HIEIDFEED. ..

o FALRIE - T—2HL0/1DXFITRIETES
- BB TOTSLEZDELDET—RETES
s [MEZHEI=T70T5LEESI=TT7ILTY
A LEKETT S
« FARTRYSLLEERIZEES
— 1REER
o 2{KI[X while loop

o while D FIXERMLTHAXXHD if XA DT
o xf%IZ halt XM12HB



Summary of the last class...

Any problem/data can be represented by a binary (0/1)
string

— That means any problem/program can be seen as a binary
data!

“Solve a problem” =*make a program”="*design an
algorithm”

Any program can be rewritten in the “standard form”

— Standard form
* consists of one while loop

* in the while loop, each statement contains one basic assignment
statement or If statement

 has one halt statement at the last of the program
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22. 5 ENEARER [F—A2 1070455 L5 5R/MEOEETRE
R RERAILTEREREMIETS
222, HIEHEED-HDOEARER

2.4 AT 0 S LABEBEEREBHFUHL)E,
I ARTifX EgotoXIZKH>TEIHTES.
(RZELE)
J0—Fv—bk 2 if3EgotoX
BIFTEUVHL > XY ZRAWTEELEET

fHRE2.5. T RNTOFIEEE (LifX EgotoXIZLH>TEIHTES.
TFIE2.6. TR TOFEHEE LI EWhile XL H>TEIHTES.

TFIE2.7. EATTOTSLLFNERMELGBEHM OO S LIZEMRZ
BLENTES. LMEEBERTOTSLIZETEES

(B EDUNTEEBA)
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
Implemented by if and goto statements.

(Proof sketch)
flowchart -> if statement and goto statement

recursive call -> can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

1t NnnNntrn | ructures can ha raali7zad hyv if a
7 \11 || JIIL Ul ULUULUILI ULV VLT NUOU 1T VAL VU ”y 11 CAIIN\UAU

Thn orem2.6. A

11Ul Lilli

while statements.
Theorem 2.7. Any program can be rewritten into its equivalent
simple program of a “standard form”.

(Proof based on examples)
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% xIN0O*MESINEHIET HTAT 5L

nrao Alinniit v Y. T*.
PLiUg AUpulL A o o ~

label LOOP; var a: 2*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end

NZTRDEOZERT 5.
() 7AT S LDBTIERDLNG b
(a) X A X &gotoX
(b) if Z* EMLLEL then goto ... else goto ... end-if
(c) halt (ZE %)
2) TRT I LAEDEITIZIE, L1ABIREY, L2, L3,...LlEIC
INILDIFENTLNS.
3) =L, (o) DRDATIFTAT S LD &EICTERLMARENT,
ZTNITLOETANILEFITFENTULNS.



% program to determine whether x is 0* or not
f e TF) T*.

prog A(input x: 2*): X*;
label LOOP; var a: 2*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.

Convert 1t as follows.
(1) Each line of a program 1s one of the followings:
(a) substitution, goto statement
(b) if comparison on X* then goto ... else goto ... end-if
(¢) halt(variable)
(2) Each line in the program body 1s labeled as L1, L2, ...
(3) The line of the form (c¢) above appears only once 1n
the program and 1t 1s labeled as LO.

18/22
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prog A(input x: 2*): 2*;

label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if

=

prog B(input x: X*): X*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: 2%;

begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5: c:=1; goto LO; ’
o hate) o (DhaieEEm |
LO: halt(c)

end.

end.
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prog A(input x: 2*): 2*;

label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if

=

prog B(input x: X*): X*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: 2%;

begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

L5: c:=1; goto LO; _‘
o hate) o ()Addhat |
LO: halt(c)

end.

end.




prog B(input x: 2*): X*;
label LO, L1, L2, L3, L4, L5, L6;

var a,c: X*; ‘
begin
L1: 1f x= ¢ then goto L5 else goto L2 end-if;

L2: a:=head(x); goto L3;
L3: x:=right(x); goto L4;
L4: 1f a=1 then goto L6 else
L3: c:=1; goto LO;
L6: ¢:=0; goto LO;
LO: halt(c)

end.

goto LK =» pc:=k;
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prog C(input x: X*): 2*;
var pc: num; a,c.Z*,
begin
pc:=1;
while pc !=0 do
case pc of
1: 1f x= € then pc:=5 else pc:=2 end-if;
2: a:=head(x); pc:=3;

x:=right(x); pc:=4;
: if a=1 then pc:=6 else pc:=1 end-if;
: ¢.=1; pc:=0;
: ¢:=0; pc:=0;
end-case;
end-while;
halt(c)
end.

AN LD B~ W

=1=L, caseXI&
(1L D
HAEHHETEI.
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prog C(input x: X*): 2*;

var pc: num; a,c:x%;

begin

pc:=1;

prog B(input x: 2*): X*; while pc !=0 do
label LO, L1, L2, L3, L4, L5, L6; case pc of
var a,c: X*; ‘ 1: 1f x= € then pc:=5 else pc:=2 end-if;
begin 2: a:=head(x); pc:=3;
L1: 1f x= ¢ then goto L5 else goto L2 end-if; 3: x:=right(x); pc:=4;
L2: a:=head(x); goto L3; 4: 1f a=1 then pc:=6 else pc:=1 end-if;
L3: x:=right(x); goto L4; St e=1; pe:=0;
L4: if a=1 then goto L6 else goto L1 end-if: 6: ¢:=0; pc:=0;
L5: c:=1; goto LO, | end-case;
L6: c:=0; goto LO; ' end-while;
L0: halt(c) halt(c)
end. end. " Remark: case statement

goto Lk -)..pc:k' 1s realized by combination
’ of 1f and goto
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BfTOJ5h: TOERODATERINGTATSLA

T—3E: SEOXFHEGCH, »F)
EXEE: XFIRHOEKER
EITX: KA, ifX(caseX), while3X, haltX

TFIE2.7. EATTOTSLLFNERMELGBEHM OO S LIZEMRZ
BLENTES. LB RDEIOILGIZERTOTSLIZETEES

prog 7045 5 L% (input ...) ;
varpe: 2% ... 25 L 2% %peDIEIX B AR D2 ERED
begin
pc:=1;
while pc =0 do
case pc of S
1: (j() : & () Dl
2: (37) - - if EEERX then pc:=kl else pc:=k2 end-if
; - XA X ; pe=k;
k: (30); DLT N

end-case
end-while;
halt(c)
end.
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Simple program: a program consisting only of the following elements.

data type: string type on X (X type, X* type)
clementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;
var pc: 2% ... 2; ... X*; % value of pc 1s a binary representation of an integer

begin
pc:=1;
while pc =0 do
case pc of
1: (statement) : €ach statement is one of the two:
2: (statement) : 1f comparison then pc:=kl1 else pc:=k2 end-if

: “substitution ; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.
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EH2.8. TARTOFErRIEEEZICHL,
TNZEEITLERERTOT S LAFET S.

JO0SLhO3DNEEEEZZTHED.
BEAHIH (TEXFRAR01IR—)

[ZXIEEREHFH TETTESEDEIT]
wu: XBEOEH, X BEOETH

c:IEOEH, s: 2B D TEH
(FXAX)
(1) u=c; (2) ui=u’;

(3) u:=head(v); (4) u:=tail(v);

(5) v:=s; (Orv=vi— ?

(7) vi=right(v); (8) v:=left(v);

(9) vi=u # v; (10) vi=v # u;
(HLERX)

(11) u=c (12) v=s
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Theorem2.8 For every computable function, there is a program in

~ 'F | Tl

ad 1UI

Consider a behavior of program counter.

Further constraints (refer to 101 page of the textbook)
“each statement must be implemented in constant time”

u, u’: variables of 2 type,  v,v’: variables of 2* type

c: constant of X type, s: constant of X* type
(Substitution)

(1) w:=c; (2) u=u’;

(3) ui=head(v); (4) u:=tail(v);
(5) vi=s; (Oyw=e— 7
(7) vi=right(v); (8) v:=left(v);
(9) vi=u # v; (10) vi=v # u;
(Comparison)
(11) u=c (12) v=s
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Chapter 2: Introduction to Computability

What “Computation™ i1s...

e Difference between “computable” and “incomputable”
e Basic factor of a “computation” (Done)
* Proof of “incomputable”...diagonalization (Today)

2.1. Studies on recursive functions
recursive function theory
(1) studies on what 1s "computation"
(2) proof of incomputability
(3) structural studies on a class of incomputable functions
(4) related mathematics fields
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2. TEFIEETE APY

D HEELIZAMIZDLNTDORRZE
Ma]Z 4> CETE rIEEZARAE LS h 2

|-

1) =R NTEZELI=IFHNEYEE 2 (recursive function)
Fa— T NEZI=F 1—") 7 #Hi(Turing machine)

DIFHHIE SR =T 12— U M CErE T s B £k
T
At RO EEMEDERE... Fv—F DIRIE (Church’s Thesis)




Chapter 2: Introduction to Computability o

(1) Studies on what is computation.
"When do we call a function computable?“

"recursive function theory by Kleene
* Turing machine theory by Turing

=»the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”
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@ FHEARTTEEE D LA
ETERREMDEIATIET AT S LEENIL KLY
ETEAAIREE DELEATIX
EARTOTSLEENLGWNEDEEA:

[ XTAfRIRE P
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@) SHE R AR D IS R DR SR
#US(S L CRBESh 952
B = T

L

|-

-

@ D F EDREES TF
#4158 5 B 57 (mathematical logic)’d &
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(2) Proof of incomputability

* Proof of computability is easy: just give a program
*to prove incomputability
must prove that no program exists. .,

proof tools: diagonalization °
recursive reducibility

(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
—> structural studies

(4) Related mathematics fields
mathematical logic
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2. ETERIEETE APT

2.4 FTEARAIgeE DEERA X A R imE
(S 1 RARE (E 1k T ] E RERE)
ABD:TATSLAEFRADAN X
HA: ANXZEEZTEFTSIEDRZE(LVONI)FELETEMN?

CCTIFIAATOTSLDELEBBEOHFEZSLMN, D
HREZANDGEIZYLET AT EILATHE.

GEE)TnysSLE3 EIZa—KR{EaTEE.
DFY, AAX I EOXFINEEZEZDHENTEA.

SHORBADRE




Chapter 2: Introduction to Computability e

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input X to it.
Output: Whether does it stop 1f X is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple

inputs.

(Remark) Programs are also encoded into strings on X*.
That 1s, A and X are also considered as strings on X*.

Implicit Notations
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%a,XeZ* [ZxfL,
lbflUél alll\a}
& [alXIADDIGEMIZIELLMEERTOY S LNDI—R]
eval(a, X)
f a(x), IsProgram(a)®d &,
=10 zooLs.

f ax):a—F ahRITATITLAICAN XEMAT=EED
HADE. (Ff aX)IFER7BEED)

TEIE2.16: IsProgram & eval (dT7 09 5 LA TEIRAIRE

IsProgram : 327\AS5(lint)
eval(a,X) : A—FahMRITTATSLICxEANLI=EED
ETEIIal—rF (XKL
DFY, /13 —T1)3. (T2l —4)

EEHAIL4.3E0
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fora,xe

IsProgram(a)
< [a 1s a one-input grammatically correct standard program]
eval(a, X)
_ { f a(x), if IsProgram(a),
?, otherwise.

f a(x): output value when an input x is given to the program A
represented by the code a

Theorem?2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, X) : 1t suffices to simulate the behavior of the program for
a code a with an input X, 1.e. interpreter or emulator

refer to Section 4.3 for detail
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'RE.:. H&lt@i%
Haxes 23U —
Halt(a, X)
< [IsProgram(a) » [AFI x [SHL | a | IIFIET S. ]]

BI21 L—TZEATOWTLELEMZEEICHETEDEHE.
prog B(input w: X*): Boolean;

i"'

label LOOP;
begin EEDOITOT S LIF
if w# € then LOOP: goto LOOP ZERTHINTLSERTE

else halt(0) end-1f
end.

‘Halt(B 7, ¢ ): ARel2wLTBT 5L B [EF1E
SEED XET*-{e}zHL, —Halt([B], x)

GEE) eval(|B|,e)=0 =A%, X# ¢ ITHLTIE
eval(| B|,x) =L (RER)
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Definition of a predicate Halt

Halt(a, x)
< [IsProgram(a) » [ | a |stops for an input X]]

Ex.2.1 Halting 1s sometimes easily checked even with loops
prog B(input w: X*): Boolean;

label LOOP;
begin Assume that the program is written

else halt(0) end-1f
end.

+Halt(| B |, ¢): program B stops for an input &€

* —Halt(| B|, x) forany XeX*-{e}
Thus, we can easily check whether B halts or not.

(Remark) eval((B_|,g )=0 but, for X # &
eval(| B|,x)=L (undefined)
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EHE2.17 Haltl X5+ EF AT BE
(FIEBA)
BIE Hath ST E AR ERELTF BT EL.
HaltA\ 3t B AIgeDHaltz 5t H I 5707 S LHNFET 5.
ZDOHZRAWT, ROKIGETAT I LXEED.
prog X(input w: 2*): X*;

label LOOP; ERICIFBRERTEMIN TS ERE.
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f

end.

JO9SL\WITWEAALIZESELETEINESIIE
045 S LHEEUVHLTHIEL,

ZhY true LS ERIL—TIZAY,

Zh false HH0EH AL TELET S, ELNHTOT 54

H:>’O4' 5./, Halt:iiiE
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Theorem 2.17: Halt is incomputable.

(Proof)
By contradiction: Assume that Halt 1s computable.
Halt is computable=» There is a program H to compute Hallt.
Using the H, we obtain the following program X.
prog X(input w: 2*): 2%;

label LOOP;
begin Assume that it 1s written in the standard form

if H (w, w) then LOOP: goto LOOP
else halt(0) end-1f
end.

Using the function H we check whether the program|w stops
for an input w. If the answer 1s “HALT” then the program X
enters infinite loop, and if 1t 1s “DO NOT HALT” then 1t stops.

H:program or function, Halt:predicate
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x=IX|eL, x & gngwu IcwE AALI=EEEIET 5

) W — ~ [ — LW I<W Z - N
787 5 LXISAT] _ | e3hETnySLHERGHLTHEL,
(i) BRIL—TIZADTLED, or | & true > EBIL—FIZAY,

(i) 0 AL TIELE. 2\ false 50 H AL TEIET

() ZiRETSE...
s TR SLMIL—TIZABD 5, H (X X)=true
s DFEY X(X) [FFLET2=2REIZFE

(i) ZIRET HE...
- TS LT 55, H(x x)=false
s DFEY XX) [FEFELELEZEW=REIZFE

ELLDEELFEEELS,
L= o Tl HaltlEFH R R BE 1 ELVIIRE FERY.

A7~

§ \Z O A —
AEBAH H:oao5.4
Halt: R EE
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Let X = |_X_‘ and mput X to the program X

(1) enters an infinite loop, or
(11) stops normally with the output 0.

Case (1)
- Since it enters infinite loop, —Halt(x, X )
- at the if statement in the program X we have H (X , X )=false
So, halt(0) is executed (normal termination) : contradiction
Case (11)
- Since 1t stops, Halt(x, X) 1s true.
- at the if statement in the program X we have H (X, X)=true
So, 1t enters an infinite loop: contradiction

In either case we have a contradiction.
That 1s, the assumption that “Halt is computable” is wrong.
End of proof

H:program or function, Halt:predicate
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TEIE2.17MD BIFERA (X A ERmEIZELD)

EIEEA -
STEREEE (1518 D) BEBERDEESEF, LT 5.
J055LQa—RIEZ O miEhn, “3GEMICIELWNWT OS5 L0Oa—R
Z/IMNEULMIEIS

ap, 8y, oon s Ay o
E(REBEDEHEXIEFT) MRLIENTES.
FOTCFOE#HET a,f a, ...,fa,. EHMREZIENTE ULTOREZRD,

a,,ayas, ..., 4,
fa [l €00 0
fa, |0 11 0 11
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Another proof of Theorem 2.17 (by diagonalization)

Proot:
Let F, be a set of all computable functions (with one argument) .
Since each program code 1s in 2*, we can enumerate all grammatically correct
program codes
a;,ay, ..., a4 ..
in the psuedo-lexicographical order. Thus, we can also enumerate
all the functions in F:
fa,fa,..,fa,..
that gives the following table:




TEIE2.17MD BIFERA (X A ERmEIZELD)

AR :

__ T Halt NEtE[gELG L., TNE

SET470VSLHAEET D,

ZLTH ZFEELUTORER |, NETERIGETHAEN OIS,

(@=L,
= O’

Halt(a, a)D &=
ZTDMDEE

EOREBELLEDEDLE. ..

""ak a,az,ag,...,ak

f adfE

10/13

EATTEER I Tx

LTHLL T ANRRAL

f _a‘i(ai) = fx(ai)

KOTHIXF D
RIZIRAIEN !

&2 Tf(a) & F, DERTIIGL, DFY Halt (FFTERIEETIIALY,



Another proof of Theorem 2.17 (by diagonalization)

Proof:

If Halt is computable, there exists a program H that computes Halt.

Using H, we can compute the following function f,.

@=L,
= O’

if Halt(a, a)
otherwise

Comparing to the table...
a;, ay, a3, ..., 3

fa (1 e 00

Values of f_a,

10/13

For any integer I,
we have:

f _a'(ai) = fx(ai)

Thus f, does not
appear in F,!

Hence f(a) is not an element in F,. Therefore, Halt is not computable.
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i 8 R i :
HEIEZNEBEERICEBILTNCEETRITI-ODHE
HLBEBMDES GHNEZALNT-LE, TOESIZEILL
B g BT 5 FE=5Z TS,

OLTHRLI-g &, ARSI DRIZELST=6.
BASES G [ZIZEEZALY,
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Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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>t 5 R 2

AEHEEES: BRBMEADESLORBIZIF I ENHIEETDIL.
AEES . ARE-IIFTEERTHIEEND L.
DFY, 1DFDEFRZMYHLTET, thGEZTHRSNDED

fll. EDOBHEAEDESEIIAEEETHD.
BAMEAERDEENDER i & EQER 2iFZRETHIXIRIEIHD.
2. BEAKDESZIINEEETHS.
11D HD. =&, 2={0, 1,-1,2,-2, 3, -3, ..} EHETES.
3. BEEMEADESIINEEETHS. (GEM?)

EE RPEHEDOKERIIFARTHS.
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that 1s, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable.




EE RPEHRDOKERIIFARTHS.

OLLLIREDRBERDERSHIFRETHA LT AIRE

0.a;,@,a3...
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A TILEAT 5.
AIETHAERET DL, TRNTHDERZETURDIIENTES:

O a21a22 a23...
O.a31a32 a33...
O.a41a42 a43...

0.8,,8,8,3... 1=f=L, a; ={0,1, ..., 9}
FRHUVTHAELEIC 373%’);& ISEBL, $if=GER/DEK
X =0.b,b,b;..

0.2,,2;,3...
0.8,,85, ,5...
0.8;,a3, a55...
0.84,a4, 3y3...

0.2,,3y, Ay3...

5165, OO,
if a, =1 then b, = 2 else b,=1
ELThZEEDS.

DI NT-FEE/NIBASHNIZ0EIDBIOEMTH S.
LML, EUADLS, EICHZELIEDBEREIHZF LGV HIAKBDORRT

nh9T RBE5).
DFEY, XIXSICBESHZW EIZHY, FETHS.
L7=M>T, SHAAIETHHEVREIZRYAH S.



Theorem: The set R of all real numbers is not enumerable. 13/13

Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:
O.a11a12 a13...

O.allalz a13...
O.a21a22 a23...
O O.a21a22 a23...
.a31a32 a33...
O O.a31a32 a33...
.a41a42 a43...

O.a41a42 a43...

0.8y,8y, 8y3... Wwhere a; {0, 1,...,9} 0880 -~ A
Define a new real number x by collecting those digits in the diagonal
X =0.b,b,b;...
where b, is defined by
if a,=1 then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it 1s different at its diagonal position.
That 1s, X does not belong to S, which 1s a contradiction.

Therefore, our assumption that S is enumerable is wrong.



