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Summary of the last class...

* Any problem/data can be represented by a binary (0/1)
string
— That means any problem/program can be seen as a binary
data!
* “Solve a problem”="“make a program”=*design an
algorithm”
* Any program can be rewritten in the “standard form”
— Standard form
* consists of one while loop

« in the while loop, each statement contains one basic assignment
statement or if statement

« has one halt statement at the last of the program
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
implemented by if and goto statements.
(Proof sketch)

flowchart -> if statement and goto statement

recursive call > can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and
while statements.

Theorem 2.7. Any program can be rewritten into its equivalent
simple program of a “standard form”.

(Proof based on examples)
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% xH0MESHEHET HTAT T L
prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.
NERDIIIERT S.
() FETSLDOETIERDOVThH.
(a) KA &gotoX
(b) if Z* EDLLE then goto ... else goto ... end-if
(c) halt (%)
Q) TRYSLEEDEITICIE, LINDIAEY, L2, L3,...LIEIC
SRLDFEINTNS.
B) =L, (DOBOTIXTATS LORRITERL,IARNT,
ENIELOESNILAF TSN TLNS.
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% program to determine whether x is 0* or not
prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

Convert it as follows.
(1) Each line of a program is one of the followings:
(a) substitution, goto statement
(b) if comparison on X* then goto ... else goto ... end-if
(c) halt(variable)
(2) Each line in the program body is labeled as L1, L2, ...
(3) The line of the form (c) above appears only once in
the program and it is labeled as LO.
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prog A(input x: X*): X*;
label LOOP; var a: £*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mputx ) X%

label LO, L1, L2, L3, L4, L5, L6;
var a,c: X*;
begin
L1:if x= & then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;
: x:=right(x); goto L4;
L4 if a=1 then goto L6 else goto L1 end-if;
ettt e ISR
LO: halt(c)

end.
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prog A(input x: X*): X*;
label LOOP; var a: £*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mputx ) X%

label LO, L1, L2, L3, L4, L5, L6;
var a,c: X*;
begin

L1:if x= ¢ then goto L5 else goto L2 end-
: ax=head(x); goto L3;
: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;
L5: c:=1; goto LO; "
LO: halt(c)
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prog C(input x: X*): £*;
var pc: num; a,c:x*;
begin

pe:=1;

prog B(input x: 2*): £*; while pc =0 do
case pc of

label LO, L1, L2, L3, L4, L5, L6;

vara,c: X% ‘ 1: if x= ¢ then pc:=5 else pc:=2 end-if;
2: a:=head(x); p

right(x); pc:=4;

5

begin
L1: if x= ¢ then goto L5 else goto L2 end-if; 3ix:
L2: a=head(x); goto L3; 4: 1fa 1 then pc =6 else pc:=1 end-if;
L3: x:=right(x); goto L4; 1
L4: if a=1 then goto L6 else goto L1 end-if;
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prog C(input x: X*): £*;
var pc: num; a,c:x*;
begin

pe:=1;

prog B(input x: 2*): £*; while pc =0 do
case pc of

label LO, L1, L2, L3, L4, L5, L6;

vara,c: X% ‘ 1: if x= g then pc:=5 else pc:=2 end-if;
a:=head(x); pc:=3;

x:=right(x); pc:=4;

!\.’

begin

L1: if x= ¢ then goto L5 else goto L2 end-if; 3 )
L2: a:=head(x); goto L3; 4: if a=1 then pc:=6 else pc:=1 end-if;
:=right(x); goto L4; 5: ¢:=1; pe:=0;

L4: if a=1 then goto L6 else goto L1 end-if; 0 ¢:=0; pei=0;

L5: c:=1; goto LO; é L5: ¢:=1; goto LO; cnd—c%lsc;
L6: ¢:=0; goto LO; }Clﬂld'(w)hlk; L6: ¢:=0; goto LO; }Clﬂld'(w)hllm
LO: halt(c) alt(c . LO: halt(c) alt(c
end. < end. E@% I?;S‘ssz{a')i end. 5 end. Remark: case statement
? =hrI<ldi 2 is realized by combination
to Lk 2 pe:=k; & S oto Lk & pe:=k; 15 rea y
goto pe:=k; HAEHLETER. & P of if and goto
21/22 21/22

Ef7ngsL: TOEZROATHERINDTOTSLA
T—HE: T EOXFHNE (G, >H)
EXEE: XFNEOEKEE
T RAX, if(case3X), while3X, halt3X

EE2T. EARTOTSLLTNERBLAEMTOV S AICEERZ
BoEMTES. LMBRDESHIBERTOTSLICEESEES

prog 7D75A%(input
var pe: £ %pc(Di IFEABD2ERE
begin
pe:=1;
while pc =0 do
case pc of
1 (X): (O DRI
2: () « if HEEESX then pei=kl else pc:i=k2 end-if
: + A pei=k;
k: (30); LT
end-case
end-while;
halt(c)
end.

Simple program: a program consisting only of the following elements.
data type: string type on = (Z type, =* type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;

var pe: X*; ... X; ... £*; % value of pc is a binary representation of an integer
begin
pe:=1;
while pc =0 do
case pc of

1: (statement) ; €ach statement is one of the two:
2: (statement) ; -if comparison then pc:=k1 else pc:=k2 end-if
: -substitution ; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.
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EE28 TRTOFEARERESICRIL, Theorem2.8 For every computable function, there is a program in
TNEHETHEERTOISLNEETS. the standard form.
TOTS LAV ADBEEEZ THES. Consider a behavior of program counter.
BEAHHEI (TERFOIR—D) Further constraints(refer to 101 page of the textbook)
[EX(EE AR EHREFH TETTEDLOEIT “each statement must be implemented in constant time”
wu:TEOEH, v IEOEH u, u’: variables of ¥ type,  v,v’: variables of =* type
c:IBDEH, s: T EIDEH c: constant of T type, s: constant of =* type
(RAX) (Substitution)
(1) w:=c; 2) w=u’; (1) w=c; 2) w=u’;
(3) w=head(v); (4) w=tail(v); (3) w=head(v); (4) w=tail(v);
(5) vi=s; =y ? (5) vi=s; =2 ?
(7) vi=right(v); (8) vi=left(v); (7) vi=right(v);  (8) vi=left(v);
Q) vi=uttv; (10) vi=v# u; Q) v=utv; (10) vi=v#u;
(LE832) (Comparison)
(11) u=c (12) v=s (11) u=c (12) v=s
1/13 1/13
2. FtEFIREEAR Chapter 2: Introduction to Computability
R AA 2 What “Computation” is. ..
o [EHETEDICELLIFHETELRLIZEDEN + Difference between “computable” and “incomputable”
> TEHEIOEARERGIE) «  Basic factor of a “computation” (Done)
> TEHE TSRO ICEORA. . ®ARMmESE) Proof of “incomputable”...diagonalization (Today)
2.1. IF BRI B BRI ER 2.1. Studies on recursive functions
JF$M A BE $ i (recursive function theory) recursive function theory
@ “EHE"EFAMZDNTHORHE (1) studies on what is "computation"
@ FHEARTEEMEDIIA (2) proof of incomputability
@ HEFRTRELBEBDISADEEMHE (3) structural studies on a class of incomputable functions
@ fhDFFLDBEENEF (4) related mathematics fields
2/13 2/13

2. STETIEEMEAPY
D HELIFAMIZDVNTOHE
MaZz+-> Tt E A% &LV h 2 |

V) =2 EERLIIFHHAIEE i (recursive function)
“Fa—)2T WNEZFzF 12— #Hi(Turing machine)

D FRMBE R SR =T — ) U E CHE TR SR
T
HETGEMOTEE. .. Fr—F DIRIE (Church’s Thesis)

Chapter 2: Introduction to Computability

(1) Studies on what is computation.
"When do we call a function computable?*

+recursive function theory by Kleene
*Turing machine theory by Turing

=>the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”
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@ FHHEATFTREM DA
EHEATREMOREA T TS S LEENL LN
EHEARATREME DRI TIE

EARTOY S LBENGENC EDFER:

Fop::E 8 ‘e -

IEARAE T

Q HERTRLZEMD IS ADEENHE
HLSITISLTHEB{ESn=5R
>HEEHTR

@ thOBFLOBEER T
I8 S I % (mathematical logic)iE &
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(2) Proof of incomputability

*Proof of computability is easy: just give a program

*to prove incomputability
must prove that no program exists, .,
proof tools: diagonalization e
recursive reducibility
(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
—>structural studies

(4) Related mathematics fields
mathematical logic
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2. FtEFIREEAR

2.4 HEFFEEMEDIEA L A RS
1% 1k Fi RE (12 LE 1431 3E 9 RE)
AFA: TATSLAEFNADAT X
H1: ANXESZTRITSEDE (W OMIFLETHA?

CCTRIAATOISLDELFEBEOHFEZSD, 2D
REREZBANDIBAITHET AT LIS TRE.

CEB)IDY LB EICa—F1ETTEE.
DFY, AL x BT EDXFIEEZDHENTES.

S HOBRDEE

Chapter 2: Introduction to Computability i

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input X to it.
Output: Whether does it stop if X is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple
inputs.

(Remark) Programs are also encoded into strings on =*.
That is, A and X are also considered as strings on X*.

Implicit Notations

5/13
Za,xeX [ZHL,
IsProgram(a)
& [alXI AN OGEMIZELWNMZERTAY S LOI—F]
eval(a, X)
_ {f_a(x), IsProgram(@)D & &,
1, ZDMDEE.

fax):a—KafRTIOTSLAICAA xEMZFELED
HADIE. (f_ax)EEB5HBE%D)
TEHE2.16: IsProgram & eval [$T 05 5 L TRIBATHE.

IsProgram : 32734 S(lint)

eval(@ x) : A—RF aNRTITOYSLICxEAALIEEZD
ETEIIaL—hT Ik
2FY, A/VF—T)H. (T2aL—4H)

FEHAIX4.350
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fora,xex’

IsProgram(a)
< [ais a one-input grammatically correct standard program]
eval(a, x)
= { f_a(x), if IsProgram(a),
?, otherwise.

f a(x): output value when an input x is given to the program A
represented by the code a
Theorem2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, X) : it suffices to simulate the behavior of the program for
a code a with an input X, i.e. interpreter or emulator

refer to Section 4.3 for detail
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£axer [ZXRL

& [IsProgram(@) » [AJ1 x 12U | a | [(FFIETS. ]]
B2.1 L—TEEATONTHELEEHREICHETESHE.

prog B(input w: X*): Boolean;
label LOOP;
begin
if w# ¢ then LOOP: goto LOOP
else halt(0) end-if

EEOTOTS LK
ZEBRTHINTNSERE

end.

‘Halt( B, ¢ ): ABelIHLTAS 5L B [EfF1E.
EED XeX*-{g}HIxL, —Halt([B], x)

GERE) eval([B],e)=0 ZH%, Xz ¢ ITHLTIE
eval([B],x) =L (RER)

. 6/13
BEEHaltD B

Halt(a, X) ’

Definition of a predicate Halt
for a,xe¥’
Halt(a, X)
< [IsProgram(a) A [ LaJ stops for an input X]]
Ex.2.1 Halting is sometimes easily checked even with loops
prog B(input w: *): Boolean;
label LOOP;
begin
if w £ € then LOOP: goto LOOP
else halt(0) end-if

Assume that the program is written
in the standard form

end.
“Halt([ B, ¢): program B stops for an input &€
* —Halt([B], x) forany XeX*-{¢}
Thus, we can easily check whether B halts or not.
(Remark) eval('_B—|,g )=0 but, for X # &

eval([B],x)=L (undefined)

7/13 7113
— - " Theorem 2.17: Halt is incomputable.
FEIE2.17 HaltiEFH E A AT 8E (Proof) P
(REBA) o - ;
H RS Eylc9ntrad1ct10n 1 Assume tbat Halt is computable.
o 0 o o < alt is computable=» There is a program H to compute Halt.
Halt 3t B a] ﬁbaHa]t%ﬁ+§¢éjD7 TLHBFET S. Using the H, we obtain the following program X.
ZTOHERWT, RDOLSGTAT T LXEES. prog X(input w: £°): £
prog X(input w: £*): £*; label LOOP; ’
label LOOP; ERICIFIZEERTEINTVDERE. begin Assume that it is written in the standard form
begin ifH (w, w) then LOOP: goto LOOP
if H (w, w) then LOOP: goto LOOP else halt(0) end-if
else halt(0) end-if end.
end.
TaTS LW IIWEAALI=EEEIETEINESI M E Using the function H we check whether the program (w]stops
TRy S LHEFURELTHEL, for an input W. If the answer is “HALT” then the program X
Z5 true BSERIL—FIZAY, enters infinite loop, and if it is “DO NOT HALT” then it stops.
Zh false HH0EH AL TELET S, LLV5TATS L
H:7O4'5 4, Halt: ihiE H:program or function, Halt: predicate
8/13
x=[X]&L, x & ()

el X 05 Al IcwE AR ES B B
TATSLXISAN ) E5hETOYSAERGELTHTEL,
(i) ERIL—TFIZA>TLES, or

&N true HHEBIL—FIZAY,
(i) 0FHH AL TELE. Eh\ false HH0EH AL TELT S
) ERESSE..

- TATSLMIIL—TIZABMS, H (x, X)=true
s DFEY XKX) [FELTEEEICTFE

(i) ZRETHE...
- TRTSLDBETTHMS, H(x, x)=false
- DFEY XX [(FBLELBEVSREICFE

N . In either case we have a contradiction.
Eb b‘(Diﬁ AL FEEELD, _ ) That is, the assumption that “Halt is computable” is wrong.
L= > Tl HaltiEEH ERTRE 1 LWLV IR E LFRY. End of proof
FEBA#R . =
H:FBy5 4 . : R
Halt: b5 H:program or function, Halt:predicate

8/13
Letx= (X—| and input X to the program X
(i) enters an infinite loop, or
(ii) stops normally with the output 0.
Case (i)
+Since it enters infinite loop, —Halt(x, X )
-at the if statement in the program X we have H (X , X )=false

So, halt(0) is executed (normal termination) : contradiction
Case (ii)

*Since it stops, Halt(x, x) is true.
-at the if statement in the program X we have H (X, X)=true
So, it enters an infinite loop: contradiction

6/13
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EI2.17DBIFEA (3 B REmIEIZELD) ‘ Another proof of Theorem 2.17 (by diagonalization) ‘
FEBA: Proof:
FEAREL (15180 BMEAOEEEF TS, Let F, be a set of all computable functions (with one argument) .
TRYSLOIA—REFTOFRENS, “CEMICELVVIAS S LOI—F” Since each program code is in £*, we can enumerate all grammatically correct
ZINELIEIZ program codes
a,ay, ..., a, . ap, 8y ..., 8 ..
E(RIBEDHEXIEFT) LEARBILENTES. in the psuedo-lexicographical order. Thus, we can also enumerate
FOTF OBE#%ET a,f a,....f a,. EHRBJIENTE, ULTOREZD, all the functions in F,:
fa,fa,..,fa,..
8,885 ... ,8 that gives the following table:
ay, 8y, 83, ...,
— = E— 10113 : — 10113
EE2.17DBIFERA I BREmIEIZLD) ‘ Another proof of Theorem 2.17 (by diagonalization) ‘
FIEBR: Proof:
CIT Halt BEHEAIRER D, ThERHET 5T OIS LHAEET S, If Halt is computable, there exists a program H that computes Halt.
ZLTH 2E5LUTORH L A HEAIRETHLI LD DM S, Using H, we can compute the following function f,.
f(a)=1, Halt(a, a)D&E f(a)=1, ifHalt(a, a)
=0, ZotoEE =0, otherwise
ROREBOLEDLEDL. .. Comparing to the table...
a,a,a; ..., 8 e & a,a,a, ..., 8 , 8,83, ..., 8
f(a) DIl EATTEY i\l;i{f 0\ Values of f,(a;) || For any integer i,
LTHLUTFAYRRIL: we have:
» f_a(a)=f(a) » f_a(a)=f(a)
FOTHIFF D Thus f, does not
ealist i v Ay appear in F,!
Values of f_a;
£oTH(a) X F, DBHRTIEEGL, DFY Halt (XEHHATEETIEAL, Hence f,(a) is not an element in F,. Therefore, Halt is not computable.
.. 11/13 11/13

AR
HEIERNEBRAICESLBVILERT =20 DL,
HOLEBDES G NEALNILEE, TOREICESEL
B g ZEMI DA EESA TS,

SOLTHELT: g [F. BRI A DRICELSH.
BHES G ISERBEELY,

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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PopEot b

AIFESERRE: BRAREAOEELOMICIHIMELHEIEEDIL.
AREES ARELSTEERTHIEEDCL.
DFY, 1DFOBEREMYHLTET, bhAKEZTLEALNZLD

Bl EDBREARDESEFTEERTHS.
BARLEARDOEENDER i & EOEXR 2 &#0ETH IR IENHS.
Bl2. BHLEROEEZITTHERTHS.
IRIRIENHD. £, 2={0, 1,-1,2,-2,3,-3, ..} LFIFETES.
BI3. EEHLAROESIAEERTHD. (HEM?)

[EB: ZHLHOREREITHTHD. |
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2,-2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable. ‘

(2 EREHOEEREIARTHS. | 133

OLLEIRFEDRBEEDERSHFAH THAZ LA BIRMETIERT 5.
AHTHLHERET DL, TRTHDEREEEAIRDIENTES:

0.a,,8,,83...
0.85,8,5, 3. 0.3,,8;,3...
0.85,83,853.... 0.2,,8,, @y3...
0.a,,84,8,3... 0.85,a3,a55...
088080 <L, 3, €01, 0888
OBV THAEREIS ?i)éi‘&LEEL %ﬁt&ﬁﬂﬂll\ﬁ 0.8,84 8y A
x=0.b,b,b;...
%1€%. T,
if ay=1 then b, =2 else b=1
ELTHEEDD.

ZOESIESN-ER/NRIIHASHZ0E I DB DEHTHS.

L, EYADS, EICHIFELIZEDERELF LGV HARDAT
DBFRED).

DFY, XIFSIZBEIANEITHY, FETHS.

LI=hoT, SHAIETHBEVSREICRYL HB.

Theorem: The set R of all real numbers is not enumerable. 13113

Using the diagonalization we prove that the set S of all real numbers between 0
and 1 is not enumerable. By contradiction, we assume that it is enumerable:

0.a;,@,,a)3... 0aana,
.ay,
0.85,8,5, 3. 0.8y, 805
0.85,83,853.... 0.a5,85,2;5...
0.a,,84,8,3... 04a4|a;,,a;;“.
0.8y 3y0 3. &
0248 8. Where ay {0, 1, ..., 9} BaBioBi--- By

Define a new real number x by collecting those digits in the diagonal
x=0.b,b,b;...

where b, is defined by
if ay=1 then b, =2 else b=1

The number X defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, X does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.




