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HEEOHROHE

FEP20: nfADE# 2L DM SKERY HTHEEDHCHh E
HEE L.
2BRIZEDE,
C(n, k) = C(n-1, k-1) + C(n-1, k), 0<k<n® &=,
C(n, 0)=C(n,n)=1,
ThHdHD, BELIZRODTATSLERS.
int C(int n, int k) { ENTOTSLEREIZERTLT
if(k==0 || k==n) return 1; HBDE, DNEYBRDANNEIEMN

return C(n-1, k-1) + C(n-1,k); | DA%.
} BN DREL ?

FTEBRE D RRAT
CnZEHETHDICEST EBEETnk)ET DL,
T(nk)=T(n-1,k-D)+T(n- LKA BEYILD. &>T, T(nk)=C(nk).

Number of combinations

Problem P20: Calculate the number C(n, k) of combinations
to choose k items from n different items.

Using the formula,
C(n, k) = C(n-1, k-1) + C(n-1, k), if 0<k<n,
C(n,0)=C(n,n)=1.

Therefore, we have the following program.

int C(int n, int k) { When you implement the program in
if(k==0 || k==n) return 1; practice, you will find that it takes much
return C(n-1, k-1) + C(n-1, k); time. Why does it take time?

4

Analysis of computation time:
Let T(n,k) be time to compute C(n,k). Then, we have
T(n,k)=T(n-1,k-1)+T(n-1,k). Thus, T(n,k)=C(n,k).

ChIETE4Ra . o This is an exponential function. o
TS LOBEERRTHES ! Let's analyze behavior of the program!
C(5,3) C(5,3)

— \c'
C@,2) 4.3)

c@,1) C(3.2) C(3.2)  CG33)

C(2,0) C@2.1 c@,1) C(22) C@21) CQ2.2)

/ PR

C(1,0) C(1,1) (1,00 C(1,1) CA,00  C(1,1)
BHOFEUHLOKF

FICEIC L CRBAMAIELFE U HIA TS,

f5l:C(3,2)[L2EIFF U SN TLV B> HEX
MO TORDMIZDONTC k) DIEZETET 5LE, Z0D
EZERINDMNBERELTERATHLE, RLERIT2EL
BHELAL. ETRCEREEONIEEN!

\

C4.2) C(4,3)

C(3,l)/ \3,2) C(Sé \C(‘3,3)
/ N\

/ 0\ / \
C(2,0) C(Z,IK c@l) C22) C21l) C@2.2)
/

O\ SO\
C(1,00 C(L,1) ¢c(1,00 C(1,1) C(1,0)0 C(1,1)
How is the function called

The function is called many times for the same value.
Example:C(3,2) is called twice.»redundant

If we store the value C(n,k) as the (n,k) element of an array
when it is first computed, then the same value is never computed
twice. Basically, it suffices to fill in the table. 40




Cnk)DREEHLS !
2R :C(nk) = C(n-1,k-1) + C(n-1,k)
n-1{TE DEN D> TULNIE, BEIZCm kA EHETEE
D &oT, YTEMNSIBEIZEH TULIFIESRLY.

Fill in the table C(n,k)!
Formula: C(n,k) = C(n-1,k-1) + C(n-1,k)
If the values in the (n-1)-st row are available, C(n,k) is easily
computed. = Thus, we should fill in the table from the 1st row.

o[1]2]3]4[5)[ |o|1]|2]3]|4]5 0f1|2]3]4]5 of1|2 |3 |45

0]1 01 01 01

g 1|11 111 111

2| 121 2| 1|2]1 2(1]2]1 20121

3 31133 3)1]3]3]1 3[1[3]3 1

4 4 AREICIEE 41]als J4 [1

5 5 5 sit|s{of10fs5 |1
ROEERIIERFHET

C(n-1,k-1) C(n-1,k) St
™~ £oT, SO EEMIE
C(nk) O(n?) B
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0]1]2)3]4]5 0|1(2(3(4]5 01(2(3]4]5 01|12 |3 |45
01 o1 0|1 0|1

[SENE! 1|11 111 111

2112]1 2(1(2]1 2(1]2(1 2|1]2]1

3 311331 3)1]3]3]1 3[1]3]3 1

4 4 AN BRRAAD
5 5 5 sitfs[1of10]s5 |1

Each element of the table can be
computed in constant time.
Thus, the total time is

C(n.k) O(n?).

C(n-1k-1) C(n-1,k)
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EEOTOTSLITTDEY:
int C(int n, int k) {
C[0][0]=1;
for(i=1; i<=n; i++){
CliJ[0]=1; C[[i][i]=1;

C program is as follows:
int C(int n, int k) {
ClOJ[0]=1;
for(i=1; i<=n; i++){

C[i][0]=1; C[[i][i]=1; Exercise E8-1: Consider an

for(j=1; j<i; j++)

Clil[j] = Cli-1][j-1] + C[i-1][j];

EEMIRE E8-1: R A
$E2TL Cnk) A —/ 3 —

for(=1; j<i; j++)
Clill] = Cli-1]G-11 + Ci-1]051;
}
return C[n][k];

algorithm that computes
C(n,k) based on the Naive
idea such that it computes
C(n,k) correctly if C(n,k)

} 7a—LgWVES &SR T
return C[n][k]; A ——To0—-LEWn&
} SHEHEREEEZTHE,
EZ AV H '
Ck) = g CHBSEERLBE, OB TH A,

2L, COFETEEHRDOA —/N\—T70—(TFE.
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itself does not overflow.

Naive Algorithm 2:

Using the formula C(n,k) = n!

(n-k)! k!

Here, note that this algorithm may suffer from numerical overflow.

, it can be computed in O(n).
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T4 RFTYFRDEFHE

P21 RATERIND TR FIFHF)ERH&.
F(n) =F(n-1) + F(n-2), n>1MDEE,
F(0)=F(1)=1.

T4 RFYFH:
1,1,2,3,5,8,13,21, 34, 55, 89, 144, 233, ...

JEERIRE ES-2: RREP20EFEH D EREERE &£

T4RFYFHFn)E, EEEERALT,
F(n) = O0(¢")

ERTIENTES.

d=(1+5)/2:1.61803
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‘ Computation of Fibonacci number |

Problem P21: Compute the Fibonacci number F(n) defined by
F(n) =F(n-1) + F(n-2), ifn>1,
F(0)=F(1)=1.

Fibonacci number:
1,1,2,3,5,8,13,21, 34,55, 89, 144, 233, ...

‘ Exercise E8-2:Have an argument similar to that in Problem P20.

Using the golden ration ¢, the Fibonacci number F(n) can be
represented as

F(n)=0(¢"
where ¢=(1+V5)/21.61803.

12/40




BRIAEBSXFS

fIREP22: REnémD 2 DDXFIAELBNEZ oNi-LE, WA
DXFHH BT EBAXFINTRRDELDERD L.

5l: A=GAATTCAGTTA,B=GGATCGANEE,
GATCAIFHBE N XFHTHS.

A= GAATTC AGTTA

B=GGA T CGA

XEHIADEZEDES XEFIA ML FHBDERD XFHH
ESHE, ADXFEAXFFIBIZEVTRLIEICHIET 5h
ESNEIRARNIELL. DIFTER CTHIERT 8
ETMBEES-3:20DXFHEAALT, RIDXFFIMN2
ZEBDOXFIDED XFEHNIE>TLENE I M E R/ T
HETEHITOTSLEENT.
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Longest Common Subsequence

Problem P22: Given two strings A and B of lengths n and m,
find the longest substring common to both of them.

Example: ForA=GAATTCAGTTAandB=GGATCGA,
the longest common substring is GATCA.

A= GAATTC AGTTA

B=GGA T CGA

Any substring A' of A is a substring of B if characters of A' appear
in the same order in the string B.
=>1t can be determined in linear time.

Exercise E8-3: Write a program to determine whether the first
string of two input strings is a substring of the second string in
linear time.
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FIILTYXLP22-A0: (BiAk)
XFIADTRTOERXFIIAIZDNT, ANXFIIBD
BRXFINGE>TLDINEIMEEMD, REEVWHEXF
JlEzmx&ICEANTS.

FHE B D ARAT
RSO XFIOHIXFIHEEHT2rEYHS.
{ZOXFIHNFFIBLYRNEEE, BHSANICXFSI
BOERS XFFITIEAELY.
“EITHNEE, TAENITOm)DEREA NN,
£oT, 2ARDETERREIE, 02" mEfELLES.

B (X ATRED ?
SEXBEO7ILITIVXLITEET I ?

15/40

Algorithm P22-A0: (Brute-Force Algorithm)

For each substring A' of a string A, determine whether A' is a
substring of a string B, and finally output the longest common
substring.

Analysis of computation time:
* There are 2" different substrings of a string of length n.
+ If this substring is longer than the string B, obviously it is not
a substring of B.
+Otherwise, each test takes O(m) time.
* Thus, the total time is O(2" m) time.

Is it possible to have faster algorithm?
Is there any polynomial-time algorithm?
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FILTAY X LP22-Al:
A=aa,..a,B=bb,..b,
L[ij] = a,a,...a;&bb,... b DREHBEH X FIHDORS

]
fg:
(0) i=0FE L= I£j=0D &=, L[i.j]=0.
(1) a,=b;> L[ij] = L[i-1j-1]+1
() a#b> L[i,j] = max{ L[ij-1], L[i-1, jl}

Algorithm P22-A1l:

A=aa,..a, B=bb,..b,
L[i,j] = the length of the longest substring common to a,a,...a; and
b;b,... b;

Observation:

(0) if i=0 or j=0, L[i,j]=0.

(1) a,;=b;> L[ij] = L[i-1,j-1]+1

2) ai;&bjé L[i,j] = max{ L[ij-1], L[i-1, j]}

A=GAATTC AGTTA
B= GGATC GA
a=bD&E

A=GAATTC AGTTA
B=GGATCG A
a#bDEE

LI=hioT, SELRLIJZIRITED TOFEELL !

ROV A X EIn*mt=vi, FHERERE0(mm)RERE.
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A=GAATTC AGTTA
B= GGATC GA
when a;=b;

A=GAATTC AGTTA
B=GGATCG A
when a,;ﬁbj

Therefore, it suffices to fill in the table L[i,j] in order.

Since the table size is n*m, it takes O(nm) time.

18/40




FITY X LP22-Al:
for(i=0; i<=n; i++)
L[i][0]=0;
for(j=0; j<=m; j++)
L[OILj1=0;
for(i=1; i<=n; i++)
for(j=1; j<=m; j++)
if{ a[i] == b[j]) L[i][j] = L{i-1](j-1]+1;
else L[i][j] = max{ L[i][j-1], L[i-1]j] };
return L[n][m];

(R S 5 2 N O P
A:XYXXZXYZXYj 0 o Jo Jo [o Jo Jo fo fo |o |o o 0 0
PR N O A S S A S A O FS FA
B=ZXZYYZXXYXXZ [z ophfifelzleleleolz [z |
X O O S S N 3 O O O O
DEEDEIEH] CHN N O O A 20 O N O T
R O S N P O PO
(RN O 3 3 O P O O A
A= X Y XXZXYZXY, A O S 3 2 O O P o O
B=ZXZYYZXXYXXZ (N O 3 N 3 P o O
X O 3 0 O O
FCT N 3 N 5 O O

Algorithm P22-A1l:
for(i=0; i<=n; i++)
L{il[o
for(j=0; j<=m; j++)
L[OI[j1=0;
for(i=1; i<=n; it+)
for(j=1; j<=m; j++)
if{ a[i] == b[j]) L[i][j] = L{i-1][j-1]+1;
else L[i][j] = max { L[i][j-1], L[i-1][j] };
return L[n][m];

(N S 380 O 2 O O O EES [
Example for the case 0 o jojojo oo jojolo oo b
FRN O S N A S O A S O
A=XYXXZXYZXYand o oo [t s o o o o |2 |2 |2 - |
_ EXNN O PSP 3 3 I O 300 X EX N
BiZXZYYZXXYXXZ 4 o fo |1 |1 |2 |2 [2 [3 |4 |4 |4 4 4
EE O P 3 I O 3 O O O
(RN N O 3 N 3 3 O O
CA O S 3 I T 3 O O O
_ (RN O N N O O O O O
A_ X Y XXZXYZXY’ 9 0 |1 |2 |3 |3 |3 [4 [4 |5 |5 |6 6 6
B=ZXZYYZXXYXXZ ECH N S N O R

RERDEFREEHEHEICEYRDOOLNDA, TDEE
BT AREREEDIIIERETNEELNN?

BEABHAXFIIOMBTIIZREDLEDH XFID
RS(RBEBOME) 21+ THL XFFHZ0HL0 (H#EHE) D
KTzl

REBEDHDHEE, LI[IOEIRLERDEDIEICL>TREST
MNERRBRT 5!

(1) a,=b;> L[ij] = L[i-1,j-1]+1
(-1, j-DZEFREE

(2) az#b;> L[ij] = max{ L[ij-1], L[i-1,]]}
L[i,j-1]>L[i-LjlJ@ &E, (i, j-DZERIE,
F5TRVEE, (-1, j)ZRE

Construction of an optimal solution

The value of an optimal solution is obtained by filling in the table.
How can we construct an optimal solution achieving the value?

In the problem of finding the longest common substring, we want
to find not only the length (value of an optimal solution) but also
the longest such substring (optimal solution) itself.

‘When we fill in the table, we memorize which table element
determined L[i][j].

(1) a;=b;=> L[i,j] = L[i-1,j-1]+1
(i-1, j-1) is memorized

(2) a#b;> L[i,j] = max{ L[ij-1], L[i-1. jl}
if L[i,j-1]>L[i-1,j] then (i, j-1) is memorized, and
otherwise, (i-1,j) is memorized.
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BRI 5 L Concrete program
for(i=1; i<n; i++) for(i=1; i<n; i++)
for(j=1; j<m; j++){ for(j=1; j<m; j++){
(AL = BIj]){ f{ AL = Bl ){
LEG) = L1 + 15 LI = L1 + 1
BI[i][j] = i-1; B2[i][j] = j-1; BI[i]j] = i-1; B2[i][j] = j-1;
} else { }else {
L[i][j] = max2(L[i][j-1], L[i-1](j]y; L[i][j] = max2(L{i][j-1], Li-1][j]);
fCLiTE-11> LEi- 1G] ) i LG-11> Li- 1 )4
LG = LEG-1T; LIl = LETG-1 )
BITIG] = BI-1: B2AG] = BT BTG = B 1; B2AG] = B2AiG-1);
} else { }else {
Li]G] = L-101; L{i][j] = LE-101;
BI[i][j] = B1[i-1](j]; B2[i][j] = B2[i-1][j]; \ BI[i][j] = B1[i-1][j]; B2[i][j] = B2[i-1][j];
¥
} }
} EERIE Es-4: ERICT 0SS LEE->TEIEER } Exercise E8-4: Write a program in practice to see
R L. its behavior.
23/40 24/40




A=XYXXZXYZXY, B=ZXZYYZXXYXXZDI5F&
Ny by IAOER
1 2 3 4 5 6 7 8 9 10 11 12
0.0)/(0,1){(0,1) [(0.1)/(0,1)/(0,1) [(0.6) [(0,7) (0,7).(0,9) (0,10) (0, 10).
0.0)/(0,D}(0,1)|(1,3)[ (1,4)/(1,4)|(1.4) (1,4)(1,8)(1,8)|(1,8) |(1.8)
0.0/(2,11(0,1) ((1,3)[(1.4)/(1,4)[(2,6) (2.7)] (2.7)/(2,9)|(2,10) (2,10)
0.0)[(3,1)1(0,1) (1,3)[ (1,4)|(1,4)|(3.6) (3,7)[(3,7(3,9)|(3,10), (3,10)
4,0)/(3,1){(4,2) [(1,3)[(1.4)/(4,5)(3,6) (3.7 (3,7)/(3.9)|(3,10) (4,11)
4,0)/(5,1)|(4,2) ((1,3)|(1,4)(4,5) |(5,6) (5, 1)/ (3,1)/(5,9)|(5,10) (4,11)
4,0)/(5,1)|(4,2) [(6,3)[(6,4)(4,5)|(5.6) [(5,7), (6,8).(5,9)|(5.10) (4,11)
7.0/(5,1)|(7,2) (6.3)|(6.4)(7.5) (5.6) (5,7)/ (6.8)(5.9)|(5.10)| (7,11)
7,0)/(8.1)|(7.2) (6,3)|(6,4) (7.5)|(8,6) [(8,7)| (6.8),(8.9)|(8,10)| (7,11)
10 (7,0)/(8,1)((7,2) (9,3)(9,4)(7,5) |(8,6) (8,7)| (9,8)|(8,9)|(8,10) (7,11)
L[10][12] il B &
L{10][12] DL[7][11]>L[5][10]>L[3][9]>L[2][7]>L[1][4]>L[0][1]
a[8]b[12] a[6]b[11] a[4]b[10] a[3]b[8] a[2]b[5] a[1]b[2]
Wz, ZE{LERSFIIE
123456789A 123456789ABC
XYXXZXYZXY  ZXZYYZXXYXXZ XYXXXZ 2540

W -1 D TS W N

©

For the case: A=XYXXZXYZXY, B=ZXZYYZXXYXXZ

Table for backtrack

12 3 4 5 6 7 8 9 10 11 12
0.0)/(0,1)[(0.1) [(0.1)(0,1)/(0,1)(0,6) ((0.7) (0,7)/(0.9)|(0,10) (0,10)
0.0)[(0,1)[(0.1) (1,8)[(1,4)|(1,4)|(1.4) (1,4)|(1,8)|(1,8)|(1,8) |(1.8)
0.0)/(2,1[(0,1)((1.3)(1,4)/(1.4)[(2.6) [(2,7)] (2.7)|(2,9)|(2,10) (2,10)
0.0)/(3,1)[(0,1){(1.3)](1,4)/(1.4)(3.6) [(3,7) (3.7)/(3,9)|(3,10) (3,10)
4.0)/(3.1)/(4,2)((1,3)/(1.4)/(4,5)|(3,6) [(3.7)| (3.7).(3.9)((3,10)| (4,11)
4,0)/(5,1)|(4.2) (1,3)|(1,4)(4.5)|(5.6) (5.1 (3,1)|(5.9)|(5,10) (4,11)
4,0)(5,1)/(4.2) (6,3)|(6,4)(4,5)|(5.6) (5.7)|(6,8)(5,9)|(5.10) (4,11)
7.0)/(5,1)|(7.2)[(6.3)|(6,4) (7.5)|(5,6) [(5.7)| (6.8)(5,9)(5,10)| (7.11)
7.0)/(8.1)|(7.2) (6.3)|(6,4)|(7.5) (8.6) (8,7)(6.8)/(8.9)|(8,10)| (7,11)
10 (7,0)/(8,1)|(7,2) (9,3)[(9,4)|(7,5)|(8,6) ((8,7)] (9,8)|(8,9)|(8,10)| (7,11)

© 00 -1 Uk W

If we trace the table from L[10][12] in reverse order,
L[10][12] >L[7][11]>L[5][10]>L[3][9]>L[2][7]>L[1][4]=>L[0][1]
a[8]b[12] a[6]b[11] a[4]b[10] a[3]b[8] a[2]b[5] a[1]b[2]
Thus, the longest common substring is
123456789A 123456789ABC
XYXXZXYZXY  ZXZYYZXXYXXZ XYXXXZ 26040

FEP23: (£ R HREERHNE)
EHDEDTIINERbNI-EE, RTOEARITDNT
ZNoDEORKERBEDORIERD L.

o=@ 1 2 34
0 1[0 50w
5\ XMS LS =250 0155
DO 3130 01 e
FAYRT%

AN nfEOTERENEKDIBISHEEEHDET T
HO:EZED1ENSEKYDTRTOTER~DER
EHERERT O(m + n log n)BRE, Ff=IX0OMm?)RERE
L1=hoT, ETEREHRAELTI (VRN ZEEERTSL,
FHE BRI LO(mm + n2log n)E = [EOm3) &4 S.
BWOARFEmMIFOM?)ZHE05, REDHZEE, On’)THS.

BRI ITATREM 2
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Problem P23: (All-pairs shortest path problem)
Given a weighted graph, for every pair of vertices find the length
of a shortest path between them.

@«—U—@ 1 2 34
0 1[0 50w
5\ [M5 LS =250 0155
313000 0 15 | distance
15 4150 5 @) matnx

Dijkstra's algorithm
Input: Weighted graph consisting of n vertices and m edges
Output: Distances to all the vertices from one arbitrary vertex.
Computation time: O(m + n log n) time, or O(n?) time.
Hence, applying the Dijkstra's algorithm for each vertex,
computation time is O(nm + n?log n) or O(n?).
Since the number m of edges is O(n?), it takes O(n?) in the worst
case.
Any faster algorithm? 2840

EEROME
v : BRuSERWVETORERB LOEEDESR
> UM OVETORMRRE, v\ OwE TOE S BRI
FNEN, ubDVETE, vHIOWETORERETHS.

RN

Bl uhovETOBIMBBRIRETLEINE,
CORSRRERERBTEENADL, ubbw
ADFYEWVERAFLOND. ChIEXFE.
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Property of a shortest path
v : Any vertex on a shortest path from vertex u to vertex w.
=> subpath from u to v and subpath from v to w are both shortest
paths from u to v and from v to w, respectively.

O\ B

Why: If the subpath from u to v is not shortest,
we can shorten the path from u to w by replacing its
subpath by the shorter one, which is a contradiction.

30/40




D ijl=&&{12, . kBT HEREZTERALTIERIND
BEAjICEPRERBORS

A1 RERBRATERKEZALELD D [ijleRL
F—22: REREITERKERHTS
DiNSkETHORERE +HA S ETORERE

Dy[i.j] = min{ Dy, [i.j], D[] + Dy [K,j] }
f=FZL, Dyfijl=L[ij] (E#EOERE=-ADOERT)

Dg. Dy, Dy, ..., D, DIBIZHEZITRIERL.

FILTY X LP23-A0:
EEBEITHIEDOET 5.
for(p=1; p<=n; p++)
FARTD(,j)I2DT
D[p,i,j] = min{ D[p-1,i,j], D[p-1,Lk[+D[p-1,k,j] }
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D,[i,j] = the length of a shortest path from vertex i to vertex j
only through the vertices in the set {1,2,....k}.
Case 1:if the shortest path does not pass through vertex k
= same as Dy 4[ij]
Case 2: if the shortest path passes through vertex k
=>shortest path from i to k+that from k to j

Dyli.j] = min{ D, 4[i.j], Dy [i.K] + Dy y[k,j] }
where, Dg[ij]=L[ij] (directdistance=edge length)

Dy, Dy, Dy, ..., D, should be computed in this order.

Algorithm P23-A0:
Let DO be the distance matrix.
for(p=1; p<=n; p++)
for each (ij)
D[p,i,j] = min{ D[p-1,i,j], D[p-1,Lk[+D[p-1,k,j] }
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D@ 1234
0 110 50 ®
3 Jso S is D250 0155
0
@ ©) 31300 015 -
S Slee 00| sl
@~—15—@ 1 2 3 4

0 1{0 50
5 LO 5 []5 D—2 50 015 5 ‘
@ ©) ‘743‘ 3035 0 15| JER1Z®&EHIC

1520 5 0] BOTHEL.

T A4 1052010
5o X P s 2150 015 5 ]
Dy=313035 o 15| TEAT, 2%&HI(
4

®T® 1520 5 0] E>THELN
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D@ 1234
0 1[0 50
3 Jso S ois D250 0155
o
Q__.»® 31300 0 15| .. .
15 4150 5 0 distance matrix

—15 1 2 34

= 0 = 1[0 50 o

o X P s 5250 0155

@ ©) 17313035 0 15| vertex 1 canbe
4

1520 5 0/ passed through

@ @
0 1{0 52010
o X P s 2150 015 5
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Problem on Space Requirement

The previous algorithm requires a 3-dimensional array.
=>when we have computed D,, we don't need to store D, ;.
Hence, only one array is sufficient.

We want to compute not only the lengths of shortest paths but also
shortest paths themselves.

P,[i.,j] = the vertex number immediately before the vertex j on the
shortest path from i to j through {1, 2, ..., k}.

Using it, we can trace back from the terminal vertex to the initial

vertex.
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Exercise E8-5:Describe the behavior of the algorithm P23-A0 for
the graph below.
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