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Chap. 1 Problems and Algorithms vz

1.1. What are problems and algorithms? Intractable problems?

Problem
= Problem of computing a function: input — output
(not only numerical computation)
Sorting Problem
input: sequence of natural numbers a,, a,, ... , &,
output: increasing order &, a, ... , &,
Input and output must be mathematically defined
output: ipe

Example: Performance of a computer system

system S k— X (input)  simulation of 1 cycle of S

input: input X and current state u
output: output y and next state v

UV | i~y (output)

problem of computing a function to map (x,u) to (y,v)
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Assumption : system returns some value for any input
e.g. ? is returned for an abnormal input
=standpoint of total function 0@

Algorithm for solving a problem
a method for computing an output specified in the problem.

What to be computed? .
How to compute? —> difference

Problem of calculating a root of a quadratic equation
input: rational number a, b, ¢
output: an x that satisfies ax2+bx+c=0
Output is clearly defined but how can we find it?

"Algorithm = method"
=>algorithm=a method that can be realized as a program

1R5E : EARAHNTHL THEM IS AMEE RS
FERE, BEAANICHLTIE ? &R
=2 BB D15 0@

FIREZ AEC 7 LT X L (algorithm)
ANTHLTEENRELTVDHNERDDHE.
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Hard and Easy Problems HULOFEBEEPSLLEE
- Complexity of Computation SEHEDOEHS
Former half of the lecture deals with “incomputable” problems. BT, TERIICETER TR R 12 1RS
Latter half of the lecture deals with “hard” problems. BETIE, IREMICHETERVOEEIZRS
Intractable problems F (28 2 %L R (intractable problems)
"Theory of Computability" MEtERTREME DR I TR 5GR L
"Theory of Recursive Functions"
Bl1.2. SHEARAREEREEDH]
Example 1.2. Incomputable problems =1L R RE (IF L M FE R RE)
Halting Problem (Problem of deciding halting) AN TATSLAOAA) EZRAD AT X
input:a one-input program A and an input X HIANXEEZTETIEDEELT HH?
output: whether does it terminate if X is given to A? FLEF B%BYES, LALVESNO.
YES if it terminates and NO otherwise. CORBIIFHETARETHDH_ENGATES
We can prove that this problem is incomputable >t
to be explained later
4/23 4/23

Computable but hard problems
*too much time for computation
+too much space for storage
*computability based on computation cost
=>"Theory of computational complexity" -> later

Criterion on practical incomputability
=impossible to be computed in polynomial time
=>intractable problems
(Note that polynomial time is not the criterion to be tractable.)

 ctmemiers |

ESTEARETHOTHELL\ERE
SHERENANBED
BBEDOAE)—ARETHD
FHEORNEER - L TOREATEE
DIFEDOEHSOER] > &b
BERLHETRARROESE
=ZIEXRM THE T S EATTEE
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NP Complete Problem

(1) Given a solution to the problem, it can be easily checked whether

it satisfies the condition for solution.

(2) But, a simple program checking every solution candidate takes
exponential time since the number of candidates grows
exponentially.

The study starts in 1950's.

Examplel.3. Bin packing problem
* nitems of lengths a,, a,, ... , &,
+ Is it possible to pack all the items into k boxes of length b?

A simple algorithm takes at least exponential time.
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Any NP complete problem cannot be solved in polynomial time.

Example 1.4. Any polynomial function grows more slowly than an
exponential function.

Let p(n) be any polynomial function and e(n) be any exponential
function
= for sufficiently large n, p(n) <<e(n).

e.g., N10000 << 1,0000001" for sufficiently large n.

Definition 1.2.

(1) A problem for which there is no program to solve it is called
"intractable" in the sense that it cannot be computed.

(2) A problem for which there is no program to solve it in
polynomial time is called "intractable" in the sense that
it is hard to be computed.

P # NP Conjecture _
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1.4, EALZERXLIERERIYIEFEONEMT S.
pMZEEDLZIER, enEEEDIEHEHETLHL
D+HKRELG N ISHLT, p(n) <<en) ARKYILD.

(5) + 4 KEAE n [2DULNTIE n1000<<1,0000001"

T2

(1) ZOMBEEETOT S LI FEELEVEEE, GTETTEE
EWSEKRT) FICEZLVRIREENS.

() FDMEELERABBUNTREIT OIS LNEELLZLREE
F, GtHERZ%LVSERT) FICAZBORBEENS.
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1.2. Preparation 1.2. %
1.2.1. Set, function, predicate, and etc. 1.2.1. &£4&, B%, HELE
(1) Number (1) #&

Only natural numbers (including 0) are considered. FICETSALRY, BRBO0ZED)DAZERS.

[x] represents the integral part of X (rounding off) X DEBDEE, [X]T x DEHIMERT (YIVIET)
(2) Set B Q&& _

standard notations: AUB,AnB,A AcB 1ZEMGEES: AUB,ANB,AACB

A X B = a set of all pairs of elements of A and B AXB:ALBDEXRDIEFHEARDES

IA]l: number of elements of the set A IAl: EEADERHK

In principle, sets are denoted by capital letters. REIELT, RXFTFILITFRYNTEREERT. fHlHE

Exceptions: I' #2070V EBTXFLLTHINDGRES

I'  symbols used in programs Y {0,1}

¥ {0,1} N BARBEO2EK0ZED)

N aset of all natural numbers (including 0)
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X: any finite set
strings on X=a finite sequence of elements of X (each element
of X is regarded as a "letter")
length of a string=the number of letters in the string
[x|: length of a string x
the length of a string "0100" is 4.
A string of length 0 is called an empty string, denoted by ¢ .
>*: a set of all strings consisting of 0 and 1(including empty string)

(Pseudo—)Lexicographical Order: (with length preferred)
X, y: strings on X*
X<y < (a) |x| <y, or otherwise,
(b) for the first different letters in X and y be X;, Y;,
Xi <Y
(example)101 <0011 <0100

What is the difference from usual lexicographical order?
What is the reason of introducing such an order?

20 E1ZWRTTESXFINLARDES (EFHEELD)
HEXERF (BEE) . REBROHEXIER

X EEDERES
XEDXFI=XDEERE“XF EHEL, TOXF
#HBEE(EZED)ERTHLINIZLD
XFHORS=XFHNEERTIXFOH
M: XFF x DRE
XFF 0100 DES(FH4.
ESOOXFIEZFIEN, ¢ EVNSRETRT.

xy: 2* LD XFF|
X<y & (a) [x| <ly|, BB,
(b) [x| =y| TRAIZERLEDIXFZEX, ;LT HEE
X <Yi
(f51) 101 <0011 <0100
BEOBREXIEFLDENEEIMN?
B, COLIBIEFEZEATIOMN?
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Logic symbols

example meaning

PAQ Pand Q

PvQ PorQ

-P not P

P-Q if P then Q

PoQ if P then Q and if Q then P

Ix e L[R(X)]
vx e L[R(X)]

for some X in L, R(x) holds

for any X in L, R(x) holds

there are infinitely many X in L with R(X)

for any X except finitely many elements in L,
R(x) holds

Ixe L[R(X)]
v xe LR(X)]
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mERES
FaI =3
PAQ PMDQ
PvQ PFEIXQ
P P T#LY
P>0Q P#5IE Q (—PVQLERIE)
P& Q PELIEQMDQAELIEP

LIZEY %55 x TRX)
LIZET3EE®D x TRX)

IxeLRM]  RKX) E#B x A8 L OFRIZEREHSD
VxellRW] L OHOFREZEBRL-FTTO X TREK)

Ix e L[R(X)]
Vx e L[R(X)]
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Propositional Logic Expression
Expression consisting of propositional variables and logic
symbols /> V> 7 e.g. F(Xy, X2 X1v X2]A—X1
Truth assignment
Assigning truth value to each propositional variable in each logic
expression. e.g. there are 4 different assignments (0,0), (0,1),
(1,0), (1,1) for the expression above. (0: false, 1: true)
Classification of propositional expressions
literal: logic variable or its negation
sum term: term in which literals are connected by OR
sum-multiply expression: expression in which sum terms are
connected by AND
2-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly two literals
3-sum expression: logic expression in the sum-multiply form
and each sum term consists of exactly three literals
extended logic expression: one that may include —,« as well.
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MmrERER
SMEEHEMEREE(A VY, VDB HEEK
Bl F(X1, X2 X1v X2 A=Xi
ERENEYLET
Bzont-mEREXOSHELRICEREERATHIL.
LofiTiE,
(0,0), (0,1), (1,0), (1,1)
DABYDENYHTHEE. (0:48, 11 E)
mEmER DS
TSI MBEREHIVEFDEEGEIE)
FIE: JTZILEORGLBIEV)TOHUVEIE
FEX: FMEFANDGEEEIFA)TOHRLVER
—EX: MEXoBOGEREXT, LMLBMIEN
L&IE2BD)TIINSMEEED
=mEX: MEXOROGEREXT, LMEZMIEN
LESEBEDITILNSLEEHELD
IRMmEREN: RELSLLT o obFLEZIO
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Expression of a graph
graph vertices are numbered sequentially
graph edge: (i, j)
expression of a graph G = (n, E)
n: number of vertices, E: set of edges

Example of a graph: Example of a directed graph:
1 0?2 5
4 3 4 3

E={(1,2), (1,3),(2,3), (1,4)} E={(1,2), 2,1), (1,3), (2,3), (4,1)}
G=4{(1,2),(1,3),(23),(1.4}) G=(4,{(1,2),(2,1),(13),
Do not distinguish (1,2) from (2,1) (2,3),(4,DH})

(1,2) and (2,1) are different arcs
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TSODRE
TSINETERIZIMDIBIZESESS.
552miB: (i, ))
JS57MERE G=(nE)
nTEAH, EDNES

HRETS7DH:

1 Qz 0

|MTZ70H:

4 3 4 3
E={(1,2), (1,3), (2,3), (1.9} E={(1,2), (2,1), (1,3), (2,3), (4,1)}
G=(4,{(1,2),(1,3),(2,3), (1.4)}) G=(4, {(1,2),(2,1),(1,3),
FIZ1E(1,2)EQ,DIFRFILAELN (2,3), 4.1)})
AOMEEXRT S
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1.2.2. Algorithm Description 122. 73X LD AE
PASCAL-like procedural programming language PASCALRD FERTI0I SV EE
Ex. Conversion from a binary natural number into an ordinary one. Bl 2ERIETEZON-BRYEZBEDBARMI-LTiH
1. prog TR(input x: string on X): integer; 1. prog TR(input x: string on Z): integer;
2. label LOOP; 2. label LOOP;
3. varn: num; c: string; 3. var n: num; c: string;
4. % string implies a type of string on I. 4. %EiITstringEBIRE LTz &E (Estring on TREFEKT 5.
5. begin 5. begin
6. if X # 0 A head(X) = 0 then LOOP: goto LOOP: end-if; 6. if X # 0 A head(x) = 0 then LOOP: goto LOOP: end-if;
7. %if non-binary expression is input then goto infinite loop 7. YRERIBTHEVNEDNANINBEERIL—TIZAS.
8. n:=0; —()-
9. while x > & do % ¢ is a constant for an empty string g \:}l]il(:x >gdo % eldZTHERTEH
10. c:=head(x); 10. c:=head(x);
11. if c=1 then n:=2*n+1 11. if c=1 then n:=2*n+1
12. else n:=2*n end-if; 12. else n:=2*n end-if;
13. x:=right(x) 13. x:=right(x)
14.  end-while; 14.  end-while;
15. halt(n) 15.  halt(n)
16. end. 16. end.
13/23 13/23
Remarks: AREIE:
- description concerning input and output are omitted. - A AICEET BEMIFEL
*TR: program name (input variable and its type declaration) “TR: FAYSL% ( JNDBANEHEZTORIERE,
the type of output follows (YDBEILHEADE
«f TR: the (partial) function computed by the program TR “f TR: A S LTRAGTET 5 (55 EH
*normal termination and infinite loop CEERTEERIL—T
-Output is obtained only when it terminates correctly SHADBFONDSDFhalt XTELFLET HEEDH.
by a halt sentence. -HANBLALEWNMES, TRV SLNHET HEHIE
*When an output is not obtained, the function value [EIREZEHLT.
computed by the program is considered as "undefined" f TR(001) = L
f TR(001) = L
14/23 14/23

Types of variables
natural number type: type num
string type:
Let T be a set of all symbols 0, 1,2, ..., a, b, ... used in strings

Elementary operations on strings
head(x) the first letter of x

right(x)  the part of X after its first letter
tail(X) the last letter of x

left(x) the part of X before its last letter

X#y concatenation of X and y
X<y comparison based on lexicographic order with length
preferred

where, head(g)=right(e)=tail(e)=left(e)= ¢

EHOR
BAKE: num#E
XFHE: stringBy
j(—?—ﬁ'l’&%ﬁk?’%)"Xﬁ"&bfﬁéhéﬁﬂ%o, 1,2,...,a,0b, ...
DEFRET T 5.

XFHET—2OERER

head(X) X DREDDIXF

right(X) X M2XFEISHEDERS

tail(x) X DREDIXF

left(x) X DEBEIORED2XFHETOHS
X#y x &y D&

x<y RIMEBEOHEXIEFIZLDK/ILE

T=12L, head(e)=right(¢)=tail(c)=left(e)= &
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2.2. Elements of Computation

We will represent “data” and “program” in minimum resources

...to simplify the discussion.

2.2.1. Elements of data representation
String data type suffices to represent data.
All data types including structured type can be represented
by strings on X (={0,1}).
Lemma 2.1: All elementary data types can be represented
by Z* types and structured type.

types for natural numbers, integers, reals, truth values, strings

(Outline of Proof) It is sufficient to prepare functions on S*
for elementary operations on natural numbers
(e.g., plus, minus, multiply, divide, compare).

15/23
[F—4101F05 5 L2 RNBOEFTRR
LARERDETHEE BT S

221 T—ARBEDI=HDERER
T—ARBED=HIZIEXFINE LT THH.
BERLGEEED,

FTRTOT—EE)EZ(={0,1}) LDXF IR TRATTEE

22 ETEDEAER

WAL TR TOERT AR I R LEER TR TES.
BARME, BHE 2HE REER XFHE

(BSEE) B AR DEREE (NEFR, K/NHE) ITH/HIET S
s ETORBBERETNIEELN,
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Unary representation of a natural number BARBOIERE
natural number n->sequence of n Os BAHN > 0&nEHERS
[n: binary representation |4 1= 100 M. BA#Hno2ERE  [41 100
n : unary representation 4 =» 00000 n o BRABNOIERE 2 00000
Ex. 2.2: Ordinary letters are also represented by binary strings f2.2. —fEDXFH (T EDOXFH) L LD XFH TR AEE.
e.g. each letter is coded in 8 bits e.g. SEVrD2EF| THIA—R{E(ASCIIA—R7RE)
Lemma 2.2. All structure types are represented by Z* type. WD) T ARTOEER Ly B TR T2,
17/23 17/23

Theorem 2.3. All the data types and elementary operations in our
programming language can be realized on Z*.

“Our encoding method”
[x]: an element of £* representing a data X (a code of X)

|w|: adata represented by an element w of 2*

Ex.2.6. Programs are also coded by considering them as strings

progA ... A =0111000 01110010 01101111 ....
begin p r 0.
end. 01100101 01101110 00101110 ...
e n d

We could use a
different coding
method, but ...

FEH23. bhbhhDOTOISIVIEENTRTOT—4EE
ZTOLDEXREBEIITBEZD LOEKNEEL (T TEIRTES.
Ibhbhha—Rikik)

[xX]: F—4xZERTTDTX DI—K)

lw]: S*0OxwARLTNETF—4

Bl2.6. AT S LH(BITAI—FAYD) XFHERZLTI—FE.

progA ... A =0111000 01110010 01101111 ....
begin p r 0....
end. 01100101 01101110 00101110 ...
e n d EoEFELETLY
a—FE2H B,
LEECAT.
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
implemented by if and goto statements.
(Proof sketch)

flowchart -> if statement and goto statement

recursive call - can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and
while statements.
(Proof based on examples)

18/23
[F—210I 705 L 1R/ ROERTRE
LCRBRERDILTHRTEMIETS

22 ETEDEAER

222 FIHHEO O DERESR

W24 BT OIS LBEBERLEHTFREL)IE,
FTRTifX EgotoX Tk TRIETES.
(R&EE)
JA—Fv—k > if3&gotoX
HBRFEVCHEL > R2y0E2ANTEELRET

HRE2.5. TR TOHNEIEE (LI EgotoXITEH>TEHRIRTES.

EE2.6. TR TOHIEEE XX Ewhile X ICKH>TRIETES.
(5 (= E-SUVTEEBR)
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% program to determine whether x is 0* or not % xDO*MNEINEHIET HTOT S L
prog A(input x: X*): X*; prog A(input x: X*): X*;
label LOOP; var a: X*; label LOOP; var a: X*;
begin begin
LOOP: if x= ¢ then halt(1) end-if; LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x); a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if if a=1 then halt(0) else goto LOOP end-if
end. end.
Convert it as follows. NERDESIZERTS.
(1) Each line of a program is one of the followings: (1) TET S LDEITIERDNT hb.
(a) substitution, goto statement (a) KA X &gotoX
(b) if comparison on X* then goto ... else goto ... end-if (b) if Z* EDLLE then goto ... else goto ... end-if
(c) halt (variable) (c) halt (%)
(2) Each line in the program body is labeled as L1, L2, ... () 7RIS LAREDRITICIE, LINDIREY, L2, L3,. . LIEIC
(3) The line of the form (c) above appears only once in SRLDFEINTNS.
the program and it is labeled as LO. B3) =L, DPEDITIXTOISLOREICTIERLMRNT,
ZNIELOESRILFFFINTLNS.
20/23 20/23

prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if

e

prog B(input x: X*): X*;
label LO, L1, L2, L3, L4, L5, L6;
var a,c: X%
begin
L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;
otpnlt o e
LO: halt(c)

end.

prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if

e

prog B(input x: X*): X*;

label LO, L1, L2, L3, L4, L5, L6;

var a,c: X%

begin

L1:if x= ¢ then goto L5 else goto L2 end-if;

L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;

ettantt e OISR
LO: halt(c)

end.
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prog C(input x: X*): X% prog C(input x: X*): X%
var pc: num; a,c:X*; var pc: num; a,c:X*;
begin begin
pe:=1; pe:=1;
prog B(input x: £*): % while pe =0 do prog B(input x: *): % while pc 1=0 do
label LO, L1, L2, L3, L4, L5, L6; case pe of label LO, L1, L2, L3, L4, L5, L6; case pc of
var a,c: 2% ‘ 11 if x= ¢ then pe:=5 else pc:=2 end-if} varac: T% ‘ 1: if x= & then pc:=5 else pc:=2 end-if;
begin 2: a=head(x); pe:=3; begin : a:=head(x); pc
L1: if x= ¢ then goto L5 else goto L2 end-if: 3 X:=right(x); pc:=4; L1: if x= ¢ then goto L5 else goto L2 end-if; 33 X:=right(x); p
: ar=head(x); goto L3; 4: if a=1 then pc:=6 else pc:=1 end-if; L2: a:=head(x); goto L3; 4: if a=1 then pc:=6 else pc:=1 end-if;
: x:=right(x); goto L4; Sie=lipe=0; L3: x:=right(x); goto L4; 5 pe:=0;
L4: if a=1 then goto L6 else goto L1 end-if; ~ 0: ¢:=0; pe:=0; L4: if a=1 then goto L6 else goto L1 end-if; =
: c:=1; goto LO; end-cgse; L5: c:=1; goto LO; end-cgse;
: ¢:=0; goto LO; Program end-while; L6: ¢:=0; goto LO; Program end-while;
L0: halt(c) C halt(c) LO: halt(c) - halt(c) .
end. Counte end. end. . end. T=1ZL, caseX (&
Q Remark: case statement Q R (LS D
goto Lk = pe:=k; is r'eallzed by combination goto Lk = pe:=k; HHEHETRE,
of if and goto
22/23 22/23

Simple program: a program consisting only of the following elements.
data type: string type on = (Z type, =* type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;
var pe: X% ... X; ... 2% % value of pc is a binary representation of an integer

begin
pe:=1;
while pc =0 do
case pc of
1: (statement) ; €ach statement is one of the two:

2: (statement) ; =if comparison then pc:=kl else pc:=k2 end-if
. =substitution ; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.

B7OJySL: TOEROATERINGTIOTSL
T4 T EOXFIIE(E, >8)
EXREE: XFHROEKFER
EITX: KA, if3(caseX), whileX, halt3X

EE2T. EARTOTSLLTNERBLAEMTOY S AICERZ
BIENTES. LHMLRDESHRERTOYSLIZEEEES

prog 7045 L% (input ...) ;
varpc: 2% ... 25 ... 2% Y%pc DB X B AR B D2 RED

begin
pe:=1;
while pc =0 do
case pc of
1: (30 : &0 DRI
2: (%) - if HEEESC then pe:=kl else pc:i=k2 end-if
. + A pe=k;
k: () ; LT
end-case
end-while;
halt(c)
end.
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Theorem2.8 For every computable function, there is a program in
the standard form.

Consider a behavior of program counter.

Further constraints (refer to 101 page of the textbook)
“each statement must be implemented in constant time”
u, u’: variables of X type, v,v’: variables of * type
c: constant of  type, s: constant of X* type

(Substitution)
(1) w=c; Q) u=u’;
(3) w=head(v); (4) w:=tail(v);
(5) vi=s; =2 ?
(7) vi=right(v); (8) vi=left(v);
) vi=uttv, (10) v:i=v # u;
(Comparison)
(11) u=c (12) v=s

23/23
EE2.8. T RTOEE A AR,
FNEETHEERTOTSLNEETS.
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(1) u=c; 2) u=u’;

(3) w=head(v); (4) w:=tail(v);

(5) vi=s; =2 ?

(7) vi=right(v); (8) vi=left(v);

9) vi=uttv, (10) v:i=v # u;
[€:4::39°9)

(11) u=c (12) v=s




