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Developing Algorithms based on Dynamic Programming

Objects: optimization problems
problem of finding an optimal solution among those satisfying
given constraints.

Problem solving by dynamic programming

1. Characterize a structure of an optimal solution.

2. Define an optimal solution recursively.
(construct a solution using solutions to subproblems)

3. Compute a value of an optimal solution in a bottom-up manner
(in the way to fill in a table)

4. Construct an optimal solution using information obtained.
(not only finding a value of an optimal solution but also
constructing an optimal solution by following in the table)
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Problem P24: (Construction of an optimal binary search tree)
When probability that each element 1s asked 1s given, store n data
in a binary search tree so that the expected number of comparisons
to locate a query 1n the tree 1s minimized.

Data to be stored: S=1{a;,a,,...,a,},a,=a,="** = a_
A prior1 knowledge : Assume that only elements of S are retrieved.
probability for Find(a,, S) 1s p,
When S is stored 1n a binary search tree,
let the level of a node a, containing an element of S be level(a,).
the number of comparisons for searching a. 1s level(a,) +1
(assuming the level of the root node 1s 0)
Therefore, the cost of a search tree (expected number of comparisons)

1s given by

Cost of search tree= ) p. X [level (a,) +1]
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BIRE:  a[1] a[2] a[3] a[4]
S| 2 3 5 6

2/100 1/10 = 5/10 © 2/10

Pi %) Ps3 Py

R R=(2%14+1*2+5%3+2%4)/10

=2.7

&
A

R R=(2%142%2+5%3+1%4)/10
=25
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Examlpe: a[1] a[2] a[3] a[4]
S| 2 3 5 6
2/10 1/10 + 5/10 | 2/10
Y P> Ps3 Py
7,
2\
oy
level 4 1\

cost=(2*1+1*2+5*3+2%4)/10

=2.7

cost=(2*1+2*2+5*3+1%*4)/10
=25
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A R=(1*1+(2+5)*2+2%*3)/10 =2.1 OAR=(5*1+(2+2)*2+1*3)/10= 1.6

TARTOEZBEARZIZL TR FHEITNIEREL
BRRERADNRFEDD, TRTZIFETHDIERNENEL.
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/2@ 2
/ 2\ /T\

cost=(1*1+(2+5)%24+2%3)/10 =2.1  COSt=(5*1-+(2+2)*2+1*3)/10 = 1.6

If we enumerate all search trees and compute their costs, then
we can find an optimal search tree. But it 1s not efficient to
enumerate all of them.
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Construction of an optimal binary search tree

Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

T[1,j] = minimum-cost tree for a subset {a;, a,,,, ..., a;}
=1, ...,n, J=1,1+1, ..., n

Enumerating all possibilities:

A;A/\AA ...... ﬁ ......

T[1,k-1] T[k+1,n] ln—

If T[2,n], T[3,n], ..., T[1,2], T[4,n], ..., T[1,n-1] are all available,
costs of those trees can be computed. If we choose the minimum-

cost tree, we can determine its root a,. 1238



RELT YT DORA TRERDEEZRDS.

(T[i, i+1],1=1,2, ... ,n-1}Z3RKEH D= ==+ =1
(T[i, i+2],1=1,2, ... ,n-2} &K DD ===+ =2
(T, i+1<j, i=1,2,..,n-k}ZRKDHH=--- =k

B%(ZT[L n]ARENE, ChAREROIE.

T[1,n]
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Computing the value of optimal solution in a bottom-up fashion

{T[1, 1+1],1=1, 2, ... , n-1} is computed= == - difference 1
{T[1, 1+2], 1=1, 2, ... , n-2} 1is computed===-""* difference 2
{T[1, 1+k], 1=1, 2, ..., n-k} is computed= ==~ - differencel k

Finally, we compute T[1, n], which 1s the value of optimal solution.

T[1,n]
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Tli,itk] = B R EE {a, a,,, ..., a, 1T T DER/PNIARLK
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EE D RZT[i,j-1], BERHD RZET[j+1,i+K]

EFHDH EIE. A

T[i,j-1]1&ET[+1,i+k | TOARXMDEE XYL

LA D EITFIEZ TSI EIZERE.

T[1)-1]1= 2 py X [level (a,,) +1]
LARILZE1 T80T ¢,
T'[1)-1]= 2 pyy X [level (a,,) +2] =T[1)-1] + 2 py,
2FY, T[ij-1]1<p; + pyyy +... +p AN
TLRILTIFELKRES. T'[j+1,i+k]IZ22WLWTHREL.
£2T, aZiRETHEZDARMIRKTEZALNS:
pH T [1,j-11+ T [j+1,i+k]
= T[1)-1+ T+ Litk]+ p; + piy +.o. + Dy

T[la_]-l] T[]+1 91+k]
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How to compute T[1, 1+Kk]

T[1,1+k] = min-cost tree for a subset {a, a.,, ..., a,,, . Thus,

k+1 different roots a,, a.,, ... , a., are possible. @
If we choose a; as a root,
an optimal solution has T[1,J-1] as 1ts left
subtree and T[j+1,1+k] as right subtree. /\

Note th?lt one level 18 increfa.ses than When  Thg-1] TLivk]
computing the costs for T[1,)-1] and T[;+1,1+k].

Tlij-1]= ¥ p,y % [level (a,,) +1]
If we increase the level by one,
T[ij-11= Y p,, X [level (a,) +2] = T[ij-1]+ X p,,
That 1s, we have the value one level down by adding
p; + Pyt Ty to T[1,j-1]. Same for T [j+1,i+k].
Thus, the cost with a; at the root is given by:
pH T [1,j-11+ T [j+1,i+k]
= T[1)-1+ T+ Litk]+ p; + piy +.o. + Dy
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9T HE
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C[li,j-1]+C[j+1,i+k]+ WIi, i+k]

FEEESETLEDEDR/IMEZTRMNILCL,i+k]| AV RES.
aba., MBELLGDIGZELEET HE ROAZTHFS:

C[i,i+k] = min{ C[i+1,i+k]+W[i,i+k],
min{C[i,j-1]+C[j+1,i+k]+W[i,i+k], j=i+1, ..., i+k-11,
C[i,i+k-1T+W[i,i+k]}

k=1, 2, ..., n-1

ELTIEIZKROHDHZEMNTES.
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How to compute T[1, 1+Kk]

C[1,] = cost of the minimum-cost tree T[1,j] for {a, a.,,, ..., a;}

WILj] =p; * pig - &
Then,

the cost when a; 1s the root 1s given by the following:
C[19J_1]+C[.]+1 91+k]+ W[19 1+k]

C[1,1tk] 1s obtained by taking the minimum value while varying j.
Considering the cases where a. and a,,, are roots, we have
C[1,1+k] = min{ C[i+1,1+k]+W][L1+k],
min{C[1,j-1]+C[j+1,i+k[+W[i,1+k], j=1+1, ... , i+k-1},
C[1,itk-1]+W[i,i+k]}
k=1, 2, ..., n-1
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Clij] = {a;, ajyy, ..., A 1T FT HER/NKRT[L,j]DARE

Vvﬁiy:p{+pﬁl+"f+pj
/ 2\ A /@\ /@\ lé
/ 2\ /5\
T[1,1] T[2,2] T[3,3] T[4,4] / 2\

C[1,11=0.2 C[2,2]=0.1 C[3,3]=0.5 C[4,4]=0.2

@ 1\

1 2
T[2,2] T[1,1]
aXbk 4y

=0.2+C[2,2]+W[2,2] =0.1+C[1,1]1+W[1,1]
=0.2+0.1+0.1=0.4  =0.1+0.2+0.2=0.5
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C[1,)] = cost of minimum-cost tree T[1,)] for {a;, a,,,, ..., a;}
WILjl=p; + piy +-- T p;
/ 2\ / T\ /@\ /@g\ | é
[ 2\ /5\
T[1,1] T[2,2] T[3,3] T[4,4] / 2\

C[1,11=0.2 C[2,2]=0.1 C[3,3]=0.5 C[4,4]=0.2

@ 1\

1 2
T[2,2] T[1,1]
aXbk 4y

=0.2+C[2,2]+W[2,2] =0.1+C[1,1]1+W[1,1]
=0.2+0.1+0.1=0.4  =0.1+0.2+0.2=0.5
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Problem P24: (Optimal triangulation)
Given a convex polygon as a vertex sequence, we can partition its

interior into triangles by drawing chords between two vertices.
Find a triangulation so that the total sum of lengths of chords is

minimized.

Vo

Vi

22/38



REROEBEZTHE DT, EROEZHRIRNICERT 5.

hZARZEP(V,, v, V), V3, vy, Vo) D EIIZTER D RFITERIF.
[ERvV I[CDOWTEZSE,

r—A1 v, Do RIDTAERVICT T TRZESIK.

r—R2:v 2D MBELIEAILN.

VO
v EEMREES-1: T —R2MD EE,
1 Vs | FHEBOTESNKTIEIEN
P P2 HIEFFEAE K.
Vyq
V2 o
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

Represent a convex polygon as a vertex sequence like
P(v,, vy, V5, V3, V4, V5). Considering a vertex v,
Case 1:draw a chord from v, to another vertex v..
Case 2: there 1s no chord incident to v,

VO
v, y Exercise E9-1:Prove that two
> adjacent must be connected by
P2 a chord 1n Case 2.
P1
V4
Va

V3

When we draw a chord, two resulting subpolygons are convex.
Since 1t has less than n vertices, 1f we have all optimal solutions

for all subproblems, then we can obtain an optimal solution.
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(v, ..., v, Ve BT H5EAN)BYHEHETS.
=1 v IBRIDTERVICD [T TRZESIL.
B ELTIE(v,v,), (VgoV3)s - » (Vv ) IYBE ZBIND.
8% (Vo,vy) =38R (v,v,,v,) T (n-1) AR (v, Vs, vs,..sV, )
5K (V,V3) D AE TG (Vo,V 1.V, ,v3) + (-2) B (V, V3,V a0V p)
5% (V,vy)—5H Fo(Vo,V1,Vo,V3,Vy) + (n-3)AR(vy, V4 VsV, )

TR (Vo V) = (-1 ARV, V1, Vo0 Vi0) + 3B RE(V0,Vy Vi)
r—R2:v |2 DM BFRIEAELD.

(v, v, )38 (v,v,v. )+ (-DEFV,V,,Vs,..nV, )
RIC=ARSEINAIELRNGETEZDHE

f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + === + 2f(4) + 3f(3)

f(3)=1.
g(n)=2g(n-1), g3)=17& b g(n)=2"37=h\i, f(n)LI5EE K.

OS5, CHDHETIXZIRAFFRE TEIEEFEL !
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How many different triangulations of a convex polygon?

Suppose that there are f(n) ways to triangulate a convex polygon

(Vo -+ 5 Vi1)-

Case 1: Draw a chord from v to v..
possible chords are (v,v,), (Vy,V3), ... » (Vg,Vp0)-
(vy,Vv,)=>triangle (vy,v,,v,) + (n-1)-gon(vy,v,,v3,...,V, 1)
(Vg,V3)=>quadrangle(vy,v,,v, ,v3) + (n-2)-gon(vy,vs,Vy,...,V, 1)
(Vg,V4)=>pentagon(v,vy,v, ,V3,V,) + (1-3)-g0n(V,Vy,Vs,..., vy p)

(V0>Vn-z):>(n' 1 )-gOIl(VO,VI >V -»Vn-z) T triangle(vo,vn_z,vn_l)
Case 2: there 1s no chord incident to v,

(v,,v,.)=>trangle (vy,v,,v,) T (n-1)-gon(v,v,,v3,...,V, 1)
Considering duplicate appearance of triangles,

f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + === + 2f(4) + 3f(3)

f(3)=1.
g(n)=2g(n-1), g(3)=1 then g(n)=2"3, thus f(n) is also exponential.

That is, this method does not lead to polynomial-time algorithms



MO ETHRNICHERERT D.

MBAEREP(V,, V|, Vy, Vi, Vy, Vo) DIL(v,, v)IZBT ENHD
ZABICEFNGITNIEGLED. ZOLIG=AFIE

(Vo Vi Vs),(Vys Vo, Vo), (Vy, Vi, Vs),(V,, Vy, Vo) D HRD —D.

Vo
Vi Vs Eﬁﬂz(voa Vs, VS)O)i%é’
BRYDERIE2D0DMBARIC
DEISND.

Vyq
AL
V3
— %12, B APV, ..., v, )EB(v, v, Ve =AR
(Vy, Vi, V. NICEKDTHENT HLE,
B ARPV,,V), .., VIOERIZ APV, Vi, oo VDS DIND.
“nlE, [0,n-11EWLSREZ[0.k]E[kn-1]IZHENT B EITRTIE.
&2T, RENDEFITE S RBEDE, On?)@EYLHELY !
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Recursive representation of a solution in a different way

The edge (v, v;) of the convex polygon P(v,, v,, vy, V3, vy, V)
must be included in at least one triangle. Such a triangle 1s one
of (Vo V15 V5),(Vos V2, V), (Vs V3, Vs), and (V,, vy, Vs).

Vo

Vi vs  For the triangle (v, v, vs), the
remaining part 1s partitioned into

two convex polygons.
Vyq
\p)

V3

In general, when we partition the polygon P(v, ..., v,,) by a triangle
containing the edge (v,, v,_,), we have two convex polygons:

P(v,,vy, ..., vi) and P(v\,v, ., ..., v,.;). This corresponds to a partition
of an interval [0,n-1] into [0,k] and [k,n-1]. Thus, the number of

different partitions is that of different intervals, that is, O(n?). _



[0,5]

[03]] | A0,3,5)| |[3.5]
A(0,1,3) ][ [1,3] A(3.4,5)
A(1,2,3)
[0,5]
[0,4] | | A0,4,5)

[1,4]] | A(0,1,4)

[1,3]

A(1,3,4)

A(1,2,3)
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[0,5]

[03]] | A0,3,5)| |[3.5]
A(0,1,3) | |11,3] A(3.4,5)
A(1,2,3)
[0,5]
[0,4] | | A0,4,5)

[1,4]] | A(0,1,4)

[1,3]

A(1,3,4)

A(1,2,3)
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[0,n-1]DER %

Dl

J

XE[jII<HIET DS ARD5

MEARP(V, Vi, o V)T
=AM, Vi, V),
B ARV, Vit s Vi)
Z AR (VioViars - V)
25> El.
==L, k=i+1D &EEk=j- 1D EE T
ZARERYDZATD2DIZ5HE!.

L[ij]=TERE5I(v;, Vi .o VISR TEEDERS S H D AERIC
EENSZDRDLAT.

wlij] = TERvEIERVZERSKD KRS

E95E, HERIZ

L[1,j] = min{ L[i+1j]+w[i+1,],

min{ L[Lk]+L[kj]+w[L.k]+w[kj] | k=112, ..., J-2},
L[1j-1]+w[1,)-1]} 31/38



Partition of a polygon corresponding to a subinterval [i,j] of [0,n-1]

Partition a convex polygon
P(V;,Visp5 - V;) INtO
a triangle (v, v,, Vj),
a convex polygon(v.,v.,, ..., v,) and
a convex polygon(v,,v, 1, ..., Vj),
if k>1+1 and k<j-1, and
a triangle and a convex polygon
if k=1+1 or k=j-1.

subpolygon determined by vertex sequence (V,v..q, ..., V).
w[1,]] = the length of the chord between vertices v; and v,
Then, we have the following recurrence equation:
L[1,j] = min{ L[i+1j]+w[i+1,],
min{ L[1,k]+L[k,j]+w[i,k]+w[k,j] | k=112, ..., j-2},
L[i,j-l]‘l‘W[i,j-l]} 32/38



7I)L31) X LP24-A0:
BRORSOBINZHR/NMNITE=AFNE
/-\jj . ﬂ'l gﬁ H'ZP(VOaVl? o9 Vn-l)
HA mEE=AEAEIZHE THRDRSDEF
for(1i=0; 1<n; 1++)
for(j=1+2; j<n; j++){
wlij] = JERvETARVZERSKD RS,
L[i,j]=0:}
for(d=3; d<n; d++)
for(1i=0; 1<n; 1++)
for(j=1+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[1,j-1]+wW][1,]-1]);
for(k=1+2; k<=j-2; k++)
if( L[1,k]+L[k,j]+w[i,k]+w[k,]] < msf)
mst = L[i,k]+L[k,j]+w[i,k]+w[k,j];
h

return L|O,n-1];
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Algorithm P24-A0:

Triangulation to minimize the sum of len
Input: convex polygon P(vy, vy, ..., v, ;)
Output: the sum of lengths of chords in an optimal triangulation
for(1i=0; 1<n; 1++)
for(j=1+2; j<n; j++){
w[1,)] = the length of the chord between vertices v; and v,
L[1,)]=0;}
for(d=3; d<n; d++)
for(1i=0; 1<n; 1++)
for(j=1+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[1,j-1]+wW][1,]-1]);
for(k=1+2; k<=j-2; k++)
if( L[1,k]+L[kj]+w[1,k]+w[k,]] < msf)
mst = L[i,k]+L[k,j]+w[i,k]+w[k,j];
;

return L|O,n-1];
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EEBREES-2: [BREP24 TCIIRR D RSN RIEHR/INNTH=AT
DENERDOE=D, ZORSD2FMNEZH/NTHIEEILESIH.

EEMEE-3: B =ATOEBO2EMEZHR/NMNITHEEIFES
Y.

HEEREE-4:. F=ATROEBROMZER/NMITHEEEXEIH.

JEEMREES-S: EfEDIETITTIIES, :EfE (RE=A7D
FIVNZMNMENDERNHA FSI- 7L ) AETFEH -
\al/) CV/J/O0OV/ @ /NG )QDas JI-/ IV—I NSO A S 2 o
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Exercise E9-2:In Problem P24 we tried to find a triangulation to
minimize the sum of chord lengths. What about the case where
the sum of squared chord lengths 1s minimized?

Exercise E9-3: What about the case where the sum of squared area
of triangles?

Exercise E9-4 : What about if we want to minimize the sum of area
of triangles?

Exercise E9-5: Modify the algorithm so that not only the value of
an optimal solution but also an optimal solution 1itself (optimal
triangulation) 1s obtained.
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=X A+ Z A AH\ ?

CCOQO VIS S

EWVNE, hZEARDOEEICIEEDND2RMEIZEHRZE5ITI=AY,
— DL AR TIXRZSITENZENHD.

Wi DERERZEZET S:
HERvEERVERSNRIDEABORNIZTZRLES
ZTDESZwW[i,jlEL, EITREWLEZIE, o&T 5.

#BlE, Fo-<KEIL7ITI)XLTERERERHDENTES.
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Is it possible to extend it to the case of triangulation of a general
polygon instead of a convex polygon?

One difference is that we could connect any two vertices as chords in a
convex polygon but a general polygon may not allow it.

Modify the definition of w[i,j] :
Only if the segment between vertices v; and v; is contained in the interior of
the polygon, its length i1s defined to be w[1,j], Otherwise, w[1,j] is oo.

Only with this modification we can find an optimal solution.

Exercise E9-6: Devise a method for determining whether a segment

between vertices v; and v; 1s contained in the interior of a polygon. .

oo




