Observation of the definitions of the classes... HERISABOEREHHRTSL...
Def: Class P (Chapter 5) VI APDER(GSE)
Set L is in the class P & EEBLNITRAPIZAS &
There exists a poly-time computable predicate R such that LT %9 2IERA BRI E AT AE R BRAVELE:
for each XEX*, XELOR(X) & X ETTXELSRX)
Def: Class N'P (Def 5.2) DSANPDEE(EES.2)
Set L is in the class NP & EELAVSANPIZAS &
There exists a poly g and a poly-time computable pred. R s.t. UTZm=-4 Z2IEAqESIEXERH
for each xEX*, xELS IwE X' :|w|=q(IX)[R(X,w)]
Def: Class co-NP (Theorem 5.5)

FHE A AR EERAN AL
& x ETTXELS TwE 5w =q(X)[R(X,W)]
Set L is in the class co-AP &

V5 Rco-NPDEZR(EHES.S)
EELAUTRco-NPIZAD &
There exists a poly g and a poly-time computable pred. R s.t.
for each XEX", XELSVWE 71 \w|=q(|X)[R(x,W)]

UT @ $EXqE S EXBR S BT 4ERERNF:
£ X ETTXELOVWE Z*: (W= q(X)[R(X,W)]
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Theorem 5.9 EHES.9.
() NP S co-NP > NP=co-NP (D) NP S co-NP > NP=co-NP
(2) co-NP & NP > NP =co-NP (2) co-NP S NP > NP =co-NP
GINP# co-NP > P # NP BRYNP = co-NP > Pz NP.
|C0ntrapositi0n: P=NP > NP = co-NP‘ ‘ SHB: P=NP > NP = co-NP‘
If we assume P=N/P, for any L we have P=NPERET L, TRTOHLIZHL
LeNP © Lep (P=NP) LeNP © Lep (P=NP &Y)
Lep (Exercise 5.5) ©Lep (EEEIRES.S)
oTenNp (P=NP) > LENP
©L(=L) €co-NP (Definition 5.3)
" NP =co-NP
If NP #co-NPis true,

(P=NP &Y)
Q.ED.

SL(=L)Eco-NP (E&EK53&Y)
- NP =co-NP SEBA#%
NP # co-NPHIELLVE
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Chapter 6. Analysis on Polynomial-Time | ' v
Iro. An IS ONn Folynomial- I ime 0 z. i
apter 6. Analysis on Poly | %65 SBARRIG EALIED |
Computability
6.1. ZIRX R TEREME
6.1. Polynomial-time Reducibility
6.1
Def.6.1: ALBERERDEELTS.
Let A and B be arbitrary sets. (1) B3% h: A>B: ZIEXEFHEIETT(polynomial-time reduction)
(1) function h: A>B: polynomial-time reduction (@) h [T DI AD 2B %K
r(a) h is a total function from 2* onto X* & b)xeZ*[xe A< h(x) e B]
| (bxeXZ*[xe A< h(x)eB] L(C)h (% Z B BRI 2 AT 4.
(c) h is polynomial-time computable.
. . () ABDBAD S ERBRB AT BEE,
(2) When there is a polynomial-time reduction from A to B, AlEB~ %18 3 ¥ )% JT Al BE &L VS (polynomial time reducible).
we say A is polynomial-time reducible to B. ZDEE, RDISIZEL:
Then, we denote b P
y A S:] B A< B
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A S; B  within polynomial time, hardness of A < that of B

Theorem 6.1 A< B leads to,

()BEPS>AEP.

(2)B < NP>AENP.

(3)B € co-NP > A< co-NP.
(4)BE EXP> A < EXP.

Note:class £ is exceptional. Generally, B e £ > A e £ is not true.
Ex.6.2: If we define ONE= {1}, for each set L in P we have
L<F ONE

If we define p(x) = { (1), i)ft}f:rvl/_{se

(1) h is a total function from X* onto X*.
(2) xeZ*[x e L <> h(x) e ONE]
(3) h is polynomial-time computable(so is computation Le P->xeL)

p . 2/14
A< B 2EXMREOHENTIE AO#LE < BO#LE

F36.1. A<, BEE,

()BEPS>AEP.
(2)B<NP>AENP.
(3)B € co-AP > A € co-NP.

(4)B e EXP> A eEXP.

X OSRETFIS. —HRICIE, B eE> A e EEFHLALN.

516.2: ONE= {1} EEERT HLEE, VTRAPDTRTHDESLIC
21T L<” ONE

MEEYILD. hex) = { 1, XeLMDEE,
Lo, EofoEE
EETDE, () I DT AN LML

(2) xeZ*[xeL <> h(x) e ONE]

(3) hiFZEXFEEEATEE(Le POxcLOHIEL L EXFFRER)
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Theorem 6.2: A, B, C: arbitrary sets TH62:A,B,C.IEEDES
(HA <A (DA< A
QAL BABL C AL C QA< BAB< C A< C
Def:A =" B« A<"BABC<" A EHEA=SB oA BABZ A
m -m -m b
=P is an equivalence relation. =, [FFER &
4/14 4/14

Relation among satisfiability problems of propositional expressions

2SAT (propositional satisfiability problem)
3SAT
SAT

ExSAT  (extended propositional satisfiability problem)
2SAT <? 3SAT + at most K...trivial
m « exactly k...
Similarly, >easy if you can repeat the same literal.
3SAT Sﬁ SAT 5:‘ ExSAT »the other case ... good exercise!
2SAT < 3SAT <P SAT <! ExSAT (6.1)

Here, if we can show
ExSAT <! 3SAT

then we have
3SAT = SAT = ExSAT

2SAT  (FRESRIERFT B ERIRE : ZfiER )
3SAT  (FnRE:R IﬁE-taEE’riFﬁxE =MFERNX)
SAT upLurmiE_tﬁE'L&-_FE]

ExSAT  (Ji3Re ijE‘tEE'tiFﬁEE)
P - BAE...BH
2SAT < 3SAT B s

BRI, >RELUTIILEFE>TENESHE,
SIS, ERTHES !
ISAT < SAT < ExSAT L 21-0BB.BATHES

2SAT < 3SAT <P SAT < ExSAT (6.1)
ZCT
ExSAT <} 3SAT
THAHLETREDE,
3SAT =| SAT ={ ExSAT
E13%.




‘ Ex. 6.3: Reduction from ExSAT to 3SAT | >4

E (X5 %0, ;) =[[X € X1 = [X, AX ]V =X,
F (X, %, %) =U, AlU; & [U, v—=X]]A[U, < [U; > U,]]
AU; ©[X © XA, o [X AX%]]

Then, [E, is satisfiable] <> [F, is satisfiable] (6.2)

F, is easier to be converted to 3SAT form.
How to construct F,

(1}\/ (l)VI EVZ V*|X3
@ & @V=lV, >V

(3)<—>/(4)\A \ BV; =[x > X,]

N\ 4V, =X, A X,
X X X3

To construct F; we let V; =U;, and connect expressions of V; by A

[416.3: EXSATA\D3SATADETE | o

E (X, %, ) =[[X € X1 = [X, AX ]V =X,
F (X, %, %) =U, AlU; & [U, v—=X]]A[U, < [U; > U,]]
AU, ©[X © XA, o [X AX%]]

COEE, [ENFERATHE] © [F AT ATRE (6.2)
FR=MERRICELYT VRITHESTNS.

F.OBREFZ
(1}\/ (l)VI EVZV‘|X3
@ S @V=lV, >V

1t \ BV, =[x <> x,]
/\ ' AV, =%, A X,
X

X X3

FAMRT 1012, V SUEL, VDRERE TR

. 14
From the construction of F, o
(1) F, is never true unless each U; is Vi(X;, X,, X3).
(2) If each U; is Vi(X,, X,, X3), we have F| =E,

The above properties are proved by using induction.

proof is omitted.

| Conversion to 3SAT form ‘

a—-b ="avb
acb = (a=b)A(b—>a)=[—aVb] A ~bVa]: useful relations

U o [U,v—x]=[-U vU,v-x]A[U, vU, v—=x,]]
=[-U, vU, v=x]A[U, v[=U, AX,]]
=[-U, vU, v-x]A[U v=U,]A[U v X]
=[-U,vU,v-x]A[U, v=U, v=U, AU, v X, VX, ]
Others are similar.
Thus, every 3SAT form is converted.

F, OHEAEEY, 14
(W&, DIEZEV(X,, Xy, ) ELTIZWRY, FEEIZIEASAL.
Q)BUDIEEV,(X,, %, X)ELT=EE, F, =E,

EOMEARYIOILIE, RiNEERALSLGELTERARAE.
SERAIS &I

[ ZHERRA~OLH |
a>b ="avb
aob = (@>b)a(>a)=["aVvb] [ b Va]THAHZEEALD.

U o [U,v—x]=[-U vU,v-x]A[U vU, v —x,]]

=[-U, vU, v=x]A[U, v[=U, A X, 1]
=[-U,vU, v-x]A[U v=U,]A[U v X]
=[-U,vU,v-x]A[U v=U, v=U, AU, v X, VX, ]
bt Bk
&oT, TRTEMERRICER TEH LA DNS.

714
6.2.Completeness based on Polynomial-time Reducibility

6.2.1. Definition of Completeness and its Basic Properties

Def.6.2: For a class C, if a set A satisfies the following conditions,
then it is called C-complete (under Sa)

(a) VLeC[L <PA]

(b)AE C
Note: Sets satisfying the condition (a) are called C-hard.

- e T = 7/14
[6.2. ZIEABRETTREEICEI(REE |
621 EEMDERLTOELRNMEE
EE62: FHEEVIRCZHL, EEANRDEHEFH-TLE,
NE(SSOTTICREENS.
(a) VLeC[L <PA]
(b) AcC
WE FHERHLTESTC-HE.
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— T 6.2. ZIEXBEETAREMEICEI(EEM
\ 6.2.Completeness based on Polynomial-time Reducibility \ ‘ = ’r |
[ —]
6.2.1. Definition of Completeness and its Basic Properties 621 REROERLTOEFMER
$l6.5. V3ANPOTEEER DHI
Ex.6.5. Examples of A/P-complete sets 3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC#E
3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc DS REXPDREEES
EXP-complete sets EVAL-IN-E, HALT-IN-E7£ &
EVAL-IN-E, HALT-IN-E, etc.
EVAL-IN-E:
EVAL-IN-E: AJ):<a, x>
Input: < a, x,f > a: A7 u s ar0a— R, xex {20
a: the code of a program with linput, x e X", T > 0 Hi 77 : eval-in-time(a, x,2") = accept ?
Output : eval-in-time(a, x,2") = accept ?
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Theorem 6.3. For any C-hard (or C-complete) set A,
(HAEP>CEP CP: CZP > AP EHE63 FEOCRBES (B :CRLEA)AITHL,
QAENP>CS NP CP: CaNP > AgNP (DAeP>CC P SHBIL C 2P > AP
(3)Ae co-NP > C < co-NP CP: CZco-NP > Ag co-NP (Q)A NP> CC NP SHBIZ CZNP > A NP
(AACEXP>C< EXP CP: CZEXP > A&EXP (3)A €co-NP > C S co-NP F®&IE CZco-NP > A€ co-NP
Proof: CP: contraposition AAEEXP>CC EXP SHBIX CEEXP > AEEXP
(1) Let B be any C-set. Then, since A is C-hard, SR -
B<? A and by the assumption A € P we have B P (Th. 6.1) (1) BEEEDCER LT BHE, AlSC-EHE#=M DS,
(2), (3), (4) are similar. B<h A —F, AcPORELY, Be P (FEHE6.1)
(2, 3), @bREIF
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Theorem 6.3. For any C-hard (or C-complete) set A,
(HAEP>CEP CP: CZP > AP EHE63 FEOCRBES (5 :CRLEA)AITHL,
QAENP>CS NP CP: CaNP > AgNP (DAeP>CC P SHBIL C 2P > AP
(3)Ae co-NP > C < co-NP CP: CZco-NP > Ag co-NP (2)A NP> CC NP SHBIZ CINP > A NP
(A ASEXP > CC EXP CP: CLEXP > AZEXP (3)A €co-NP > C S co-NP  5HBIE CZco-NP > A€co-NP
3 [oa
Theorem 5.9, (A AEEXP>CC EXP SHBIX CLEXP > AEEXP
(1) NP € co-NP - - —
Ex.6.6: Meaning of Theorem 6.3 (class AP > NP=co-NP fl6.c. EE,E(’;_{(DE‘T77XN P)| sEm5.9,
Let A be N'P-complete set. HAE"\"P'Egi CYE I () NP S co-NP > NP=co-NP
By the contraposition of Theorem 6.3(1) we have EE6.3(1)DRBLY,

NP+ PD>AEP

By the contraposition of Theorem 6.3(3) and that of Theorem 5.9(1),
A ¢ co-NP

That is, N/P-complete sets are A’P-sets that cannot be recognized in
polynomial time unless P = NP.

NP#*PD>Az P
FEHE633)DRHBEEES.I()DHEELY,
A ¢ co-NP
DFY, NP2 EEEP~ NPTHARY,
ZIEX BB TIXEH TSR,




NP-compete sets are AN/P-sets that do not belong to
NP 7 co-NP unless P = NP.

NP - co-NP
' co-NP -complete
NP-complete

11/14

11/14
NP-ZE&EEIEP# NPTHABRY, NPn co-NPIZIZADAEL
NPEETHD.

NP - co-NP

co-NPEE
NPEE

12/14 12/14
EX. 6.7. Meaning of Theorem 6.3 (class EXP) Bl6.7. EEOCIDELR (ISREXP)
Let D be any EXP-complete set. DEEAXP-EEERLETS.
Contraposition of Theorem 6.3(1) EEC3DDRME(CZP > AgP, ZITIXEXPZP 5D 2p)
(CZP > AP, where EXP “P 5D #P) P+EXP > EXPEP (~P S EXP)> DEP
P#EXP > EXPZLP (~P S EXP) > DEP EH6.32)DRHE (CENP > AENP,
Contraposition of Theorem 6.3(2) (CZNP > AZNP, CCTIXEXPZ NP >DENP)
Here, EXP € NP >DENP) NP#EXP > EXPELNP (NP S EXP)-> DENP
NP#EXP > EXPZNP (NP S EXP) > DENP E6.33)DxHE (C Zco-NP > A€co-NP,
Contraposition of Theorem 6.3(3) (C# co-NP > Azco-NP, CITIXEXP %co-NP 5D Zco-NP)
here, EXP %co-NP >D ¢ co-NP) co-NP# EXP > EXP %co-NP >D€ co-NP
co-NP# EXP > EXPZ co-NP >D & co-NP LEADEHES.THD PLEXP THEMD, DeP.
But, by Theorem 5.7, since we know P & EXP, we have D €P.
EXP-EEE R I ZEARMTIIEETATRE.
EXP-complete sets are not computable in polynomial time.
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Theorem 6.4. A: any C-complete set
For any set B we have
(1) A <, B 2B is C-hard.
(2)A </B AB eC - B is C-complete.

Proof*:

ByDef.62  VbeClL<q Al

By Theorem 6.2, L<; AAA< B—>L<[ B
Therefore, vLeC[L <! B]

That is, B is C-hard.
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EI6.4 A IBDC-EEES
FTRTHEEBIZHL,
(1) A <PB >BIXC-R#.
(2)A <'B AB eC-> BIZC-5E£.

ELR

EE62&Y, VLeClL <) Al
EE62KY, L) ANASI B LB
LizAoT, viecL<! B)

Jahn, BIFC-HE.




EXPC ={L: L is EXP-complete}
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EXPC ={L: LIXEXP-52£&}

NPC = {L: L is NP-complete} NPC = {L: LIZNP-E£}
Then, we have the following theorems. ETBE ROFEMNEYIID.
Theorem 6.5. TEIE6.5.

() EXPCAP =6 () EXPCAP =6

(2) EXP — (EXPC UP)# ¢ exp (2) EXP — (EXPC U P)= ¢ £xp
Theorem 6.6: Assuming P # AP EE6.6: P = NPERET DL

(DNPCOP =¢ (DNPCOP =¢

QNP -(NPCY P)= ¢ ﬂ QNP —(NPC IP)£ ¢ m

NP NP
} NPAco-NP } NPAco-NP
P P
: =
Schedule(3%Y D F 7€)

* 10/25(Mon):

— Submission of the report (L7R—MEH)

* 10/28(Thu): Last class (AT & DEE)
— Course Evaluation Questionnaire (27 >4 —)

A~ DL

— Misc. (ZM1t)

+ 11/ 1(Mon): mid-term exam (¥ il 58 5%)

— 40 points

xTextbook, Copy, Printout,...

— You can bring your own hand-written notebook

(FEE/—LOHFLIAH

)

— Lesson 3~Lesson 6 (:5%&3~i&%06)




