE %ﬁk@ﬁﬁ<6, k> EDBuV)H
BR:CINERDEABRELNFETIN? | Lvp—hit

Vertex Cover S contains at least one of u and v for each edge (u ,v).\ S,IZ &Eh?

8/12 8/12

5.3. Relation in the Complexity Class

\Theorem 56: PC EC 52(73.\ Hierarchy Thm. (Thm. 4.4):

For any times t, t, ,

Ve >0,V n[ct, (n)* <t,(n)

— TIME(t,)c TIME(t,)
#

Obvious from the definition.

‘Theorem 57: PG & S EXP. ‘

Proof:
HPrPs &
For t;(n)=2", t,(n)=2°", from the hierarchy theorem we have
TIMEQ2") & TIME(23")
On the other hand, since P & TIME(2") ¢ TIME(2’") € &
PG &
(2) is similar.
Q.E.D.

53. 5t EEIS A DR

[EHs6: PC £C Exp) B B T B (R 4. 4):
- - EBOHIBEERT 1, t, (3L,
EELY, B Ve >0,V nfet,(n)? <t,(n)
— TIME(t,) c TIME(t,)
#

(EEST: PG E£G EAP.

SIEBA:
1 Pc &
t(n)=2", t,(n=2ed 5 &, EBEEKLY,
TIMEQ2") G TIME(23")
—7%, P S TIMEQ") ¢ TIME(2) € ££2h\5,
PSS &
QbR

FEBAfR
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Theorem 5.8.
(HP € NP, P S co-NP (thus, P S NP N co-NP)
QNP S EXP, co-NP S EXP (thus, NP U co-NP S EXP)

Proof:
()P S NP (P S co-NP is similar)
L: arbitrary P set
=> L is recognizable in polynomial time
Thus, we have the following description using
a polynomial-time computable predicate P:
vxeZ*:[xeL <> P(X)] or P={x: P(X)}

We define R(x, w) = P(x) (neglecting the second argument)
-> for any polynomial g,

L= {x: I W[ R(x,w)]}
Thus, from the definition of NP, L € AP ie., P S NP.

9/12

TEI5.8.
(HP S NP, PS co-NP(&L2T, PE NP N co-NP)
Q)NP S EXP, co-NP S EXP (&2T, NP U co-NP S EXP

FEER: (1) P S NP (P S co-NP HE#HkR)
L: FEDOPEAR
> LIS EX KR TR AT E
&oT, EIRABHEAEARREPERAVTROLIIZETS.
vxeZ*:[xeL o PX)] or P={x: P(x)}
Rx, W) =P(X)EEE (251 8ITER)
> HFEDNZEHKITONT,
L= {x: I w[ R(xw)]}
&oT, NPDEREY, LE NP ie, P S NP.
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(2) NP S EXP (co-NP € EXP) 10712
L: any NP set

=>There is some polynomial ¢ and polynomial-time computable
predicate R such that

L= 3R W} = {(x: 3wl wi< q( x ) A R(x, W)}
prog L(input x); program recognizing L using q
begin
and R

for each w e X% do
if R(x, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R is polynomial-time computable, for some polynomial g
time of R=p(|x| + |w|) <p(l +q(l)) «— polynomial of |
In total, {p(I+q(l)) +cq(1)}29D +d = O(2 Hah)
Hence, L e EXP > NP S EXP

Q.ED.

Q)NP S EXP (co-NP S EXP) 1012
L: EBEDONPEE
S ZIEXqELBXRRE G EAIREREERAFEL T,
L= {X:IWR( W} = {x: 3wl wi< q( x ) A R(x,W)]}
qQEREFAVT, LERB#HT5T0T 5 L%1ES.
prog L(input x);
begin
for each w e X% do
if R(x, w) then accept end-if
end-for;
reject
end.
RIIDAAICKHT SIS LOBEHES:
RIFZERBFHEEFE AR oTAD, HBHBIEHXpITHIL,
RO EHEBRE=p(x| + W) <p(l+q)) — | DLIEX
2IKTIE, {p(+q(l)) +cq(l)}290 + d = O(2 Hab)
&£2T, Le&XP > NP S EXP EILEE S
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Theorem 5.9
(D) NP S co-NP > NP =co-NP
(2) co-NP & NP > NP =co-NP
BYNP# co-NP > P = NP

Note: from (3) the proof for NP # co-AP is harder than that
for P# NP.

Proof: (1) NP S co-NP > NP =co-NP (proof of (2) is simiiar)
Since co-NP S AP is shown if we prove LEAP for any L€ co-NP

Combining it with the assumption NP S co-NP, we have
NP=co-NPandso

L € co-NP —~L €ENP (by Definition 5.3)
“LE€co-NP (NP S co-NP) =
L ENP (Definition 5.3 and L=L)

11/12
SEE5.9.
(HNP S co-NP > NP =co-NP
(2) co-NP & NP > NP =co-NP
B)NP# co-NP > P« NP.

iE: Q)&Y, NP #co-NPORERRIE, PANPDIERAKYELL.
FEBA: (1) NP S co-NP > NP =co-NP ((2Q)DFERAL E#HR)
EBDL €co-NPIHLTL € NPASRENIE, co-NP S NP
HEEBATED DT, (REDNP S co-NPEBHETNP =co-NP
MEZ5. o
Leco-NP ~L SNP  (E&S3KY)
L €co-NP (NP S cazNP&KY)
~L ENP (BES5.3&L=L&Y)

12/12
B)YNP #co-NP > P# NP

| Contraposition: P = NP > NP =co-NP ‘

If we assume P=N/P, for any L we have
LeNP © Lep (P=NP)
O Lep (Exercise 5.5)
oTenp (P=NP)
“L(=L) €co-NP (Definition 5.3)
“* NP = co-NP

QE.D.
If NP #co-NPis true,

OFEIANG
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G)NP £coNP > P % NP. |

| 1B P = NP > NP =co-NP|

P=NPERETHE, TRTOHOLIZHL
LeNP < LeP (P=NP&Y)
L eP (EERIRES.S)
O LENP (P=NP &Y)
SL(=L)E€co-NP (EES53&Y)
“* NP =co-NP

SERR#R
NP #co-NPHIELL E

OFGIANG




