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FEREP25: (EIRITHITR) |
nfBDITHDRII<A LA, ..., A>HNEZbNT=LE, 175117
AYXA,X XA

ZEtRIHDIC, BEREERHZR/NMNITHITIEDIEFRZRD L.

pIT X qHID 1T EqTT X 1B D

THDTIEZTE T HE X _

pIT X rFDITHIMNFONS.

CHEEMEHE(FEEEME)

DEIEIEp X qXr. 31T x 451 44T x 351 34T x 35|

{5l : A ;=109T X 2051, A,=201T X 55, A;=51T X 255D &F,
((A X A,)) X A3)0)JILE7°_ (10 X 20 X 5)+(1o X 5 X 25)=2250
(A, X (A, X A))DIETFZE, (10 %20 X 25)+(20 X 5% 25)=7500

IEDT, FIBDAHINERRIZIE DAL
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Problem P25: (Chained Matrix Product)
Given a sequence of n matrices <A ,A,, ... , A >, find an order of
matrix products to minimize the number of operations to compute

the matrix product A; X A, X ... X A_.

Product of a p X @ matrix and g Xr
matrix 1s a p X r matrix using X —
p X q X r operations (multiplication
and additioN).
3%X4 4X3 3X3

Example: A;=10 X 20 matrix, A,=20 X 5 matrix, A;=5 X 25 matrix.
((A; X A,) X A;) require (10 X 20 X 5)+(10 X 5 X 25)=2250 ops.
(A; X (A, X Ajy)) requires (10 X 20 X 25)+(20 X 5 X 25)=7500 ops.

Thus, the former needs less operations.
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MEDITHIDIERE, MBRYLEEIEFRAHS.
(A X (A, X Ajz)) X Ay)
(A XA XAy XAY)
((A; XAy X (A3 X Ay))
(A X ((Ay X Az) X Ay))
(A X (A X (A3 X Ay)))

NEIRTOFREIERIZOWTEE RS

nILELY.

SEEIZEEL0-1: IO DITAIFOU Y2 @Y HHZEFEERAE L.

Ml CatalanFEL THRIGNTLNSED TH 5.

EVRFRIDODITANPO)BEYHHET D EEDRFIZEINT

kBB EHIBEHDORITHEILTENENDER S FIZx L TIHIL

[ZHRIMEDITAZEMNTES. o T, XOFHIEXEHS.
P(1)=1

P(n) = ¥, P(K)P(n-k)
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For product of four matrices, there are many orders for their product.

(A X (A X Az)) X Ay)
(A X Ay) X Ag) X Ay)
(A X Ag) X (A3 X Ay))
(A X (A X Az) X Ay))
(A X (Ay X (A3 X Ay)))

It suffices to obtain the number of operations fo of them.

Exercise E10-1:Prove that there are O(4"/n*?) ways for parenthe-
sizations. This 1s known as the Catalan numbier.

Hint: Suppose there are P(n) ways for parenthesization. In each
sequence we can parenthesize it by dividing it between its k-th and

(k+1)-st position into subsequences independently. Thus, we have
P(1)=1

P(n) = ¥, P(K)P(n-k)
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REROEBEZTHE DT, EROEZHRIRNICERT 5.

MEDITIDIEDIZE
(A, X (A, XA XA, ImZRIK(ALALA)EA,DIE
(A XA)XADXA) =RITALALA)EA,DIE
(A XA)X(A;XAy) wREIEALA)EAA)DTE
(A, X (A, XA)XA)) mRIFA EALALA)DIE
(A X (Ay X (A3 X AY))) %fﬁfiAIE(AZ,A3,A4)@$§
2RI SELEFHEIEF N M>TLINIL,
(ALALAL), Ay (ALAY, (AsAY), (A(ARASAY))
DI3BYDRENZFR R IE K.

—i%(ZIE, RPN EZTHITHAMNHREIRE.

(A oA, Ay s AY) k=1,2, . 0l |
TNENDERZRIN T SEBEEFTEIEF N H>TLIWNIL
SARORELGHREIEFEHNS.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

To compute the product of 4 matrixes
((A; X (A, XA;) XA, lastis the product of (A;,A,,A;)and A,
(A XA,))XA;)XA,) lastis the product of (A,A,,A;) and A,
((A; XA, X(A;XA,)) lastis the product of (A,A,) and (A;,A,)
(A; X ((A, X A;)XA,)) lastis the product of A, and (A,,A;,A,)
(A, X (A, X(A;%XA,))) lastis the product of A, and (A,,A5,A,)
If we know an optimal orders for subsequences, it suffices to check
the three ways of partitions.
(ApAyAs), Ay, (ALAY, (AsAL) (AL(ARALA,)

Generally, the problem is the place for the first partition.

(A, A, (A, --5A)) k=1,2, ..., n-1
If we know an optimal order for computation for each subsequence,
then an optimal order for computation is obtained.
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ZFTHNDH A X Zp AT ET BE, ITHRDERSNS=HIZIE,

417 P2> 17 P35 -+ 5 ™ P+
TIRRITNIEESELN.
L7=M>T, AATIL, pi, Py oo P Prsy T2ITZHETET 5.

if' ADBAFTOITIDEZELESE, piTg=p, FIDITHIA

Fons.

A7ﬁ\bA FTOITIDHEDHEICHELGR/INDEERHE
M[l,J]L"é'é CHDEEHETHDIZ, kFEiMLjETEISET
AMBAFETDREA DDOAFTTDIRZT N TEHE I ST KL,
ADBAFTORILp;f pk+1§|J0) THITHY, A, DOAFTOIE
l'inkﬂ TP+ 5”0) T, FnodiTiFEIC

plpk+1pj+1
o DEENNHETHS. LI=H>T, M[i,jl&KDHEER

M[i, j] = min {M[L,K]+M[k+1,j]+p;py. 1 Djr1» k=114, ., J-13
A
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Let the size of each matrix be p, X g;. Then, only 1f we have

417P2> 127 P35 --- » dn=Pn+1
the product of those matrices 1s defined. Thus, we only specify

P1> P25 -++ 5 P> Pn+1 for input-

[f we take the product of matrices from A; to A,
then the p; X g;=p;, matrix is obtained.

M[1,j] = the smallest number of computations to calculate the product
of matrices from A; to A;. For the computation it suftices to evaluate
all possible productions of matrices from A, to A, and those from
Ay to A, for each k between 1 and .

The nrndnc’r for A, through A, 1s a p, X p,, matrix, a
Ay, through A is apy,y X piy matrlx.
Thus, the number of operations we need to compute them 1is

PiPx+1Pj+1 -
Therefore, the recurrence equation for MJ[1,j] 1s

M[la J] = min{M[iak]+M[k+laj]+pipk+lpj+19 k:iai—l_la see y J_l}
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7 LT X LP25-A0:
AF nBDITHDHA X (p, 11p,5),(p,4Tp:5), ... .(p, TP, F).
for(i=1; 1<=n; 1++)
M[1,1] = 0;
for(d=1; d<=n; d++)
for(1=1; 1<=n-d; 1++)
J=1+d;
mst = M[L1[+M[1+1,j[4p;p;s1Pj+13
for(k=1; k<j; k++)
if( M[L,k[+M[k+1,j]+p;pys Pjsy < mst)
mst = M[Lk[+M[k+1j]+p;p,s1Dj15
M[1,j] = msf;
h

return M| 1,n];

SEEMREEI0-2: EOT7IITO) X LATIEIREHEDIBELIN D DDA
L. REGSHEIEFEROONDEIICTI TV LEZEETE L.
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algorithm P25-A0:
input : matrix sizes (p,;rows p, columns),(p,, p3), --- >(Py> Ppr1)-
for(i=1; 1<=n; 1++)
M[1,1] = 0;
for(d=1; d<=n; d++)
for(1=1; 1<=n-d; 1++)
J=1+d;
mst = M[1,1]+M[1+1 aj]+pipi+1pj+1;
for(k=1; k<j; k++)
if( M[L,k[+M[k+1,j]+p;pys Pjsy < mst)
mst = M[Lk[+M[k+1j]+p;p,s1Dj15
M[1,j] = msf;
)

return M| 1,n];

Exercise E10-2: The above algorithm only finds the value of an

optimal solution. Modify it so that an optimal order of computation

1s also obtained.
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EIREP26: (FyTHvIRERE)

nfB D& Wo.(i=1, ..., )T T SESw.EH{EY, TYvTHvoD
HIREECHGZoNT-EE, FIYIDESTTDESIHNCEEZLL
FOLEHIDEHIAH B DR THIENZRKELEDHIEDZERDH K.

ARZl={w,, ..., w;V,..,v;C}ETDH. BIE{1,2,..n}D
N EASTRIETES. Bz,
BRERMK dcgw=C
Zi@l=9 SOHT
MEDEF Y,cqv;
TR KNICTHLDTHS.

RE:EDRPIZDONTE, TOEIFICEBALZWNVEDET 5.

CEHADEPTRLTEIEINSIENGLDSTHS.
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Problem P26: (Knapsack Problem)

Given n objects o, (1=1, ... , n) and their weights w., prices v,, and
the capacity (or weight limit) C of a knapsack, find an optimal way
of packing objects into the knapsack to meet the capacity constraint
in such a way that the total price 1s maximized.

Input: I = {w,, ..., w_; vy, ..., v; C}. Asolution is represented by
a subset S of {1,2,....n}.
An optimal solution 1s such a set S satisfying the
Capacity constraint Y. cs W;=C
and maximizing
total sum of prices )¢ V..

Assumption: Assume that weight of any object does not exceed
the capacity C because any object with weight exceeding C 1s
never selected.
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BURE: (W, ..., W)=(2,3,4,5,6), (Vy, ..., vo)=(4,5,8,9,11), C=100D
BLREEALRD.

VK] =kBEBFTORMIZITEXNRICLE-ESDZEREDIE
ETDHE BERELYHLNIC

VII]EV[2] <+ =< V[n]
MEXYILD. COBFITIE, RDKLIIZED.

V[1] = v,=4, w,=2 =C,

V(2] = v;+v,=4+5=9, w,+w,=2+3 =C,

V[3] = v;+v,+v=4+5+8=17, w,+w,+w,=2+3+4 =C,

V[4] = v,+v,+v,=4+5+9=18, w,+w,+w,=2+3+5=C,

VI[5] =v;+v=8+11=19, w;+w=4+6=C.
CCT, {1234 EEETIIRL. THEGL, ESOEFNBREI0E
HBELTLFONOTHS.

ZDHITIE, BoRBEICHTSENZERICESENTL.
L7=h>T, LDXS%INERF THEEFROHLDIZENETE I
W CELLY.
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Example: Consider the case in which (wy, ..., w5)=(2,3,4,5,6),

(Vi oors
VIK]

v:)=(4,5,8,9,11), C=10.

= value of an optimal solution for objects up to the k-th one.

Then, by the definition
V[1]=V[2] =+-+-=V][n].

In this example, we have

V[1]=v,=4, w,=2=C,

\Y
Vi

V[2
V[3
4] =
Bl

] = v, +v,=4+5=9, w,+w,=2+3=C,
1= V1+V2+V3=4+5+8=17, W1+W2+W3=2+3+4 =C,

=v,+v.=8+11=19, W3‘|‘W5—4+6 =C.

Here, {1,2,3,4} is not a solution since the total weight exceeds
the capacity 10.

In this example, an optimal solution to a subproblem may not be
included 1n an optimal solution. Thus, we cannot apply Dynamic
Programming to find a solution in the above order.
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TlE, FOBRUHET S THBELTRARSENSHA
E51%5 72

FNEFNDEDONT, ESNZEITGZWLWHN2EBYHS.
=GN EVAITEET20EY
TARTDREUVAZTFARNBDEIE#EFRIANAMN>TLES.

BIRIETEEZT BRI 57021, o BREICx I 5 H 5 E fE
[CEFNSIIICHRBEEZHIRMICEZLETNIXGESEEL.

D[i,j] = fr#¥l,...iDH Mo E S (YT EATESOMAjE
HARYDHEEE DR TOMEDRKIE,
=1L, EXOFMMNBLIEELHEELLEITNIL0ET S.

"1, -1 ICEA T AREEN D N HOTNSESE, TNTNDHEIC

AT MADIGEEMALZWMEEDRWVAZENITXKLIA G,

D[la.]] = maX{D[i'la .]]9 D[i'laj'wi]+vi}
NIFE S EEDEEENRYII DI EFRLTILNA.

M
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Then, what about a method to examine all possible ways of
choosing objects?

For each object there are two ways, to choose or not to choose.
—>there are 2" ways to choose objects.
It takes exponential time 1f we examine all possible cases.

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

D[1,j] = the largest total price among all possible ways to choose
objects from objects 1, ... , 1 so that the total weight 1s j.
It 1s O 1f there 1s no way to choose them so that the total weight 1s j.

If an optimal solutions for objects 1,...,1-1 1s known, we just consider
two cases, to add an object 1 and not to add 1t. Thus, we have
D[la.]] - maX{D[i'la .]]9 D[i'laj'wi]+vi}

This implies the property of Optimal Substructure.




BlRE: (w,, ..., w5)=(2,3,4,5,6), (v, ..., vs)=(4,5,8,9,11), C=10DIiHHE
i=IDEE, AP ZESNEEGVDDD2EY T,
D[1,w,]=D[1,2]=v,=4, D[1,j]=0, j#2,
i=2DEE, 3, {1}, 2V, {12 DHEEENHEIMID,
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2,)]=0 j#2,3,5

k| 2] 3] 4] 5] 6] 7] 8] 9[10 .ﬁﬂ;gg‘;
O 0 Of O O Of O] O O] O

1 w,=2,v,=4

21 4 W,=3,V,=5

3 4 w;=4,v,=8

4| 44 9 w,=5,v,=9

5/ 4 9 ws=6,vs=11

BFEHIHNC=107BAAESILAMEEITEMBALTLL. 19/40



Example: Let (wy, ..., w5)=(2,3,4,5,6), (v, ..., v5)=(4,5,8,9,11), C=10.
i=1=»only two ways to choose object 1 or not choose it:

D[1,w,]=DJ[1,2]=v,=4, D[1,]]=0, j#2,

i=2=>there are four cases: {}, {1}, {2}, {1,2}
=5, D[2,5]79, D[2,j]=0 j#£2,3,5

D[2,2]=4, D[2,3]

21 3] 4

5

6

7

8

9

10

0

0

0

0

k
0 0] 0] O
1

We can ignore a set of objects 1f their total weight exceeds 10.

.indicates a new

solution

w,=2,v,=4
W,=3,V,=5
w;=4,v,=8
w,=5,v,=9

ws=6,vs=11
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7 ILT1) X LsP26-A0:
/-"\j] ZH{@G}%#{%QG:L cee s ﬂ}vm/
for(i=1; 1<=C; 1++)
D[0,1] = 0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; 1++)
if(i<w,) D[k,i] = D[k-1,1];
else {
if(D[k-1,i-w,]+v, > D[k-1,i])
D[k,i] = D[k-1,i-w.]+V;
clse
D[k,i] = D[k-1, 1];

ITnll}
Ly

*
ha
El

Tl [
Ly

il
®

iy
Ve

h
max=0;
for(1=1; 1<=C; 1++)
1f(D[n,1]>max) max = D[n,1];
return max;
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Algorithm P26-A0:

Tﬂ““l" = 41 f\]t\‘:f\f\"ﬁ e /'::1 1/‘\\0 ""’T{‘\‘: t‘r]A+
llll.)ut. 11 UUJUULD Ul\l 1o eee o 11}. WCIBIIL
for(i=1; i<=C; 1++)

D[0,1] = 0;

for(k=1; k<=n; k++)
for(1=1; 1<=C; 1++)
if(i<w,) D[k,i] = D[k-1,1];
else {
if(D[k-1,i-w.]+v. > D[k-1,i])
D[k,1] = D[k-1,1-w,]+V;
else
Dlk,1] = D[k-1, 1];
h
max=0;
for(1=1; 1<=C; 1++)
1f(D[n,1]>max) max = D[n,1];
return max;

n

'v'v’i an

o

22/40



BEREDERITTES, SERLEALTL.

D[i,jJd &1 THL, Dij|0EES 25 A MDEE L E
IT5LI29 5.

= max{D]i, j-1], D[i-Wj,j-1]+Vj}

=j DIijl=D[i-wpj-1]+v,DES

D
T
T

i)
18]

1,]

=0 DIij]=DI[i,j-1]D&E=
CDEIINTRDAHEXEREEFZ SHD[i, n)|Mh o (TWHIE(C
FURERBEERKDHEHEMNTES.

k

2

10

0

n| | hh|lWlN|[—]|O

4/0

5/0 8/0 9/0 | 12/0

4/0

5/0 8/0 9/0 | 12/0

D[i,j)/T[i,j] D&
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Want to construct an optimal solution with the value of optimal solution.

We maintain not only the table D[i,j] but also the combination to

give the value of D[1,]].
D 19.] - maX{D [19 j'1]9 D[i'wjaj'll-l_vj}
Tlijl=j if D[Ljl=D[i-w;,j-1]+v,

Then, we can construct an optimal solution by tracing back the
value of D from D[i,n] giving the optimal solution.

k 2 3 4 10

4/0 8/0 12/0 | 13/0

N | B[ WIN]|—|O

4/0 8/0 12/0 | 13/0

values of D[1,j]/T[1]]
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10

(800 12/0
40| 50| 80| 90| 12/0] 13/0
D[ij}/T[ij]DIE

EIEfEDIEILXD[5,10]=19

D[5,10]=19, T[5,10]=5£0, F@¥5&H A.

w=6T=M5, TDHIIED[4,10-6]=D[4,4],

D[4,4]=8, T[4,4]=0, fA]HHH AALTELY. T DRIIED[3,4]=8
D[3,4]=8, T[3,4]=3#0, m¥3=H 7.

w=4T=M b, T DHIIED[2,4-4]=D[2,0].
EE2DMH0IZHE-T=DT, CZTEDLY.

falB, REBRTERTSmYPDEERIL{3,5].
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10

(800 12/0
40| 50| 80| 90| 12/0] 13/0

D[i,j)/T[i,j] D&

The value of an optimal solution 1s given by D[5,10]=19.
D[5,10]=19, T[5,10]=5#0, output object 5.

Since ws=6, its predecessor 1s D[4,10-6]=D[4,4],

D[4,4]=8, T[4,4]=0, output nothing. The predecessor is D[3,4]=8.
D[3,4]=8, T[3,4]=3#0, output object 3.

Since w;=4, its predecessor 1s D[2,4-4]=D[2,0].

Now the total weight becomes 0, and thus this 1s the end.

After all, the set of objects for an optimal solution is {3,5}.
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7 ILT X LsP26-Al:
A D EHo,(i=1, ..., n)
for(i=0; 1<=C; 1++)
D[0,1] = T[0,1]=0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; 1++)
if(i<w,){ D[k,i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[k-1,i-w, ]+v, > D[k-1,1])
{D[k,1] = D[k-1,i-w, |*+v,; T[k,1]=k;}
else
{D[k,1] = D[k-1, 1]; T[k,1]=0;}
h
k=0;
for(i=1; 1<=C; 1++)
if(D[n,i]>D[n, k]) k =1;
for(i=n; >0 && k>0; 1--)
if( T[1,k] > 0) {
T[iLk]ZH A k=k - w;;
;

4D
v/

ITnll}
Ly

‘:‘,
ha
EH

m
Tl [
Ly

Gl
®

27/40




Algorithm P26-A1l:
Input:n objects o,(i=1, ...
for(i=0; 1<=C; i++)
D[0,1] = T[0,1]=0;
for(k=1; k<=n; k++)
for(i=1; 1<=C; i++)
if(i<w,){ D[k,i] = D[k-1,i]; T[k,i]=0;}
else {
if(D[k-1,i-w, ]+v, > D[k-1,1])
{D[k,1] = D[k-1,i-w, |*+v,; T[k,1]=k;}
else
{D[k,i] = D[k-1, 1]; T[k,1]=0;}
h
k=0;
for(i=1; i<=C; i++)
if(D[n,i]>D[n, k]) k =1;
for(i=n; >0 && k>0; 1--)
if( T[1,k] > 0) {
Output T[L.k]; k=k - w;;
}
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st R R D R AT

TILdVXLDEELY, sTERMEIEBHALAIC
O(nC)
THb.
(1) EEHFICHTIDEBD ZIEXIEEDLEE
= O ERMIInCETSZIER LS.
2) COEMNIZLERTIEEICKENEE
COER & [Llog CEYFTRIFEAIRE
= AN DIEHMEKICLHIT HFEELTS.

B S ISR T LT K Lo RS

SEEREREE10-3: 7L Y X LP26-A1 TlX 2R TR HZ 2D ALY
TWABD, FOSED—AHIF1RTEIIZTEEHIEETE.
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Analysis of Computation Time

From the structure of the algorithm the computation time is given
by
O(nC).
(1) If the capacity C 1s polynomial in the number n of objects
— this computation time 1s a polynomial in n.
(2) If C 1s much larger than n.
The value C 1itself can be represented by log C bits.

o]
g
u
C
s

Exercise E10-3: Algorithm P26-A1 uses two 2-dimensional
arrays. Show that one of them cab be replaced by a one-
dimensional array.
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MiREP27: (1T’ AREIRE)
n# T DMEEZESEIREERT Eid‘% ‘
tﬂé ‘d‘«f@%ﬂﬂi’énﬁmfxd)ﬁ MmICR>TLA B R D F

7010 15 20
50 910
L=1613 012
889 0

il DB DR
L[i,j]&T 5.

% (1,2,3,4,1) : £&=10+9+12+8=39,

B 8% (1,2,4,3,1) : E=10+10+9+6=35,

JE W% (1,3,2,4,1) 1 |&=15+13+10+20=58,

MR8 (1,3,4,2,1) : £&=15+12+8+5=40, & o



Problem P27: (Travelling-Salesperson Problem)

Given a weighted graph for a road network interconnecting n cities,
find a shortest closed tour starting from a city and coming back to
1t after visiting every city.

7010 15 20
50 910
L=1613 012
889 0

L[1,]] 1s the distance between
city 1 and city j.

tour(1,2,3,4,1) : length=10+9+12+8=39,

tour(1,2,4,3,1) : length=10+10+9+6=35,

tour(1,3,2,4,1) : length =15+13+10+20=58,

tour(1,3,4,2,1) : length =15+12+8+5=40, etc. 32/40



FEig (I 2 & TRHEY HH=5D.

E®2%B$Fﬁﬁ':%ﬁb§%éﬁ6, (n'l)'ﬁbjwﬁﬁﬂﬁbﬁﬁﬁ
StirlingM AR IZ KD E

n! =(2xn)(n/e)"
CHITKRHBICIEnnEWNSIE R RL

#BHhE1, 2, .., nEFEESDT, I EHHINGHRELTEITHIIC
RO TLH1LDET 5.
SETDEEEN={1,2,....nt &L, TDEREEESET 5.
AMIZE2FLEVELEESITHLT,

g(i, S)=&PTHiMSLHFEL T, SOETHZEIT R TE-TEMILIC

RABEOPTOREBRDES,

==L, ilESIZB &N,
ETEDHDE, ROLSXBEEERDRSIE

g(1, {2,3,...,n})
ELTEAGNBZEIZHS.
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How many tours are there in total?

If there 1s a road between any two cities, then there are (n-1)! tours.
Using the Stirling’s formula, we have

n! =~(2mn)(n/e)" .
This 1s roughly an exponential function n”.

Numbering the cities as 1, 2, ... , n, and assume that we start at
city 1 and come back to it.
The set of all cities: N={1, 2, ... ,n}. Sis a subset of N.
For a subset S not containing city 1,
g(1, S) = the length of a shortest path from city 1 coming back to
city 1 through every city of S.
Note that 1 does not belong to S.
Then, the length of the shortest tour 1s given as

g(1, {2,3,...,n}).
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SU)H vEllHluvza\L S~ VHDPIIV/IERTH (e

MHIEFTHORBELGTEIRORESIX
g, S-11})
TEZoNh5. £oT, g, S)IZxd Bi#ibxXELT
g(1, S) = min;c g {L[1,] + 20, S-{J )}
*155. 1=1-L, ﬂatsw%:’.%fﬂif;m.
L[l,J](j:%Bﬂil,JFEﬁo)EE%ﬁ 35/40




Let’s define g(i, S) recursively!

®
1 ®
®

1 S

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

If j 1s a candidate among S for the city after city 1, the length of an
optimal path to city 1 1s given by
g0, S-4}).
Thus, the recurrence equation for g(1, S) becomes
g(1, S) = min, g {L[1,j] + g0, S-{j})},
where 1 1s not an element of S.
L[1,j] denotes the distance between city 1 and city j. 36/40



|S[=0
g(2, ®)=L[2,1]
g3, ®)=L[3,1]
g4, ®)=L[4,1]

5
6
8

S[=1
g(2, {3})=L[2,3]+g(3, ®)=15
g(2, {4})=L[2,4]+g(4, D)=18
g(3, {2})=L[3,2]+g(2, D)=18
g(3, {4})=L[3,4]+g(4, )=20
g(4, {2})=L[4,2]+g(4, ®)=13
g(4, {3})=L[4,3]+g(3, ®)=15

[S[=2

g(2, {3,4})=min{L[2,3]+g(3, {4}), L[2,4]+g(4,{3})}=min{29,25}=25
g(3, {2,4)=min{L[3,2]+g(2, {4}), L[3.,4]+g(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+g(2, {3}), L[4,3]+g(3,{2})}=min{23,27}=23
IS|=3
g(1, {2,3,4})=min{L[1,2]+g(2, {3.,4}), L[1,3]+g(3, {2,4}),L[1,4]+g(4, {2,3})}
= min{35, 40, 43} = 35.
&oT, XEFAERDEIIIISTHS.
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|S[=0
g(2, ®)=L[2,1]
g3, ®)=L[3,1]
g4, ®)=L[4,1]

5
6
8

S[=1
g(2, {3})=L[2,3]+g(3, ®)=15
g(2, {4})=L[2,4]+g(4, D)=18
g(3, {2})=L[3,2]+g(2, D)=18
g(3, {4})=L[3,4]+g(4, )=20
g(4, {2})=L[4,2]+g(4, ®)=13
g(4, {3})=L[4,3]+g(3, ®)=15

[S[=2

g(2, {3,4})=min{L[2,3]+g(3, {4}), L[2,4]+g(4,{3})}=min{29,25}=25
g(3, {2,4})=min{L[3,2]+g(2, {4}), L[3,4]+g(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+g(2, {3}), L[4,3]+g(3,{2})}=min{23,27}=23
S|=3
g(1, {2,3,4} )=min{L[1,2]+g(2, {3,4}), L[1,3]+g(3, {2,4}),L[1,4]+g(4, {2,3})}
=min{35, 40, 43} = 35.
Therefore, the length of an optimal tour is 35.
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7L X LP27-A0:
AN iR DEHERT IS
U={1,2,...,n &9 5.
for(1=2; 1<=n; 1++)
g(1, P)=L[1,1];
for(k=1; k<n; k++){
for 1ZEFHVNHAXKkDTRTDERESS {
for SICEFENTZWVNT ANTDIIZDUNT
} g(1, S) = min;cg{L[1,]] + g0, S-{J})}

4 (1 (N N _ .
return g(1, {2, 3, ..., n});

SEEMREE10-4: FEEO7ILdYRXLDFTEREREEEEZND

FEHTRY.
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Algorithm P27-A0:
Input: A graph representing distances among cities.
U={l1, 2, ...,n}.
for(1=2; 1<=n; 1++)

g(1, @)=L[L,1];
for(k=1; k<n; k++){

for each subset S of size k not containing 1 {

for each 1 not contained in S

} g(1, S) = mineg{L[1,] + g0, S-11})}

4 . 1 e __ .
return g(1, {2, 3, ..., n});

Exercise E10-4: Express the computation time and amount of

storage of the above algorithm as functions of n.
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