Observation of the definitions of the classes...

Def: Class P (Chapter 5)
Set L is 1n the class P <

There exists a poly-time computable predicate R such that
for each XEX*, XELER(X)

Def: Class N'P (Def 5.2)
Set L is in the class NP &

There exists a poly g and a poly-time computable pred. R s.t.
for each xEX", xeLe dwe X7 jw|=q(|XD[R(X,w)]

Def: Class co-N'P (Theorem 5.5)
Set L is in the class co-ANP ©

There exists a poly g and a poly-time computable pred. R s.t.
for each xEX", xeLeVwe X7 jw|=q(X))[R(X,w)]
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Theorem 5.9

(1) NP € co-NP > NP =co-NP

(2) co-NP S NP > NP =co-NP
B)NP# co-NP > P # NP

Contraposition: P = NP 2> NP = co-NP

If we assume P=N/P, for any L we have
LeNP © Lep (P=NP)
< Lep (Exercise 5.5)
< LEANP (P=NP)
<L(=L) €co-NP  (Definition 5.3)
- NP =co-NP Q.E.D.
If NP #co-NPis true,

OFEING
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EIHE5.0.

(1) ./Avf //D C CO'JAV/‘/I’D A/ ./Avf P — CO'JA\I/‘/I’D

(2) co-NP & NP > NP =co-NP
NP co-NP > P= NP.

XHB: P=NP > NP =co-NP

P=-NPERET DE, TATOLISHL

LeEANP < LeP (P=NP&Y)
< Lep (GEEERES.5)
> LENP (P=NP &UY)
“L(=L)E€co-NP (E&E53&KY)
- NP =co-NP s BA R
NP # co-NPIIELL

OFEING



Chapter 6. Analysis on Polynomial-Time
Computability

6.1. Polynomial-time Reducibility

Def.
Let

6.1:
A and B be arbitrary sets.

(1) function h: A= B: polynomial-time reduction

—

(a) h is a total function from X* onto X*
b)yxeZ*[xe A< h(X) e B]

_ (c) h is polynomial-time computable.

(2) When there 1s a polynomial-time reduction from A to B,
we say A is polynomial-time reducible to B.

Then, we denote by

A<’ B

1/14
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FO0E ZIERHEEFTFEAIEED 2
6.1. SIETBEAN;R T A AL

TE&6.1:

ALBEZEEDEE LT S.

(1) F;sj’y"ﬂ h: A>B: % I8 = B E 1= JT(polynomial-time reduction)
(a) h [EZ*MHI ~DEEHIRE K

—| (b)XxeZ*[xe A<> h(x)e B]

(o) h [FZEAFHEE R A EE.

2) ADBBADZIEXFFRIRTNFET HET,
AlE B % I8 T B E] 1= 7T Al BE &L VD (polynomial time reducible).
—DEE, RDEIIZEL:

A<’ B
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A SE B  within polynomial time, hardness of A < that of B

Theorem 6.1 A<’ B leads to,

(1)BEP>AEP.

(2)B € NP> A< NP.

(3) B € co-NP > A€ co-NP.
(4)BE EXP > A € EXP.

Note:class £ is exceptional. Generally, B € £ 2 A e £ is not true.
Ex.6.2: If we define ONE= {1}, for each set L in P we have

1 P AN

- )m UINLE

If we define h(x) = { (1)’ i)t;l)l(eer\xl;i’se

(1) h is a total function from X* onto X*.
(2) xeZ*[xe L <> h(x) e ONE]
(3) h is polynomial-time computable(so is computation Le P>x<L)



2/14
NTIL, ADZLS < BOZLS

=t)
+

A< B ZEAKMOHE

FHE6.1. A< BDEE,

(H)BEPS>AEP,

(2)B € NP> A€ NP,

(3) B € co-NP 2> A € co-NP.
(4)B € EXP 2> A €&EXP.

I DIREEHIS. —RRICIK, BeED> A e EEIFTEBTELY.

1516.2: ONE= {1} EEET HEE, ITAPDITRTHOESLIC
DL\T L< ONE

MAYILD. = { 1, X€LDEE,
0, ZTDmDLE
EEETDHE () hFZ DI AN HIBEE
(2) xeX*[xe L <> h(x) e ONE]
Q) hFZIERFREETETEE(Le PoxcLOHIEL ZIER BEREIA)
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Theorem 6.2: A, B, C: arbitrary sets

(DA <& A
QA< BAB<SC>A<C

Def:A=f B« A<"BAB<A

m -m

P . . .
- 1s an equivalence relation.
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TFIE6.2: A B, C:IEENES
(HA < A
2Q)A< BAB< C >A< C

-m

FTEHE A= B o A<

m -m

=" 13 RS

BAB< A
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Relation among satisfiability problems of propositional expressions

2SAT (propositional satisfiability problem)
3SAT
SAT

EXSAT (extended propositional satisfiability problem)

ZSAT < 3SAT i  at most K. ..trivial

» exactly k...
Similarly, >easy if you can repeat the same literal.

P p »the other case ... good exercise!
3SAT <. SAT < ExSAT

2SAT < 3SAT <° SAT < ExSAT (6.1)

Here, 1f we can show
ExSAT <© 3SAT

then we have
3SAT =" SAT = ExSAT
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I rn

3
5

eE i 2 2 0D It /€ Bl e tE R RE D R D B &

2SAT
3SAT
SAT

(neEmEX T R ERE : ZfiFFrX)
(neEmEX T EERE : = 1FF1X)
(AneBimE a_tfﬂ'fianﬁf'é)

ExSAT (¥hokaneEimiE = 7T 2 M fERE)
2SAT< 3SAT < .%/z_k@..ﬁaﬁ

RIFRIZ,

3SAT

2SAT
—C

5 &OEKIE. ..

>RICUTIINZEE>TELEVVGLREHE,
PEDES. . EZTHES !

< SAT <° ExSAT Sl e

<" 3SAT < SAT <  ExSAT (6.1)

ExSAT <° 3SAT

ThHHdLErTrtEdHE,
3SAT = SAT = ExSAT

E155.
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Ex. 6.3: Reduction from ExSAT to 3SAT

E (X, X, %) =[[X < X, ] =2 [X, A X ]V =X,
F(X,X,,%)=U AU, & U, v=x]]AU, U, > U,]]
/\[U3 (_)[Xl g Xz]]/\[U4 <_)[X2 /\X3]]

Then, [E, 1s satisfiable] <> [F, 1s satisfiable] (6.2)

F, 1s easier to be converted to 3SAT form.

How to construct F,
(9\/ (1)V1 EV2 V =X,

<2>a D ) VAR (VAN VY
(3)\/3 = [Xl <~ Xz]

To construct F, we let V, =U., and connect expressions of V, by A
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516.3: ExXSATHMBH3SATANDIZEITT

E (X, X, %) =[[X < X, ] =2 [X, A X ]V =X,
F(X,X,,%)=U AU, & U, v=x]]AU, U, > U,]]
/\[U3 (_)[Xl g Xz]]/\[U4 <_)[X2 /\X3]]

CDEE, [E\NFERERRE] © [F M FEEATEE (6.2)
FIE=FIFERKICELOTLEIZE-S TN S.

F.D\BREE
(1)\/ (1)V1 EV2V—|X3
(2) »/ @V, =V oV

(BV; =[X, <> X, ]

FZERT 5012, V.oUEL, VOEERE ATH A



From the construction of F,

(1) F, 1s never true unless each U; 1s Vi(X,, X5, X3).
(2) If each U; 1s Vi(X,, X,, X;), we have F; =E,

6/14

The above properties are proved by using induction.

Conversion to 3SAT form

a—b =7avhb

proof 1s omitted.

asb = (a—=>b)A(b—>a) =[7aVb] A bV a]: useful relations

Ul (—)[U2 \/—|X3] =[—|U1 \/U2 \/—|X3]/\[LJ1 \/_I[U2 \/—lxz]]

=[-U, vU, v —=X,]

= :—|U1 VLJ2 V—|X3:

=[-U, vU, v —=X,]

Others are similar.

AN

AN

A\

U, v[=U, AX]]
U, v=U, AU, viX, ]

U, v-U, v=U, AU, v X, vX]

Thus, every 3SAT form 1s converted.



F, DERAZEKY,

(HEU, DIEZEV(X,, X, X;)ELEWLRY, FIFXESIFAERDELY.
Q) BU.DIEZEV(X,, X,, X,)ELT=EE, F, =E,

6/14

LOHEEARYIDO LR, IFHEEZRNSEELTEERARTRE.

=fFEREX~NDOZTH

a—>b =7avhb

SEBAIL A RE.

a~>b = (a>b)Aa(b>a)=["aVb].["bVa]THH_EZALS.

Ul (_)[U2 \/—|X3] =[—|U1 \/U2 \/—|X3]/\[LJ1 \/_I[U2 \/—|X2]

=[-U, vU, v —=X,]

= :—|U1 VLJ2 V—|X3:

=[-U, vU, v —=X,]

fth 3 [l B

AN

AN

A\

|
U, v[=U, AX]]
U, v=U, AU, viX, ]

U, v-U, v=U, AU, v X, vX]

FOT, TRT=ZMREBRICERTELI LA DM S.
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it 1s called C-complete (under Sz)

(a) VLeC[L <TA]

(b)A< C

Note: Sets satisfying the condition (a) are called C-hard.
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6.2. ZIEXFEBLETAREEICEDIC(ELHE

6.2.1. EEMDERLLTDELRNHEE

EFE6.2: iTEEVIACITKL, EEANRDEHZiHT-9 LE,
FhzE (<L DTFT)C-REENS.

(a) VLeC[L <TA]

(b) Ae C

W EHFB-TESIIC-HE.
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6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Ex.6.5. Examples of A’/P-complete sets

3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc
EXP-complete sets

EVAL-IN-E, HALT-IN-E, etc.

EVAL-IN-E:
Input:<a,x,t >
a : the code of a program with linput, X e X" ,{ > 0
Output : eval-in-time(a, x,2") = accept ?
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6.2. ZIEXEBLETAIREEICEDICELHE

6.2.1. TEMEDEREZDELRNMEE

B6.5. 72ANPDTEERE DHI

3SAT, SAT, ExXSAT, DHAM, KNAP, BIN, VC7Zi &
DSREXPDTTEES

EVAL-IN-E, HALT-IN-EZ& &

EVAL-IN-E:
ANJj:<a,xt>
a: ATl T LD a— R xeX >0
Hi 77 :eval-in-time(a, x,2") = accept ?
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Theorem 6.3. For any C-hard (or C-complete) set A,
(HDAeP>CE P CP: CaP > AgP
2)AeNP>C<S NP CP: CaNP > A¢NP
(3)Ae co-NP 2> C < co-NP CP: CZco-NP > A& co-NP
(4 ASEXP > CC EXP CP: CZEXP > AgEXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B<" A and by the assumption A € P we have B € P (Th. 6.1)
(2), (3), (4) are similar.
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TIE6.3. EEDC-FE

(DAeP>CCS P

2)A NP> CCS NP

4)AEEXP > C C

HES (B :C-TEESB)AITHL,
XHBIE C “P > A€P

XHEIL CENP > Ag NP
(3)A €co-NP =2 C < co-NP X&EIL C%co-NP > A€ co-NP
EXP YHEIL CEEXP > AZEXP

AlEER -

() BZEEDCEEG LT HE, AlEC-RE=h b,
B<h A —A, AcsPOREXY, B< P (EH6.1)

(2), 3), (HBRIF%
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Theorem 6.3. F

2)A NP> CC NP

(3)Ae co-NP 2> C < co-NP CP: CZco-NP > A& co-NP

4)A €EEXP D CC EXP

or C-complete) set A,

J %

CP: CaP - AgP
CP: CZNP > AgNP

CP: CZEXP > AgEXP

EX.6.6: Meaning of Theorem 6.3 (class N'P) > NP = co-NP
Let A be N'P-complete set.

Theorem 5.9.
(1) NP S co-NP

By the contraposition of Theorem 6.3(1) we have

NP+ P=>AEP

By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),

A ¢ co-NP

That is, AN/P-complete sets are A/P-sets that cannot be recognized in
polynomial time unless P = NP.
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EH63 EEDC-RHEEES (F:C-E2EH)AITHL,
(WAEP>CCS P &L C 2P > A€P
(Q)AeNP>CS NP XHBIEX CENP > Ag NP
(3)A €co-NP 2 C S co-NP xHAIL CZco-NP > A€ co-NP
(HASEXP>CC EXP XHEIEX CEEXP > AZEXP

$16.6. EH63IDEMR(VFANP) | =385 9.
AZNP-TEEELET S (1) NP S co-NP > NP =co-NP

TFEI6.3(HDFHBLY,
NP# P> Az P
6. 33)DFHMBETEES (D XHEXY,
A ¢ co-NP

DFY, NP-ZEE/IIP- NPTHARY,

9IETH#FEﬁ—C(j:nL. nﬁkf%ﬁb\

(]

€ 1
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N'P-compete sets are N'P-sets that do not belong to

./A\/FID a CO-JA\/FID unless 73 — ./A\/FID.

NP

co-NP
' co-N'P -complete
NP-complete




NP-EE2E B[P NPTHAHRY, NP~ co-NPIZIEALLELY

11/14
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EX. 6.7. Meaning of Theorem 6.3 (class EXP)

Let D be any £EX'P-complete set.

Contraposition of Theorem 6.3(1)
(CZP > AZP, where EXP “P D €P)

PZ#EXP > EXPEP (P < EXP)> DEP
Contraposition of Theorem 6.3(2) (CZNP = AENP,
Here, EXP Z NP >DENP)
NPZEXP > EXPZNP (NP S EXP)-> DENP
Contraposition of Theorem 6.3(3)(CZ co-NP = Azco-NP,
here, EXP %co-NP 2D & co-NP)
co-NP# EXP 2 EXPZ co-NP =D g co-NP
But, by Theorem 5.7, since we know P ¢ EXE, we have D &P.

EXP-complete sets are not computable in polynomial time.
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#16.7. EEH6IDERR (I TAREXP)
DEEXP-EEERETD.

EHCI(DDXMB(CZP > AeP, ZITIXEXPZP >D %P
P#EXP > EXPEP (~P < EXP)> DEP
EH6.32)D XA (CENP > AENP,
CCTIXEXPZE NP >DENP)
NP*EXP > EXPELNP (NP S EXP) > DENP
EIE6.33)D¥HE (C Zco-NP > Afco-NP,
CZTIXEXP “co-NP >D #co-NP)
cO-NP# EXP 2 EXP Zco-NP D€ co-NP
ECAMTEES T PCEXP THHML, DeP.

EXP-EEHR BT LZEARFRE TIIEFEARTHE.
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Theorem 6.4. A: any C-complete set

For any set B we have
(1) A <'B B is C-hard.
(2) A SrF;B AB €C = B is C-complete.

Proof:
By Def. 6.2 VLeC[L <, Al
By Theorem 6.2, L<; AAA< B> L< B

Therefore, V0L e (C[L< B]
That 1s, B 1s C-hard.
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EE6.4 A FEDC-EEES
TATOD%ABUTL,
()A <'B >BIEC-H#.
(2)A < B AB eC > BlIC-EZ£.

nIE BH :
Z62kY VLeC[L<) Al

EEE6.2J:U, L<" AAA<" B> L<"B
L7=A2T, vLec[L<? B]

J75hHb, BIXC-HEE.
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EXPC ={L: L 1s EXP-complete}

NPC = {L: L is NP-complete}

Then, we have the following theorems.

Theorem 6.5.
(D) EXPCAP =¢ KX—P?\
(2) EXP — (EXPC UP)Z ¢

EXP
Theorem 6.6: Assuming P # NP
(HDNPCOP =¢ P
(2) NP —(NPC\Y P)# ¢
/NPC\
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EXPC ={L: LIZEXP- xé}

NPC = {L: LIZNP-52£)
ETHE ROEEMNKYILD.

7€ 2E6.5.
(1) EXPCA P =d /EXPO\
(2) EXP — (EXPC UP)£ ¢

EXP
EH6.6: P = NPERET HE
(DNPCOP =¢ P
) NP —(NPC UP) 2 ¢
’ /PN




Schedule(5&Y D F 7€)

e 10/25(Mon):
— Submission of the report (L7R—MEH)
» 10/28(Thu): Last class (Bl w=EZDER)
— Course Evaluation Questionnaire ({27245 —F)
— Misc. (ZD1h)
* 11/ 1(Mon): mid-term exam (# fE G ER)

— 40 points xTextbook, Copy, Printout,...
— You can bring your own hand-written notebook

(FEE/—tDOHFLAHT)

— Lesson 3~Lesson 6 (:E&F3~i&%F06)




