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fIREP25: GHEHTTHIFR)
nfEDITHDRII<ALA,, ..., A>SHNEZSNIzLE, 1THITE
A XA X XA,
EEHETHOIC, BEERER/DMTHITINEDIEFERD L.

pfT X qFIDITHN £qIT X tFID %
XE =

TIDTHNEEFET HE
317 x 451 44T X351 347 x 351

pfT X rFIDITINELNS.
CDEEDER (RELME)
DEHITpXqXxr

5: A,=101T X 2051, A,=201T X 551, A,=51T x 255D &E,
(A X Ay X A))DIEFZE, (10X 20 X 5)+(10 X 5 X 25)=2250
(A X (A, X A)DIBETZE, (10 %20 X 25)+(20 X 5 X 25)=7500

HOT, BIEOANREBRRK LD,
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Problem P25: (Chained Matrix Product)
Given a sequence of n matrices <A,,A,, ..., A >, find an order of

matrix products to minimize the number of operations to compute
the matrix product A} X A, X ... X A .

Product of a p X q matrix and q Xr
matrix is a p X r matrix using % X = @
p X q X operations (multiplication

and additioN).

3x4 4%3 3x3

Example: A|=10 X 20 matrix, A,=20 X 5 matrix, A;=5X 25 matrix.
((A; X A,) X A;) require (10 X 20 X 5)+(10 X 5 X 25)=2250 ops.
(A X (A, X Aj)) requires (10 X 20 X 25)+(20 X 5 X 25)=7500 ops.

Thus, the former needs less operations.
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MEADTHIDFEEE, MBYBEHFEIRFNSHS.
(A X (Ay X Az)) X Ay)
(A X Ay) X Ay) X Ay)
((Ay X Ay X (A3 X AY)
(A1 X ((Ay X Ay) X AY)
(A1 X (A X (A3 X Ay)))

LI RTOFEIEFICOVWTERRKZE

nIFEL.

SEERMIREEL0-1: EIID DT A L0 32 BYH B LEFIAE &,
ZHlECatalanFEL THION TS EDTHS.
EVREIDDIFADPM)EYH D LT D FEDRINIZENT
kEHEH BB OB THEIL TENEN DI S FI5x L THRAL
IZHEEDIFTHIENTED. £oT, ROFILXEES.

P(1)=1

P(n) = 3™ P(k)P(n-k)
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For product of four matrices, there are many orders for their product.
(A X (A, X Az)) X Ay)
(A} X A)) X Ag) X Ay)
((Ay X Ay X (A3 X AY)
(A1 X ((Ay X A) X AY)
(A X (A X (A3 X Ay)))

It suffices to obtain the number of operations fo

of them.

Exercise E10-1: Prove that there are O(4"/n*?) ways for parenthe-
sizations. This is known as the Catalan number.
Hint: Suppose there are P(n) ways for parenthesization. In each
sequence we can parenthesize it by dividing it between its k-th and
(k+1)-st position into subsequences independently. Thus, we have
P(1)=1
P(n) =Y, ™' P(k)P(n-k)
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[(BEROMEEREST, BEROEEBRICERTS. |

MEDTHOEDIEES
(A X (A X A))XA) REIX(ALALA)EA,DTE
(A XA XA XA BERIE(ALALA)EA,DTE
(A X A)X(A;XAY) RERIFALA)EA;A)DTE
(A X ((Ay X Ay) X A,)) BHEIFA E(A,ALA)DTE
(A X (A X (A;XA))  TIRITA E(A,ALA)DIE
ORI T SRBELHEIEFL I M>TULNI,
(ALALA3), Ay, (ALAY), (A3,AY), (A(ArA3AY)
D3BYDHEIERANIELL.

— B2, BRIZECTHITEMHREIRE.

((Ap, sAY, Ay, -, AY) k=12, 00,001
ITNTNOIARINKT E2RBELEHBEIEFH D> TLNIE
2RORELTHEIEFLEHMS.
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Characterize structure of an optimal solution and define the value
of an optimal solution recursively.

To compute the product of 4 matrixes
(A X (A, X A3))xA,) lastis the product of (A|,A,,A;) and A,
(A} xA))xA;)xA,) lastis the product of (A[,A,,A;) and A,
((A; XA,)X(A;XA,)) lastis the product of (A},A,) and (A3,A,)
(A; X ((A, X A;) X A,)) last is the product of A, and (A,,A;,A,)
(A X (A, X (A3XAy)) lastis the product of A| and (A,,A3,A,)
If we know an optimal orders for subsequences, it suffices to check
the three ways of partitions.
(ArALA. A, (ApAs) (AsAY). (A(AsALAY)

Generally, the problem is the place for the first partition.

((Al’ ~~~’Ak), (Ak+1, s An)) k=1,2,...,n-1
If we know an optimal order for computation for each subsequence,
then an optimal order for computation is obtained.

ETH DY A XEpfTqHETHE, THENERIND=HICIE,
q1=P2; A27P35 - > n™ P+
TRIFNIEESAELN.
L1zh5>T, AATIE, py, pyy -o- oDy Doy EITERTET 5.
Ef=, ADDAETOITIIOEELSDE, pifTap,. FIDFTHIA
"#ond.
ADBAFTOTIDOEDHEICRELGHR/IDEERHE
M[i,jl&T 5. COBEHETHDIC, kKEIMDjETEILESET
AMBAFETDIREA MHOAFTORET ATEFHIT NILELL.
ADBAFETOREIE AT FIDITIHTHY, A MDAFETOHE
[Epy 1Tp; FIDITHIEZ NS, EhoDITHIREIC
PiPi+1Pj+1
BEORERENDETHS. LI=A T, M[L,j1ERODHLR L
ML, j] = min M{LK+MEKL PPy, k=it 1, .. j-1}
E13%.
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Let the size of each matrix be p; X q;. Then, only if we have
q17P2; 927P3s - > 0™ Pt

the product of those matrices is defined. Thus, we only specify

Pis P2s -+ 5 Py Pnt1 for input'

If we take the product of matrices from A; to A;
then the p; X q;=p;,;matrix is obtained.

M([i,j] = the smallest number of computations to calculate the product
of matrices from A, to A;. For the computation it suffices to evaluate
all possible productions of matrices from A; to A, and those from
Ay, t0 A for each k between i and j.

The product for A; through A, is a p; X p,,, matrix, and that for
Ay through A; is a py, X p;,; matrix.
Thus, the number of operations we need to compute them is
PiPi+1Pj+1 -
Therefore, the recurrence equation for M[i,j] is
MI[i, j1 = min {M[i,k+MIk+1iTppaipyors k=isit1, .o, -1}
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FILTY X LsP25-A0:
AT nfBDTH DY A X (p, 1Tp,5).(p, TP F), oo o(PuFTPpy 5.
for(i=1; i<=n; i++)
M[i,i] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
j=itd;
msf = M[L,iHM[i+1,j]+ppisiPjers
for(k=i; k<j; k++)
I MLKHMK+1j+pipy Py < mst)
msf = M[i’k]+M[k+1>j]+pipk+lpj+l;
M[i,j] = msf;

return M[1,n];

BEMIREEI0-2: EOTIITYXLTIERBEREDBELN D DS
BT EIEFLROONDEIIZTITYRLELEEE K.

11740

algorithm P25-A0:
input: matrix sizes (p;rows p, columns),(p,, P3); --- s(Py»> Pns1)-
for(i=1; i<=n; i++)
M[i,i] = 0;
for(d=1; d<=n; d++)
for(i=1; i<=n-d; i++)
j=itd;
msf = M[L,iHM[i+1,j]+ppisiPjers
for(k=i; k<j; k++)
I M[LKHMK+1j]+pipy Py < mst)
msf = M[i’k]+M[k+1>j]+pipk+lpj+l;
M[i,j] = msf;

return M[1,n];

Exercise E10-2: The above algorithm only finds the value of an
optimal solution. Modify it so that an optimal order of computation
is also obtained. 12140




RirEP26: (FvF v IRIRE)

nfEDE o (i=1, ..., 0K T B ESw LiHfEv, TvTHvoD
HEEECAEZAONILE, FIYDEEHDESNCERZI G
FOLGHPDEDRAAF DD TEENRKELDEDERD L.

ARNFL={Wy, e, Wy vy o, v CYET D, BRI {1,2,...,00 D
BAEESSTRETES. REREL,
BEBMN Tew=C
w9 SOFT
fEfED#F Yies Vi
=RANICTEHLDOTHS.

RE:EDFMIDNTH, TDESIFCERBALZIDET B.
CEBADAMIRLTREENDZEDNBELINSTHS.
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Problem P26: (Knapsack Problem)

Given n objects o; (i=1, ..., n) and their weights w;, prices v;, and
the capacity (or weight limit) C of a knapsack, find an optimal way
of packing objects into the knapsack to meet the capacity constraint
in such a way that the total price is maximized.

Input: I={w, ..., W; v, ..., v;; C}. A solution is represented by
asubset S of {1,2,...,n}.
An optimal solution is such a set S satisfying the
Capacity constraint ;e W;=C
and maximizing
total sum of prices Y ;cgV;.

Assumption: Assume that weight of any object does not exceed
the capacity C because any object with weight exceeding C is
never selected.
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BIRE: (W), ..., W)=(2,3,4,5,6), (V1, ... v5)=(4,5,8,9,11), C=100
BEEEZLD.

VIK] = kBB FTORPIEITERRICLI-EEDOREBDOE
ETBE BEELYBALAIC

V[1]EV[2] £---=V[n]
MRYILD. COBFITIE, ROKIITHES.

V[1]=v=4,w=2=C,

V[2] = v, +v,=4+5=9, w,+w,=2+3 =C,

V[3] = v +v,+v;=4+5+8=17, w,tw,Tw;=2+3+4 =C,

V[4] = v, +v,tv,=4+5+9=18, w,+w,tw,=2+3+5=C,

V[5] =v5tv=8+11=19, wstw=4+6 =C.
CIT, {1,234 [EETIERL. BEEL, BESDEHMNEEI0E
HBLTLEIANLTHD.

COfiTlE, BAFEEICNT IRSRERICEFTIALY.
LI=hoT, LD KIRIER THRERDDDIZBIMETELAIX
BATERL.

15/40

Example: Consider the case in which (wy, ..., w5)=(2,3,4,5,6),
(V4 -y V5)=(4,5,8,9,11), C=10.

V[k] = value of an optimal solution for objects up to the k-th one.
Then, by the definition

V[1]=V[2] =+++=V[n].
In this example, we have
V[1]=v=4, w=2=C,

V[2] = v, +v,=4+5=9, w,+w,=2+3 =C,

V[3] = v +v,tv;=4+5+8=17, w,tw,Tw;=2+3+4 =C,

V[4] = v, +v,tv,=4+5+9=18, w +w,tw,=2+3+5=C,

V[5] =v5+tv=8+11=19, wstw=4+6 =C.
Here, {1,2,3,4} is not a solution since the total weight exceeds
the capacity 10.

In this example, an optimal solution to a subproblem may not be
included in an optimal solution. Thus, we cannot apply Dynamic
Programming to find a solution in the above order.
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TIE, FYPDRBUAET A THELTHARDENIFEE
E3EB57

ZNZTNOFEPITONT, BRIENMRFIZVON2EYHS.
=FYDRV A FLET2EY
FTRTOEVAZRANDEEHEFRMANOTLES.

B EAEEAT 5012, BAMEICK T RN BER
IZE8FNELSIREREFRAISERLZGhIERSEL.

D[ij] = &1, i0HM BB L ITFMERATESOMNE
BHERYDHEEEDPTOMEDZALE,
=1L, EEOMALLIEERDHMEE L RITNIZ0ET B.

F1,.. -1 ICRET AREEMN S Mo TS EE, TFhENDEIC

FMMEMADIGELEMABEEDRVAZENIELLDS,

D[i,j] = max{D[i-1, j], D[i-1,j-w;]+v;}
hIEBAEEORBEENRKYIDIEEZRLTINS.

Then, what about a method to examine all possible ways of

choosing objects?

For each object there are two ways, to choose or not to choose.
=there are 2" ways to choose objects.
It takes exponential time if we examine all possible cases.

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

DJi,j] = the largest total price among all possible ways to choose
objects from objects 1, ... , i so that the total weight is j.
It is 0 if there is no way to choose them so that the total weight is j.

If an optimal solutions for objects 1,...,i-1 is known, we just consider
two cases, to add an object i and not to add it. Thus, we have
DIi,j] = max{D[i-L, jl, Dli-Lj-w;]+v}

This implies the property of Optimal Substructure.




BIRE: (W), ..., w5)=(2,3,4,5,6), (v}, ..., V5)=(4,5,8,9,11), C=10DI5E
EIDEE, FMIEESNREEVAD2EBYETEMND,
D[1,w,]=D[1,2]=v,=4, D[1,j]=0, j#2,
=OEE, (3, {1}, (2, (12 DHEEEAHEIMD,
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2,j]=0 j#2,3,5

K| 2] 3] 4] 5] 6] 7] 8] 9]10 .ﬁﬂ;;f;
ol o/ 0o/ o] o] 0] o] 0o 0] 0

1 w,=2,v;=4

2 W,=3,v,=5

3 wy=4,v,=8

4 w,=5,v,=9

5 ws=6,vs=11

EEHHC=10ZBASESIHLBERFEBLTEL. o

Example: Let (w, ..., w5)=(2,3,4,5,6), (v, ..., v5)=(4,5,8,9,11), C=10.
i=1=>only two ways to choose object 1 or not choose it:
D[1,w,]=D[1.,2]=v,=4, D[1,j1=0, j#2,
i=2=>there are four cases: {}, {1}, {2}, {1,2}
D[2,2]=4, D[2,3]=5, D[2,5]=9, D[2,j]=0 j#2,3,5

kl 21 3] 4| 51 6| 7| 8| 9/10 .indicatesanew
solution
0] 0| O O] O O] O

w,=2,v;=4

W,=3,v,=5

w;=4,v,=8

0
1
2
3
4

w,=5,v,=9

5

Ws=6,vs=11

We can ignore a set of objects if their total weight exceeds 10. 240

7 VT X LP26-A0:
ABD nfBOR o (=1, ..., nDESw,LAfi{Ev, FIREEC
for(i=1; i<=C; i++)
D[0,i] = 0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i<w;) D[k,i] = D[k-1,i];
else {
if(D[k-1,i-w;]+v; > D[k-1,i])
D[k,i] = D[k-1,i-w;]+v;;
else
D[k,i] = D[k-1, i];
}
max=0;
for(i=1; i<=C; i++)
if(D[n,i]>max) max = D[n,i];
return max;
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Algorithm P26-A0:
Input: n objects o,(i=1, ..., n): weight w; and price v;, capacity C.
for(i=1; i<=C; i++)
D[0,i] = 0;
for(k=1; k<=n; k++)
for(i=1; i<=C; i++)
if(i<w;) D[k,i] = D[k-1,i];
else {
if(D[k-1,i-w;]+v; > D[k-1,i])
D[k,i] = D[k-1,i-w;]+v;;
else
D[k,i] = D[k-1, i];
}
max=0;
for(i=1; i<=C; i++)
if(D[n,i]>max) max = D[n,i];
return max;
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| BEMOERETTHS, BERLERLEL. |

D[i,j]Jd 21T T4, D[i,j|DEZEASRYMDHEE L LEE
T332 5.

DIi,jl = max{DIi, j-1], D[i-w,j-1]+v;}

Tlijl = D|i,j|=D|i-wj,j-1|+v.o)&%

Tli,jl =0 D[i,j]=D[i,j-1]03":%’]E
CDESICRHDERBEAEEEZDD[i, n)hoFHITWBHI &I
FYREEERDDENTES.

k 2 3 4 5 6 7 8 9 10
0 0 0 0 0 0 0 0 0 0
1

2

3 5/0 9/0

4 5/0 8/0 9/0 | 12/0

5 5/0 8/0 9/0| 12/0

Di,j)/T[i,j|D1E
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‘ ‘Want to construct an optimal solution with the value of optimal solution.

‘We maintain not only the table D[i,j] but also the combination to
give the value of D[i,j].

DIijl = max{D[i, j-1], D[i-w,j-1]+v;}

TIi,jl =j if D[L,jl=D[i-w;,j-11+v;

Tlijl =0 if D[i,j|=DIijj-1]

Then, we can construct an optimal solution by tracing back the
value of D from D[i,n] giving the optimal solution.

k 2 3 4 5 6 7 8 9 10
0 0 0 0 0 0 0 0 0

5/0 8/0 9/0| 12/0| 13/0
5/0 8/0 9/0| 12/0| 13/0

0
1
2
3 5/0 9/0
4
5

values of D[1,j]/T[i,j]
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4 4/0 5/0 {_ 8/0 9/0 | 12/0 4 4/0 5/0 {_ 8/0 9/0 | 12/0
s| an0| so| so| o] 120] 130 s| an0| so| so| o] 120] 130
D[1,j)/T[i,j]DfE D[1,j)/T[i,j]DfE
REEDEILD[5,101=19 The value of an optimal solution is given by D[5,10]=19.
D[5,10]=19, T[5,10]=5#0, @¥5%H 5. D[5,10]=19, T[5,10]=5+0, output object 5.
ws=6T2M5, ZDHIIED[4,10-6]=D[4,4], Since ws=6, its predecessor is D[4,10-6]=D[4,4],
D[4,4]=8, T[4,4]=0, {Al &t AL7%LS. ZDRTIED[3,4]=8 D[4,4]=8, T[4,4]=0, output nothing. The predecessor is D[3,4]=8.
D[3,4]=8, T[3,4]=3+0, f¥3% H 7. D[3,4]=8, T[3,4]=3+#0, output object 3.
wy=412MN 5, ZDHIED[2,4-4]1=D[2,0]. Since wy=4, its predecessor is D[2,4-4]=D[2,0].
FEEOMA0IZHE>zDT, STTHERDY. Now the total weight becomes 0, and thus this is the end.
#®E EREERTIRYMDOESE{3,5). After all, the set of objects for an optimal solution is {3,5}.
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7T X LP26-Al: Algorithm P26-A1:
AN ORI (=1, ..., n)DESw,LififEv, HIREEC Input: n objects 0,(i=1, ... , n): weight w, and price v;, capacity C.
for(i=0; i<=C; i++) for(i=0; i<=C; i++)
D[0,i] = T[0,i]=0; D[0,i] = T[0,i]=0;
for(k=1; k<=n; k++) for(k=1; k<=n; k++)
for(i=1; i<=C; i++) for(i=1; i<=C; i++)
(i <w,){ D[k,i] = D[k-L,i]; T[k,i]=0;} (i <w,){ D[k,i] = D[k-L,i]; T[k,i]=0;}
else { else {
{f(D[k-1i-wJ+v, > D[k-1,i]) if(D[k-1,i-w, v, > D[k-1,i])
(DIk,i] = D[k-1,i-w, F+v; Tlk,i]=k;} {DIk,il = DIk-1i-w v, Tk, il=k;}
else else
{DIk,i] = D[k-1, i]; T[k.i]=0:} {DIk,i] = D[k-1, i]; T[k.i]=0:}
} }
k=0; k=0;
for(i=1; i<=C; i++) for(i=1; i<=C; i++)
if(D[n,i>Dn, k) k =i if(D[n,i>Dn, k) k= i
for(i=n; i>0 && k>0; i--) for(i=n; i>0 && k>0; i--)
i T[LK] > 0) { (T[] > 0) {
ThLkZHE I k=k-w;; Output T[i,k]; k=k - w;;
} 27/40 } 28/40

FHE R O EMT Analysis of Computation Time
TILT)XLOEELY, FHHEBEBIEHASHIC From the structure of the algorithm the computation time is given
0(nC) by
THb. O(nC).
() EEHMCHEMDOEHnDLEXREDLE (1) If the capacity C is polynomial in the number n of objects
= COFHERMIEnIZBET 52 ER LS. = this computation time is a polynomial in n.
(2) COEANIZLERTIEREICKENESE (2) If C is much larger than n.
COER &lLlog CE VM TRIAATHE The value C itself can be represented by log C bits.
SANOIEHERICLHT HEEE LTS, =Time is proportional to an exponential function in input size.
BUSEXFM7ZILTYXLETS. It is called a pseudo-polynomial time algorithm.
HBEREEI0-3: 7)LTY X LP26-A1 TlE2RTEHZ2 DALY Exercise E10-3 : Algorithm P26-A1 uses two 2-dimensional
TWBED, ZD5ED—AHIE1RTEFICTELILETE. arrays. Show that one of them cab be replaced by a one-
dimensional array.
29/40 30/40




FIREP27: (TR ARIRR)
n#i T OHEZESEREERTEADET ST EZ LN

EE, TRTOBTEFN TRDOEHICR> T EEHD F
TREDIDERD L.

BT 0101520
@—50_’@ 50 910
. L=1613 012
6820‘%39‘, 8890
5 / s OMOERE
(:5 12 @ L[ijl&d 5.

B (1,2,3,4,1) :
AR (1,2,4,3,1)
AR (1,3,2,4,1)
JBERR(1,3,4,2,1)

£ &=10+9+12+8=39,
F£&=10+10+9+6=35,

R &E=15+13+10+20=58,
F&=15+12+8+5=40, & &
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Problem P27: (Travelling-Salesperson Problem)
Given a weighted graph for a road network interconnecting n cities,

find a shortest closed tour starting from a city and coming back to
it after visiting every city.

s

10 0101520
(s (2 50910
. L=l613 012
. 820‘ %3 9‘/ 8890
9 L[i,j] is the distance between
ORETEN©)

city i and city j.

tour(1,2,3,4,1) : length=10+9+12+8=39,
tour(1,2,4,3,1) : length=10+10+9+6=35,
tour(1,3,2,4,1) : length =15+13+10+20=58,
tour(1,3,4,2,1) : length =15+12+8+5=40, etc.
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(Bt IE S HTABY HEEDS. |

ED2HHEICHENH S5, (n-1)EY D REEBRMNEFLE.
StirlingD AXKIZLDHE

n! =Q2an)(n/e)
CHIERHIBICIEnE S5 5RE%.

#;HEL2, .., nEBESOT, FHHIMSHAELTEMHIIC
RoTK5EDET 5.
EHMTDESEN={1,2,..,n}&L, TDOWREEESETS.
MHAIEZEFEVESEESITHLT,

g(i, S) = EHIMSHFELT, SOBHET R TES>THMII

RABBRODTTORERDOES,

=1L, ilESICBEiE T &,
LEDHBE, ROIBFERBEBRDESIE

g(1,1{2,3,...,n})
ELTEZLNBILIZHS.
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How many tours are there in total?

If there is a road between any two cities, then there are (n-1)! tours.
Using the Stirling’s formula, we have

n! =VQan)(n/e)" .
This is roughly an exponential function n".

Numbering the cities as 1, 2, ..., n, and assume that we start at
city 1 and come back to it.
The set of all cities: N={1, 2, ..., n}. S is a subset of N.
For a subset S not containing city 1,
g(i, S) = the length of a shortest path from city i coming back to
city 1 through every city of S.
Note that i does not belong to S.
Then, the length of the shortest tour is given as
g1, {2,3, ..., n}).
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| g(, SEERMIZEERLLS ‘ Let’s define g(i, S) recursively!
® °
1 ° 1 °
® ®
i s

B EAEERY 5012, BaMEIIH T HRNRERE
ISEFNRLSICBRBREBRNICERLATNEELEL.

SOHTHHIDRELGDEHDREEELI-LE,
BHIEFTORBELTRBEORSE
g, S-})
THEZOLND. £oT, g, S)ITxgdEbELT
g(i, S) = min; e {L[i,j] + gG, S-{j})}
#1]5. 1121, ilXSOEFRTIIAL.
L[i,j]I&&R i, M D EE R
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i S

To apply Dynamic Programming, an optimal solution must be defined
recursively so that it includes a solution to a subproblem.

If j is a candidate among S for the city after city i, the length of an
optimal path to city 1 is given by
g0, S-{})-
Thus, the recurrence equation for g(i, S) becomes
g(1, 8) = minje s {L[i,j] + g(, S-{j})},
where i is not an element of S.

L[i,j] denotes the distance between city i and city j. 36140




ISI=0 1
2(2, ®)=L[2,1]=5
g(3, ®)=L[3,1]=6
g(4, ®)=L[4,1]=8

10
(D5 (2
r‘f 8
Isi=1 o %3 o
2(2, {3})=L[2.3]+g3, ®)=15 6 9
2(2, {4})=L[2,4]+g(4, D)=18 ( ﬁ@
o(3, 121)=L[3,2]+g(2, ®)=18 12

g3, {4})=L[3.4]+g(4, ®)=20
g(4, {2})=L[4,2]+g(4, ®)=13
g(4, {3})=L[4.3]+g(3, ®)=15
IS|=2
2(2, {3.4})=min{L[2,3]+2(3, {4}), L[2,4]+g(4,{3})}=min{29,25}=25
23, {2.4})=min{L[3,2]+2(2, {4}), L[3,4]+g(4,{2})}=min{31,25}=25
g(4, {2,3)=min{L[4,2]+g(2, {3}), L[4,3]+g(3,{2})}=min{23,27}=23
IS|=3
g(1, {2,3.4))=min{L[1,2]+g(2, {3.4}), L[1,3]+g(3, {2.4}).L[1,4]+g(4, {2.3})}
=min{35, 40, 43} =35.
0T, RERBERORIE3ISTHS.
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ISI=0 1
2(2, ®)=L[2,1]=5
g(3, ®)=L[3,1]=6
g(4, ®)=L[4,1]=8

10
(D5 (2
r‘f 8
Isi=1 /g™ %3 o
2(2, {3})=L[2,3]+g3, ®)=15 6 9
2(2, {4})=L[2,4]+g(4, D)=18 ( ﬁ@
o3, 21)=L[3,2]+g(2, ®)=18 12

g(3, {4})=L[3,4]+g(4, ®)=20
g(4, {2})=L[4.2]+g(4, D)=13
g(4, {3})=L[4.3]+g(3, ®)=15
[S|=2
2(2, {3,4})=min{L[2,3]+g(3, {4}), L[2,4]+g(4,{3})}=min{29,25}=25
23, {2,4})=min{L[3,2]+g(2, {4}), L[3,4]+g(4,{2})}=min{31,25}=25
g(4, {2,3})=min{L[4,2]+g(2, {3}), L[4,3]+g(3,{2})}=min{23,27}=23
ISI=3
g(1, {2,3,4})=min{L[1,2]+g(2, {3.4}), L[1,3]+g(3, {2,4}).L[1,4]+g(4, {2,3})}
=min{35, 40, 43} =35.
Therefore, the length of an optimal tour is 35.
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ZILTY X LP27-A0:
AR n#HROERERT IS
U={1,2,..,n} &9 5.
for(i=2; i<=n; it++)
(i, ®)-L[Li];
for(k=1; k<n; k++){
for IZEFHNH A kDT R TOEHIESS {
for SIZEFNLENTRTDIZDNT
g(i, ) = min g {L[ij] + (. S~}
}
return g(1, {2, 3, ..., n});

EEREE10-4: EROT7ILTYRX LD EREEREEEZND
BEHTRE.
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Algorithm P27-A0:
Input: A graph representing distances among cities.
U={l,2,...,n}.
for(i=2; i<=n; it++)

(i, ®)=L[1,il;
for(k=1; k<n; k++){

for each subset S of size k not containing 1 {

for each i not contained in S
g(i, $) = min, g {L[i,j] + (. S-1})}

}
return g(1, {2, 3, ..., n});

Exercise E10-4: Express the computation time and amount of

storage of the above algorithm as functions of n.
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