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Developing Algorithms based on Dynamic Programming

Objects: optimization problems
problem of finding an optimal solution among those satisfying
given constraints.

Problem solving by dynamic programming

1. Characterize a structure of an optimal solution.

2. Define an optimal solution recursively.
(construct a solution using solutions to subproblems)

3. Compute a value of an optimal solution in a bottom-up manner
(in the way to fill in a table)

4. Construct an optimal solution using information obtained.
(not only finding a value of an optimal solution but also
constructing an optimal solution by following in the table)
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EZDHRNEE: S=1{a,,a,..,3},a=a,=""" =a
EHTEH: zﬁsw%ﬂ%tw##ﬁ%éhéto)tﬁm
Find(a;, S)D HERMEE (Lp,
SE2HIFERRNICER LF,
SHEFRaZELEHRDL AN Elevel(a)LT 5.
a,DIFRITHER LB E S (Llevel(a) +1E BBDLARILIEO)
L=’ oT, MRADIR LB EHOHARFE) (X, RXTE5Z5NSD:

i X [level (a;) +1] |

5/38

Problem P24: (Construction of an optimal binary search tree)
When probability that each element is asked is given, store n data
in a binary search tree so that the expected number of comparisons
to locate a query in the tree is minimized.

Data to be stored: S={a,, a,,..,8,},a;=a,="** = a,
A priori knowledge : Assume that only elements of S are retrieved.
probability for Find(a;, S) is p;
When S is stored in a binary search tree,
let the level of a node a; containing an element of S be level(a;).
the number of comparisons for searching a; is level(a;) +1
(assuming the level of the root node is 0)
Therefore, the cost of a search tree (expected number of comparisons)
is given by

Cost of search tree= ) p; X [level (a,) +1] ‘
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BIRE:  a[1] a[2] a[3] a[4] Examlpe: a[l] a[2] a[3] a[4]
s[ 2] 3] 5] 6 s 2] 3] 5[ ¢

2/10 1/10  5/10 = 2/10 2/10 1/10 = 5/10 = 2/10

P P2 P3 P4 P P> P3 Ps

level 0

a0
TR R=(2*142%2+5%3+1+4)/10

TR R=(2* 1+1%2+5%3+2%4)/10 ;
=25

=27
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level 0

level 1

cost=(2*¥1+2*2+5*3+1*4)/10

COSE=(2* 1+1#2+5%3+2%4)/10
=25

=2.7
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o
sfos)s
At
QRR=(5*1+(2+2)*2+1#3)/10 = 1.6

RTOBERAZHELTCIRMEFET NIEREL
BRADREDD, TRTEINETHDOEREMNE.
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cost=(1*1+(2+5)*2+2%3)/10 =2.1

g0
nfos]=
ulw
Cost=(5*1+(2+2)¥2+1¥3)/10 = 1.6
If we enumerate all search trees and compute their costs, then

we can find an optimal search tree. But it is not efficient to
enumerate all of them.
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Tlij] = BAES (a, a,y, -, 2} ISR BBNIARRK
i=1, ...,n, j=i,i+1,..,n

TRTOAREMETIET HE

D/v \ I

A SYAVAVA

T2.n] T30 T[1,2] T[40 T[T,n-1]

T[1,k-1] T[k+1,n]
T[2,n], T[3,n], ..., T[1,2], T[4,n], ..., T[l,n-l]?ﬁ\‘ﬂ"{f
RE>TLNIE, EOFNTNDOARDIRMNERETES.
BNARCDARERARE, ZORa ERHHENTHE.
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‘ Construction of an optimal binary search tree ‘

Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

T[i,j] = minimum-cost tree for a subset {a;, a,, ... , 3}

i=1,..,n, j=i,i+l,...,n

Enumerating all possibilities:

& \A A AQA ...... AQA ...... 2\

\

o 0

T3] T(1,2] T4n] T[T,n-1]

T[2.n] T[Lk-1] Tk+1,n]
If T[2,n], T[3,n], ..., T[1,2], T[4,n], ..., T[1,n-1] are all available,
costs of those trees can be computed. If we choose the minimum-

cost tree, we can determine its root a,.
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| RELTYTOBATREROEERDS. |

{T[i, i+1],i=1, 2, ..., n-1} &R B+ ==+ =1
{T[i, i+2],i=1, 2, ..., n-2}&R&H B+ -+ =2
(TLL, i+, =1, 2, o nk} RSB -+ -+ 22k

BHIZT[L, nASRENE, CAASSERDIE.

T[1,n]
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‘ Computing the value of optimal solution in a bottom-up fashion

{T[, i+1], =1, 2, ..., n-1} is computed === = difference 1
{T[i, i+2], i=1, 2, ... ,n-2} is computed= ===+ difference 2
{T[i, i+k], i=1, 2, ..., n-k} is computed=== =+ differencel k

Finally, we compute T[1, n], which is the value of optimal solution.

L T[1.n]
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T[, i+k]| DK D

v, ZORIE, a,a,,
aZRELTEALLE,

ETHDNRE.

LALEIEIHEDT L,

Pt T [ij-1+T°[j+1,i+k]

T[i,itk] = MR EE {a, a,.),

T[i,j-1]&ET+1,i+k] TOARXCDETE LY E
LA REITHERTWSIEITEER.

Tlij-11= X pyy X [level (a,) +1]
T’lij-11= X pyy X [level (a,) 2] =T[ij-1]+ 3 py,
DFEY, T[ij-1]I<p; + pyy +.. +p, EMANIL

LRI TIF={EARES. T'[j+1Li+k] 2DV THEL.
&oT, aZiBETHEEDIARMIRKTEZBNS:

=T[i,j-1+T[j+Litk]+ p; + pjsy +... + Djk

s A TR B R/DARMKR
s A DR LEYH B, @)

EBHDARET[,j-1], BEDARET[+1,i+k]

Tlig-1] TO+1,i+k]
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| How to compute T[i, i+k] ‘

T[i,i+k] = min-cost tree for a subset {a;, a;,, ..., a;, }. Thus,
k+1 different roots a;, a;,,,
If we choose a; as a oo,
an optimal solution has T[i,j-1] as its left
subtree and T[j+1,i+k] as right subtree.
Note that one level is increases than when Thij1] Ttk
computing the costs for T[i,j-1] and T[j+1,i+k].
T[ij-11= X pyy % [level (a,) +1]
If we increase the level by one,
T’lij-11= 2 ppy ¥ [level (a,,) +2]=T[ij-1]1+ X pp,
That is, we have the value one level down by adding
Pi * Pist Too Py to T[ij-1]. Same for T’[j+1,i+k].
Thus, the cost with a; at the root is given by:
p T [Lj-11+T°[j+1,i+K]

..., @ are possible. @

=T[i,j-1+T[j+Litk]+ p; + pjsy +... + Djk
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T[, i+k]| DK DA

Clijl = {a, ay, - » 3} (ST BRNATijIDARE

WLl =p; + pisy o F p;
I

aERETHLEEDARMNIRATEZLND
" C[ij-11+C[j+1,i+k]+ W, i+k]

JEEESETLEDEDR/MEERMANILC,i+k]HKRES.
ala HRELDEELEETHL, ROXERBS:

C[i,i+k] = min{ C[i+1,i+k]+WIi,i+k],

min{C[i,j-1+C[j+L,i+k][+W[i,i+k], j=i+1, ... , i+k-1},

Cli,i+k-1 1+ WIi,i+k]}

k=1,2,...,n-i
ELTIBIZTRHBIENTES.
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| How to compute T[i, i+k]

Cli,j] = cost of the minimum-cost tree T[i,j] for {a;, a;.y, ..., 3}
WLl =p; + pisy ot p;
Then,

the cost when a; is the root is given by the following:
Cli,j-11+C[j+1,i+k]+ Wi, i+k]

C[i,i+k] is obtained by taking the minimum value while varying j.
Considering the cases where a; and a,,, are roots, we have
C[i,i+k] = min{ C[i+1,i+k]+W[ii+k],
min{C[i,j-1]+C[j+1,i+k]+WI[ii+k], j=i+1, ..., i+k-1},
C[i,i+k-11+W[i,i+k]}
k=1,2,...,n-i
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C[i,jl= {ap ai, ... }l:ﬁfré?ll\xT[i,j]wth
W[I,J] p,+p,+1+ +pj

AR R [ﬁf

T[1,1] T[2,2] T[3.3] T[4.4]
C[1,1]=0.2 C[22]=0.1  C[3,3]=0.5 C[4,4]=0.2 é |

T[2.2] T[1,1]
aRk axk
=0.2+C[2,2]+W[2,2] =0.1+C[1,1]1+W[1,1]
=0.2+0.1+0.1=0.4  =0.1+0.2+0.2=0.5
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C[i,j] = cost of minimum-cost tree T[i,j] for {a;, a;,,, ... a-}
W[I,J] pit p,ﬂ R o

AR R [ﬁf

T[1,1] T[2,2] T[3.3] T[4.4]
C[1,11=0.2 C[2.2]=0.1  C[3,3]=0.5 C[4.4]=0.2 D
2
L]
1
T[2.2] T[1,1]
azxk aXbk

=0.2+C[2,2]+W[2,2] =0.1+C[1,1]+W[1,1]
=0.2+0.140.1=04  =0.1+0.2+0.2=0.5
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Vo Vi Vs
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Problem P24: (Optimal triangulation)

Given a convex polygon as a vertex sequence, we can partition its
interior into triangles by drawing chords between two vertices.
Find a triangulation so that the total sum of lengths of chords is

minimized. \A
Vo Vi Vs
v
1 Vs
- v,
Va
vy 4
% v
2
V3 \ °
Vi Vs
4
Va
V3 22/38

[ BEROBEEHMOT, BEROEEBRNICEETS. |

MBAWEP(,, V), vy, V3, Vs, Vo) D ESICTER D RFI TR,
TBERv [CDOWTEZ DL,
T—Z1:v B RIDTERVIZT T TEZESIK.

b —R 21y, |Z DA BTN,
EEMBEEY-1. 5y —R2DEE,

V‘/‘\VS DBEEROTESAE TSN
P2 B EFAE L.

V4

P1

vV, v
BEIRSIKTEICESTELDH R AT OEYLTHY,
THERHEnREEMND, TRTOIBAYZSAWIZOVNTRER
EROTHEITHE, TOREOTERAFTOND.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

Represent a convex polygon as a vertex sequence like
P(v,, v}, V,, V3, V4, V5). Considering a vertex v,
Case 1:draw a chord from v, to another vertex v;.
Case 2: there is no chord incident to v,.

Vo

v /\\ Exercise E9-1: Prove that two
! Vs adjacent must be connected by
Pl P2 a chord in Case 2.
V4

V2
V3
When we draw a chord, two resulting subpolygons are convex.
Since it has less than n vertices, if we have all optimal solutions

for all subproblems, then we can obtain an optimal solution.
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| MnARESETHLEAIZABYHDEHS? ‘ | How many different triangulations of a convex polygon? ‘

PR, ..., v, VERETEHEHIBYHDETS. Suppose that there are f(n) ways to triangulate a convex polygon
r—A1:v B BIDERVICE T TEESIK (Vg5 w5 Vit)-
BELTIZ(VY,), (VorVa)s -on » (Vo V) NEZDBNB. Case 1: Draw a chord from v, to v;.
B (v, V)= 3BT (Vv Vo) + (-DARE(Vo,VarV3esViy) possible chords are (vo,v,), (Vp,V3), .- » (Vg,Vn.0)-
BR(vo,v3) 4B (vo,v1,v,,v3) + (0-2) B R (v), V3,V Viy) (Vo:vp)=>triangle (vo,vy,v;) + (n-1)-gon(Ve,v,,V3,... V)
BR(vo,ve) >S5S AT(ve,v Vo,V vy) + (0-3) BT (V, ViV Vi) (Vo-v3)=>quadrangle(Vy,v,,V,,V3) + (0-2)-gon(Vo,V3,Vase..:Vo1)

: (vo,V4)=>pentagon(vy,vy,V, ,V3,Vy) + (0-3)-200(V,V4sVssens Vi p)
gz’:(VO,Vn.z)—’(n' DA Fo(Vo,V15Vase s Vo) +3 T (V¥ V1) :

T—R2:v, |2 DM BELIEIRLN. (VorVn2)=>(0-1)-gon(V, V|, Vy,....V, ) + triangle(Vo,vy 5.Vt
B,V )3TV, + -D BTV, VsV, ) Case 2: there is no chord incident to v,.
RCZARABNRIEIRNDGELEEZDE (V1sVy)=>triangle (Vo,Vy,Vy ) + (0-1)-g0n(V, vy, VsV )
f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + = = = + 2f(4) + 3£(3) Considering duplicate appearance of triangles,
f3)=1. f(n) = 3f(n-1) + 2f(n-2) + 2f(n-3) + = * = + 2f(4) + 3f(3)
g()=2g(n-1), g3)=1%Bgn)=2"3 25, fn)LIEHEEE. f3)=1.

b, CORETIESERBE TR 1 g(n)=2g(n-1), g(3)=1 then g(n)=2"3, thus f(n) is also exponential.
£ , — A= T x |l C LY L

25/38 That is, this method does not lead to polynomial-time algorithriss
‘Ella)jiiffﬁdﬁﬂ‘](:ﬁ’éﬁﬁ?é. ‘ ‘ Recursive representation of a solution in a different way ‘
EARP(v,, Vi, Vs, V3, Vg, V)DL (v, v)IFBT ENDHD The edge (v,, vs) of the convex polygon P(v,, v;, V3, V3, V4, Vs)
ZABICEENLRTRIEESED. TOLIB=ARIE must be included in at least one triangle. Such a triangle is one
(Vs V15 V5)s(Vgs Vas V5)s(Vos V35 V5)y(Vos Vi, V5)D D —D. of (Vy, Vi, V5),(Vg, Vo, Vs),(Vo, V3, Vs), and (v, vy, Vs).
A Vo
v vs =A%, v, v)DIHEE, Vi vs  For the triangle (v,, v3, vs), the
ZYDEAE20DMZ ARSI remaining part is partitioned into
nEIESNS. two convex polygons.
v, v,
Va Va
V3 \E
—RRIZ, MBAWPG,, .., v, )EBR(v,, v, VEEL=AT In general, when we partition the polygon P(v,, ..., v, ) by a triangle
(Vs Vio VaDICKD THEIT B L, containing the edge (v,, v,;), we have two convex polygons:
MEARP(V,, V), ..., ViOEMZ APV iy, o Vo ISR DINB. P(Vg,Vy, vy Vi) @and P(vi,Vy,y, ..., Vo p). This corresponds to a partition
UL, [0,n-1JEWSREZE[0K]Ekn-1]IZH BT BT EITHS. of an interval [0,n-1] into [0,k] and [k,n-1]. Thus, the number of
&2T, REIDLEAIEE S REDE, Om2)@EYLMALY! s different partitions is that of different intervals, that is, O(n?). "

[0,5] [0,5]

1031] [203,9] | [3|,5] \
v, [20,13)][11,3] (AGA4S) |

1031] (2035 [B3.5]

v, [20,13)][11,3] (AGA4S) |
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[on-L DA BRI ET 2SR E |

M EBIPVVi, . VE
=AW, v V),
B ARV Vieps s Vi)
BB AT (VioViers -onr V)
(252,
=20, k=it 1D EELk=j- 1D EE L
EARLEYDEATO2 D15 E.

Vit

Vi

L[ij] = BRINWVisy, .. IZEOTEED D E AR DONERIC
BFENDZRORSOHB.
wlij] = TERvETRRVERSEDORS
ETBE, weRi
L[ij] = min{ L[i+1j]+w[i+1,j],
min{ L[i,kJ+L[kj+w[ik]+wlkj] | k=i+2, ..., j-2},
L[ij-11+wlij-11}
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Partition of a polygon corresponding to a subinterval [i,j] of [0,n-1] ‘

Partition a convex polygon
P(Vi,Visps vons Vj) into
a triangle (v;, vi, v)),
a convex polygon(v;,Vi,y, ..., V) and
a convex polygon(Vvy, Vi, ..., vj),
if k>i+1 and k<j-1, and
a triangle and a convex polygon
if k=i+1 or k=j-1.

L[i,j] = the sum of lengths of chords contained in the interior of the
subpolygon determined by vertex sequence (V;,Visy, -, Vj)-
wl[i,j] = the length of the chord between vertices v; and v;
Then, we have the following recurrence equation:
L[i,j]= min{ L[i+1,j]+w[i+1,j],
min{ L[i,k]+L[kj]+w[i,k]+w[kj] | k=i+2, ..., j-2},
L[i,j-1]+w[ij-11}
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FILTY X LP24-A0:
BORSOHBMER/NMNTH=ARLE
AHBEBEPGY, o Vi)
I RELZARIEICEITHEORSOBM
for(i=0; i<n; i++)
for(j=i+2; j<n; j++){
wlij] = THRvETERVERSZDORS;
Lfij] = 0}
for(d=3; d<n; d++)
for(i=0; i<n; i++)
for(j=i+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[i,j-1]1+w[i,j-1]);
for(k=i+2; k<=j-2; k++)
if( L[i,k]+L[k,j]+w[i,k]+w[k,j] < msf)
msf = L[i,k]+L[k,j]+w[i,k]+w[k,j];

return L[0,n-17;
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Algorithm P24-A0:
Triangulation to minimize the sum of lengths of chords
Input: convex polygon P(vy,vy, ..., Vi)
Output: the sum of lengths of chords in an optimal triangulation
for(i=0; i<n; i++)
for(j=i+2; j<n; j++){
wl[i,j] = the length of the chord between vertices v; and v;
L[ij] = 0:}
for(d=3; d<n; d++)
for(i=0; i<n; i++)
for(j=i+d; j<n; j++){
msf = min( L[i+1,j]+w[i+1,j], L[i,j-1]1+w[i,j-1]);
for(k=i+2; k<=j-2; k++)
if( L[i,k]+L[k,j]+w[i,k]+w[k.j] < msf)
msf = L[i,k]+L[k,j]+w[i,k]+w[k,j];
}

return L[0,n-17;
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EEMREES-2: FREP24TIEZ D REDBRMER/NTH=AH
DEERDEN, MORSO2RNEZR/NTIIHEIEESH.

HEEEE-: R =AM OEED2RNER/NMNITHEEEES
.

HEMBEE-4: £ = AR OEROMER/NT HHEEFEESD. |

EEREE-S REMROER T TR, RER(REZAKRS
ZNZFDEDERDDELSICT TR LEERE L.
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Exercise E9-2:In Problem P24 we tried to find a triangulation to
minimize the sum of chord lengths. What about the case where
the sum of squared chord lengths is minimized?

Exercise E9-3: What about the case where the sum of squared area
of triangles?

Exercise E9-4: What about if we want to minimize the sum of area
of triangles?

Exercise E9-5: Modify the algorithm so that not only the value of
an optimal solution but also an optimal solution itself (optimal
triangulation) is obtained.
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GBZAKTRES, —ROSHBO=AR BN OEAIHLE
TEDEHIN?

BUOIE, MZARDOSEIZIEED2RMEICHIRES 7=,
—ROZBAWTIFEES TRV ENHD.

wijJDEEREERT S:
ERvEERVERSRONSATRORBLTEESEE
ZTORIEW[IIEL, ZTITRNEER, o&T 5.

#®(X, FoKEAL7INTYXLTRERERDZENTES.

Is it possible to extend it to the case of triangulation of a general
polygon instead of a convex polygon?

One difference is that we could connect any two vertices as chords in a
convex polygon but a general polygon may not allow it.

Modify the definition of w[i,j] :
Only if the segment between vertices v; and v; is contained in the interior of
the polygon, its length is defined to be w[i,j], Otherwise, w[i,j] is oo.

Only with this modification we can find an optimal solution.

EEMREES-6: [ERv,ETERVER RIS AR ORNETZITE
EANESIEHTET BHEEERL

Exercise E9-6: Devise a method for determining whether a segment
between vertices v; and v; is contained in the interior of a polygon.

ki




