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C(n, k) = C(n-1, k-1) + C(n-1, k), 0<k<n® &ZF,

C(n,0)=C(n,n)=1,

THHML, BELICRODTAT S L%[5.

int C(int n, int k){
1f(k==0 || k==n) return 1;
return C(n-1, k-1) + C(n-1, k);
;
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T(n,k)=T(n-1,k-1)+T(n-1,K)MBEYILD. £2T, T(nk)=C(n,k).
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Number of combinations

Problem P20: Calculate the number C(n, k) of combinations
to choose k 1tems from n different items.

Using the formula,
C(n, k) = C(n-1, k-1) + C(n-1, k), if O<k<n,
C(n, 0)=C(n,n)=1.

Therefore, we have the following program.

int C(int n, int k) { When you implement the program in
if(k==0 || k==n) return 1; practice, you will find that it takes much
return C(n-1, k-1) + C(n-1, k); time. Why does it take time?

;

Analysis of computation time:
Let T(n,k) be time to compute C(n,k). Then, we have
T(n,k)=T(n-1,k-1)+T(n-1,k). Thus, T(n,k)=C(n,k).

This 1s an exponential function. 440
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Let's analyze behavior of the program!

A~ 7 omw a

C(5,3)
T
C(4,2) C(4.,3)
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/ SO\

C(1,0) C(L,1) c(1,00 c@a,1) C(L,o) C(L1)

How 1s the function called
The function 1s called many times for the same value.
Example: C(3,2) is called twice.=»redundant

If we store the value C(n,k) as the (n,k) element of an array
when it is first computed, then the same value is never computed

twice. Basically, it suffices to fill in the table. 6740
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N~ : C(n,k) = C(n-1,k-1) + C(n-1,k)
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Fill in the table C(n,k)!

Formula: C(n,k) = C(n-1,k-1) + C(n-1,k)

If the values in the (n-1)-st row are available, C(n,k) 1s easily

computed. =» Thus, we should fill in the table from the 1st row.

S

1

2

3

4

5

W

| |

2
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ol 1|2]3]4]s|| olt|2|3]als | [o]t]2 |3 |45
01 0|1 01
1|11 1|1 111
2(1(2]1 2121 20121
'SR
3011331 301]3]3]1 301(3]3 |1
arars
4 414641 411046 |4 |]
5 5 si1|s[10]10(5 |1

C(n-1,k-1) C(n-1,k)

C(n,k)

Each element of the table can be
computed in constant time.
Thus, the total time 15

O(n?).
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CEEDTOTILILTNDEY:
int C(int n, 1t k){
C[O][0]=1;
for(i=1; 1<=n; 1++){
C[1][0]=1; C[[1][1]=1;

for(G=1; j<i; j++) R [wiRA E8-1: RFMEA
C[i][j] = C[i-11[j-1] + C[i-11[j]; | | iE2T. C(n,k)MA —7\—
} 20—LEWVELIEEPT
return C[n][k]; HA—/\—TJ0—L%EEK
} QG EAEZTEATHK
=INEAE2:

n!

C(nk) = (n_k); o CHABILEEMDE, OB TEHH AIAE.

==L, COAETREEB#HOA—/N\—OO—[TFE.
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C program 1s as follows:
int C(int n, 1t k){
C[O][0]=1;
for(i=1; 1<=n; 1++){
C[1][0]=1; C[[1][1]=1; Exercise E8-1: Consider an
for(j=1; j<i; j++) algorithm that computes
Cli][j] = C[1-1][3-1] + C[1-1][7]; | | C(n,k) based on the Naive
} 1dea such that it computes
return C[n][k]; C(n,k) correctly 1f C(n,k)
} itself does not overflow.

Naive Algorithm 2:

Using the formula C(n,k) = n! , 1t can be computed in O(n).
(n-k)! k!

Here, note that this algorithm may suffer from numerical overflow.
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F(n) = F(n-1) + F(n-2), n>1MD&EE,
F(0)=F(1)=1.

4R FyFE
1,1,2,3,5,8, 13,21, 34, 55, 89, 144, 233, ...

S RE ER-2: FAREP20LRINRDESREZEREE L&

—_— L, 1 L NI EE ALL - -

AT IVTFTREF)IEX, BELLOZHWLT,
F(n) = O(¢")

ERTEMNTES.

db=(1+V5)/2=1.61803
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Computation of Fibonacci number

Problem P21: Compute the Fibonacci number F(n) defined by
F(n) =F(n-1) + F(n-2), 1fn>1,
F(0)=F(1)=1.

Fibonacci number:
1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, ...

Exercise E8-2:Have an argument similar to that in Problem P20.

Using the golden ration ¢, the Fibonacci number F(n) can be
represented as

F(n) = O(¢")
where ¢=(1+V5)/2=1.61803.
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A= GAATTC AGTTA

B=GGA T CGA
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Longest Common Subseguence

Problem P22: Given two strings A and B of lengths n and m,
find the longest substring common to both of them.

Example: ForA=GAATTCAGTTAandB=GGATCGA,
the longest common substring 1s GATCA.
A= GAATTC AGTTA

B=GGA T CGA

Any substring A' of A 1s a substring of B if characters of A' appear
in the same order 1n the string B.
=> It can be determined in linear time.

Exercise E8-3: Write a program to determine whether the first
string of two input strings 1s a substring of the second string in
linear time.
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Algorithm P22-A0: (Brute-Force Algorithm)
For each substring A' of a string A, determine whether A'1s a

substring of a string B, and finally output the longest common
substring.

Analysis of computation time:
 There are 2" different substrings of a string of length n.

- If this substring 1s longer than the string B, obviously it is not
a substring of B.

 Otherwise, each test takes O(m) time.
* Thus, the total time 1s O(2" m) time.

Is 1t possible to have faster algorithm?
Is there any polynomial-time algorithm?
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7ILTY X LP22-Al:

A=a,a,...a, B=bb,... b
L[1,J]—ala2 a&bb b0) REREABHBIXFIDORS

TS

(0) i=0FEF=IZj=0D &=, L[i,j]=0.

(1) a;=b,> L[i] = L[i-1,j-1]+1

(2) ai7ﬁbj9 L[1,j] = max{ L[1,-1], L[1-1, ]}

A=GAATTC AGTTA A=GAATTC AGTTA
B= GGATC GA B=GGATCG A
a,=bND&EZE a#bDET

LT=m>T, SELRL[L,ZIEIZEHTLMFIEELL!
KDY A X [In*mf=H 5, TERFEHO(Mmm)FE.
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Algorithm P22-Al:

A=aa,..a,B=bb,... b
L[1,j] = the length of the longest substring common to a,a,...a. and
b;b,... b,

Observation:

(0) if 1=0 or j=0, L[1,j]=0.

(1) ai=bj% L[i,j]=L[i-1,5-1]+1

(2) ai;ébje L[i,j] = max{ L[i,j-1], L[i-1, j]}

A=GAATTC AGTTA A=GAATTC AGTTA
B= GGATC GA B=GGATCG A
when a,=b when a;#b;

Therefore, 1t suffices to fill in the table L[1,j] in order.
Since the table size 1s n*m, it takes O(nm) time.
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FILT) X LP22-Al:
1011V, I=—11, 1™ 7T)
L[1][0]=0;
for(j=0; j<=m; j++)
LIO][J]1=0;
for(i=1; 1<=n; 1++)
for(=1; j<=m; j++)
if( a[1] == b[j]) L[1](] = L[1-1][}-1
else L[1][j] = max{ L[1][j-1], L[i-1
return L[n][m];

1

161 35

o 1 {23 [4 [5 |6 |7 [8 |9 |10 |1 12
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A: X Y XXZXYZXY, 7 o |1 [2 ]2 [3 [8 |3 [4 [4 [5 |5 5 5
B:ZXZYYZXXYXXZ 8 0 (1 |2 |3 (3 [3 |4 |4 |4 |5 |5 5 6
9 o |1 ]2 |3 [3 [3 |4 |4 |5 |5 |s 6 6
10 o |1 |2 (3 |4 |4 |4 |5 |5 |6 |6 6 6




Algorithm P22-Al:
for(i=0; i<=n; i++)
L[1][0]=0;
for(j=0; j<=m; j++)
L[O][J1=0;
for(i=1; 1<=n; 1++)
for(j=1; j<=m; j++)
if( a[1] ==
else L[1][j] = max{ L[i][;-
return L|n][m];

b[j]) LI1]] = L{i-1][j-1]+1;
11, LA-1]071 §;

1]+1
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(1) a;=b;=2 L[i,j] = L[i-1,j-1]+1
(1 1,j-)ZEe1E

(2) a#b;~> L[i,j] = max{ L[i,j-1], L[i-1, j]}
L[i,j-1]>L[I-1,j]D &S, G, j-1)ZFERIE,
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Construction of an optimal solution

The value of an optimal solution 1s obtained by filling in the table.
How can we construct an optimal solution achieving the value?

In the problem of finding the longest common substring, we want
to find not only the length (value of an optimal solution) but also
the longest such substring (optimal solution) itself.

When we fill in the table, we memorize which table element
determined L[1][j].

(1) a;=b;=2> L[i,j] = L[i-1,)-1]+1
(i-1, j-1) 1s memorized

(2) a#b;~> L[i,j] = max{ L[i,j-1], L[i-1, j]}
if L[1,)-1]>L[1-1,] then (1, j-1) 1s memorized, and
otherwise, (i-1, J) 1s memorized.
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B TOT5 4

for(i=1; i<n; 1++)
for(j=1; j<m; j++){

if( Al1] == B[J] ){
L[i][j] = L[i-1][-1] + L
B1[i][j] = 1-1; B2[1][j] = J-1;

}else {
L[1][j] = max2(L[1][j-1], L[i-1][3]);
if( L[a][j-1] > L[1-1][3] )4

[1][1 L[1][j-1];

}else {
LG =Li-1][1;

)
b

B1[i][j] = B1[i-1][j]; B2[1][j] = B2[i-1](j];

1=
B1[1][j] = B1[1][J-1]; B2[i][j] = B2[1][}-1];

) EEMRE E8-4: ERITTAT S LZE>TEEE

MR L.
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Concrete program

for(i=1; 1<n; 1++)
for(j=1; j<m; j++){
1f(

)

b

L[1][]

Al1]==B[j] ){
= L[i-1][j-1] + 1;

BI[i][j] = i-1; B2[i][j] = j-1;
}else {

LIi]0G] =
tf( L{1][J-

[1][1

}else {

b

L[1][]
B1[1][j]

max2(L[1][j-1], L[i-1][]);

17> L{-1][3])1
L[1][j-1];

1=
B1[1][j] = B1[1][J-1]; B2[i][j] = B2[1][}-1];
= L[i-1][j];

= BI[i-1][j]; B2[1][j] = B2[i-1][j];

Exercise E8-4: Write a program in practice to see
its behavior.
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A=XYXXZXYZXY, B=ZXZYYZXXYXXZDiz&

NV Sy RADRE

1

2

3

1

3\

6

7

8

9

10

11

12

(0,0)

0,1

(0,1)

(0,1)

(0,1)

(0,1)

(0,6)

0,7)

(0,7

(0,9)

(0,10)

(0,10)

(0,0)

0,1

(0,1)

(1,3)

(1,4)

(1,4

(1.4)

(1,4)

(1,8)

(1,8)

(1,8)

(1,8)

(0,0)

2.1

(0,1)

(1,3)

(1,4)

(1,4

(2.6)

(2,7

(2.7

(2,9)

(2,10)

(2,10)

(0,0)

(8,1

(0,1)

(1,3)

(1,4)

(1,4

(3.,6)

(8,7)

(8,7

(3,9

(3,10)

(3,10)

(4,0)

(8,1

(4,2)

(1,3)

(1,4)

(4,5)

(3,6)

(8,7)

(8,7

(3,9)

(3,10)

(4,11)

(5.1

(4,2)

(1,3)

(1,4)

(4,5)

(5.,6)

(5,7)

(8,7

(5.9

(5,10)

(4,11)

(4,0)

(5,1

(4,2)

(6,3)

(6,4)

(4,5)

(5,6)

(5,7)

(6,8)

(5,9

(5,10)

(4,11)

(7,0)

(5.1

(7.2)

(6,3)

(6,4)

(7,5)

(5.,6)

(5,7)

(6,8)

(5.9

(5,10)

(7,11)

(7,0)

(8,1

(7.2)

(6,3)

(6,4)

(7,5)

(8,6)

(8,7)

(6,8)

(8,9

(8,10)

(7,11)

(7,0)

(8,1)

(7,2)

9,3)

(9,4)

(7,5)

(8,6)

(8,7

(9,8)

(8,9)

(8,10)

(7,11)

1
2
3
4
5
6 (4.0)
7
8
9
0
L

10][12] vt [l B &

L[10][12] >L[7][11]>L[5][10]>L[3][9]>L[2][7]>L[1][4]~>
a[8]b[12] a[6]b[11] a[4]b[10] a[3]b[8] a[2]b[5]

@i( E/\LH \X$§I“j:

123456789A 123456 /189ABC

XYXXZXYZXY  ZXZYYZXXYXXZ

L[O][1]
a[1]b[2]

XYXXXZ
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For the case: A=XYXXZXYZXY, B=/XZYYZXXYXXZ
Table for backtrack

1

2

3

4

5

6

7

8

9

10

11

12

(0,0)

(0,1)

(0,1)

(0,1)

(0,1)

(0,1)

(0,6)

0,7

0,7

(0,9)

(0,10)

(0,10)

(0,0)

(0,1)

(0,1)

(1,3)

(1,4)

(1,4)

(1,4)

(1,4)

(1,8

(1,8

(1,8)

(1,8)

(0,0)

(2,1)

(0,1)

(1,3)

(1,4)

(1,4)

(2,6)

(2,7)

(2.7)

(2,9)

(2,10)

(2,10)

(0,0)

(8,1

(0,1)

(1,3)

(1,4)

(1,4)

(3,6)

(3,7

(8,7

(8,9

(3,10)

(3,10)

(4,0)

(8,1)

(4,2)

(1,3)

(1,4)

(4,5)

(3,6)

(38,7

(8,7

(8,9

(3,10)

(4,11)

(4,0)

(5,1)

(4,2)

(1,3)

(1,4

(4,5)

(5,6)

(5,7)

(8,7

(5,9

(5,10)

(4,11)

(4,0)

(5,1)

(4,2)

(6,3)

(6,4)

(4,5)

(5,6)

(5,7)

(6,8)

(5,9)

(5,10)

(4,11)

030 Otx WONH

(7,0)

(5,1)

(7.2)

(6,3)

(6,4)

(7,5)

(5,6)

(5,7)

(6,8)

(5,9

(5,10)

(7,11)

(7,0)

Ne)

(8,1)

(7.2)

(6,3)

(6,4)

(7,5)

(8,6)

(8,7

(6,8)

(8,9

(8,10)

(7,11)

10 (7,0)

(8,1)

(7,2)

9,3)

(9,4)

(7,5)

(8,6)

(8,7)

(9,8)

(8,9)

(8,10)

(7,11)

If we trace the table from L[10][12]
0][12] =L[7][11]=>L[5][{10]=>L[3][9]=>L[2][7]=>L[1][4]~>
a[81b[12] a[6]b[11]

L[1

a[4]b[10]

1n reverse order,

Thus, the longest common substring 1s

123456 7189A

123456 789ABC
XYXXZXYZXY  ZXZYYZXXYXXZ

XYXXXZ

LIO][
a[3]b[8] a[2]b[5] a[l

1]
1b[2]
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Problem P23: (All-pairs shortest path problem)

Given a weighted graph, for every pair of vertices find the length
of a shortest path between them.

@:15@ 1 2 3 4

0 1(0 50w
3 Is0 IE - 2(50 015 5| .
QLB 31300 0 15

) | 4150 5 0 matrix
Dijkstra's algorithm

Input: Weighted graph consisting of n vertices and m edges
Output: Distances to all the vertices from one arbitrary vertex.
Computation time : O(m + n log n) time, or O(n?) time.

Hence, applying the Dijkstra's algorithm for each vertex,
computation time is O(nm + n’log n) or O(n?).

Since the number m of edges is O(n?), it takes O(n’) in the worst
case.

Any faster algorithm?

28/40



EEEROME
v : JHRuWLIERWETCTORERIR ELDEEDIA
> uNSVvETHDE L RIRE, vDNLOWETDER T #F %

FNFN, ubhbvETE, vHIVOWETORERKETHS.

O\ ®

HAR uhovETORIMBRENRETHIFNIEL,

CDENERTFRERIBTEEMNZSE, uhbw

AD FLESINSRIR KB - I Z —h (+ S FE
V/ARY RV IEEG/MTOAI LY. —1ULIA’IB.

29/40



Property of a shortest path

A%

=» subpath from u to v and subpath from v to w are both shortest

Any vertex on a shortest path from vertex u to vertex w.

paths from u to v and from v to w, respectively.

RN
O} \
Why: If the subpath from u to v 1s not shortest,

we can shorten the path from u to w by replacing its
subpath by the shorter one, which 1s a contradiction.
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D ij]= & (12, kKIcBT 3EALFERELTESIND

[ER)IESRERBDRS

r—21: xEERNERKEZEBLELD D [ij&
r—X2 =ERBRENERKEERTS

1C

2N bkF TOREEE kM ojFETDRERFR

D\[1.J] = mIn{ Dy y[1.J], Dy 1[1K] + Dy [KJ] }

f=12L, Dyfijl=L[ij] (EEOEE=-1OE)

Dy, Dy, Dy, ..., D, DIRIZFHEZITAIE KL

7 L3 X LP23-A0:
IEEEITEIZD0ET B.
for(p=1; p<=n; p++)
FTARTD(,))IZDULNT
D[pala.]] = IIllIl{ D[p'laiaj]a D[p'lalak]+D[p'19kaj] }
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D, [1,J] = the length of a shortest path from vertex I to vertex |
only through the vertices in the set {1,2,....k}.
Case 1:1f the shortest path does not pass through vertex k
=> same as D, 4[1,]]
Case 2: 1f the shortest path passes through vertex k
=»shortest path from 1 to k+that from k to j

Dyl1.J] = min{ Dy4[1,)], Dy [1K] + Dy [Ko] 3
where, Dg[i,j]=L[i,j] (direct distance=edge length)

Dy, Dy, D,, ..., D, should be computed in this order.

Algorithm P23-A0:
Let DO be the distance matrix.
for(p=1; p<=n; p++)
for each (1))
D[pala.]] = mln{ D[p'laiaj]a D[p'lalak]+D[p'19kaj] }
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distance matrix

vertex 1 can be
passed through

vertices 1 and 2 can
be passed through
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2
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0
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5
0
0
5
0
0

\
J
A

vertices 1 and 2 can
be passed through

vertices 1, 2, and 3
can be passed
through

vertices 1, 2, 3,
and 4 can be
passed through

Final distance matrix
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Problem on Space Requirement

The previous algorithm requires a 3-dimensional array.
=>when we have computed D,, we don't need to store D, ;.
Hence, only one array i1s sufficient.

We want to compute not only the lengths of shortest paths but also
shortest paths themselves.

P, [1,J] = the vertex number immediately before the vertex j on the
shortest path from 1 to j through {1, 2, ..., k}.

Using 1t, we can trace back from the terminal vertex to the initial

vertex.
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Exercise E8-5:Describe the behavior of the algorithm P23-A0 for
the graph below.

(5

N —
30 15
5 9 |
20 D
5
5

@), 0=@
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