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2.2. Elements of Computation
We will represent “data” and “program” in minimum resources

...to simplify the discussion.

2.2.1. Elements of data representation
String data type suffices to represent data.
All data types including structured type can be represented
by strings on X (={0,1}).
Lemma 2.1: All elementary data types can be represented
by Z* types and structured type.

types for natural numbers, integers, reals, truth values, strings

Theorem 2.3. All the data types and elementary operations in
our programming language can be realized on Z*.
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2.2.2. Elements for Control Mechanism

Lemma 2.4: A function (definition and call of function) can be
implemented by if and goto statements.
(Proof sketch)

flowchart -> if statement and goto statement

recursive call > can be rewritten using a stack

Lemma 2.5. All the control mechanisms can be realized by if and
goto statements.

Theorem 2.6. All the control structures can be realized by if and
while statements.
(Proof based on examples)

Theorem 2.7 Any program can be rewritten into its
equivalent simple program in a standard form.
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JO0—Fv—k > ifX&gotoX
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% program to determine whether x is 0* or not
prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

Convert it as follows.
(1) Each line of a program is one of the followings:
(a) substitution, goto statement
(b) if comparison on X* then goto ... else goto ... end-if
(c) halt(variable)
(2) Each line in the program body is labeled as L1, L2, ...
(3) The line of the form (c) above appears only once in
the program and it is labeled as LO.
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% xDOMEIMEHIETHTAT T L
prog A(input x: X*): X*;
label LOOP; var a: X*;
begin
LOOP: if x= ¢ then halt(1) end-if;
a:=head(x); x:=right(x);
if a=1 then halt(0) else goto LOOP end-if
end.
NERDIIIERT S.
(1) 7RIS LDOEITIEROVT hb.
(a) KA X &gotoX
(b) if Z* EDLLE then goto ... else goto ... end-if
(c) halt(Z#)
Q) TR S LEEDEITICIE, LINDIAEY, L2, L3,...LIEIS
FRILDFEIA TS,
B) =L, (DOBOTIRTAITS LORRIIERL,IARNT,
EFNIELOESNILAF TSN TLNS.
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prog A(input x: X*): X*;
label LOOP; var a: £*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mputx ) X%

label LO, L1, L2, L3, L4, L5, L6;
var a,c: X*;
begin
L1:if x= & then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;
: x:=right(x); goto L4;
L4 if a=1 then goto L6 else goto L1 end-if;
Getpnlt e SR
LO: halt(c)

end.
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prog A(input x: X*): X*;
label LOOP; var a: £*;
begin
LOOP: if x= ¢ then halt(1) end-if;

a:=head(x); x:=right(x);

if a=1 then halt(0) else goto LOOP end-if
end.

prog B(mputx ) X%

label LO, L1, L2, L3, L4, L5, L6;
var a,c: X*;
begin

L1:if x= ¢ then goto L5 else goto L2 end-
: ax=head(x); goto L3;
: x:=right(x); goto L4;

L4: if a=1 then goto L6 else goto L1 end-if;
L5: c:=1; goto LO; "
LO: halt(c)
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prog C(input x: X*): £*;

var pc: num; a,c:x*;

begin

pe:=1;

prog B(input x: 2*): £*; while pc =0 do
label LO, L1, L2, L3, L4, L5, L6; case pe of
vara,c: X% ‘ 1: if x= ¢ then pc:=5 else pc:=2 end-if;
begin 2: a:=head(x); p

right(x); pc:=4;

L1: if x= & then goto L5 else goto L2 end-if; 3 X
L2: a:=head(x); goto L3; 4: 1fa 1 then pc =6 else pc:=1 end-if;
1;

21/23

prog C(input x: X*): £*;
var pc: num; a,c:x*;
begin

pe:=1;

prog B(input x: 2*): £*; while pc =0 do
case pc of

label LO, L1, L2,L3, L4, L5, L6;

var a,c: I%; ‘ 1: if x= g then pc:=5 else pc:=2 end-if;
a:=head(x); pc:=3;

3: x:=right(x); pc:=4;

4:if a=1 then pc:=6 else pc:=1 end-if;

5

!\.’

begin
L1: if x= ¢ then goto L5 else goto L2 end-if;
L2: a:=head(x); goto L3;

L3: x:=right(x); goto L4; L3: x:=right(x); goto L4; er=1; pe=0;

L4: if a=1 then goto L6 else goto L1 end-if; L4: if a=1 then goto L6 else goto L1 end-if; 6: ¢:=0; pc:=0;

L5: ¢:=1; goto LO; a L5: ¢:=1; goto LO; Cnd'c'f‘“;

L6: ¢:=0; goto LO; ;ﬂ;{'(w)hlk; L6: ¢:=0; goto LO; kclnld—(w)hllc;

LO: halt(c) alt(c LO: halt(c) alt(c .

end. end. end. end. f=FL, caseX[&

Q Remark: case statement Q TR (LT D
goto Lk = pe:=k; is 1jeahzed by combination goto LK & pe:=k; WA HE TR,
of if and goto
22/23 22/23

Simple program: a program consisting only of the following elements.
data type: string type on = (Z type, =* type)
elementary operations: elementary operations on strings
execution statements:  substitution, if (case), while, halt

Theorem 2.7 Any program can be rewritten into its equivalent
simple program of the following form:

prog Program name(input ...) ;

var pe: X*; ... X; ... £*; % value of pc is a binary representation of an integer
begin
pe:=1;
while pc =0 do
case pc of

1: (statement) ; €ach statement is one of the two:
2: (statement) ; -if comparison then pc:=k1 else pc:=k2 end-if
: -substitution ; pc:=k;
k: (statement) ;
end-case
end-while;
halt(c)
end.

Ef7ngshL: TOEZROHTHERINDTOTSLA
T—HE: T EOXFHNE (G, >8)
EXEE: XFNEOEKEE
T RAX, if(case3X), while3X, halt3X

EE2T. EARTOTSLLTNERBAEMTOY S AICERZ
BoEMTES. LMBRDESGIBERTOTSLICEESEES

prog 7D75A%(input
var pe: £ %pc(Di IFEABD2HERE
begin
pe:=1;
while pc =0 do
case pc of
1: (X): (O DRI
2: () « if HEEESX then pei=kl else pc:i=k2 end-if
: + A pei=k;
k: (30); LT
end-case
end-while;
halt(c)

end.
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Theorem2.8 For every computable function, there is a program in EE28 TRTOFEAREREASICRIL,
the standard form. TNEHETHEERTOISLNEETS.
Consider a behavior of program counter. TOTS LAV ADBEEEZEZ THES.
Further constraints(refer to 101 page of the textbook) BB HE (TERFOIR—D)
“each statement must be implemented in constant time” EXIEE A EHBERTRITTESEDRET]
u, w’: variables of £ type,  v,v’: variables of * type uwLu: SBOEH, v ITEROEH
c: constant of T type, s: constant of =* type cIBDEH, s: T EIDEH
(Substitution) (RAX)
(1) w=c; Q) u=u’; (1) ui=c; 2) u=w’;
(3) w=head(v); (4) w=tail(v); (3) w=head(v); (4) w=tail(v);
(5) vi=s; =y ? (5) vi=s; =y ?
(7) vi=right(v); (8) vi=left(v); (7) vi=right(v); (8) vi=left(v);
Q) v=utv; (10) vi=v# u; Q) vi=utv; (10) vi=v#u;
(Comparison) (L832)
(1) u=c (12) v=s (11) u=c (12) v=s
1/13 1/13
Chapter 2: Introduction to Computability 2. FtEFIREEARS
What “Computation” is. .. R AA 2
+ Difference between “computable” and “incomputable” o [EHETEDICELLIFHETELRLIZEDEN
*  Basic factor of a “computation” (Done) > TS EIOEREREIE)
+  Proof of “incomputable”...diagonalization (Today) > TEHE TSRO ICEORA. . S ARMmESE)
2.1. Studies on recursive functions 2.1. fei e B BGR L ER
recursive function theory JF$M A BE $ i (recursive function theory)
(1) studies on what is "computation" @ “BHHE"EIXAMDIZDOVTOHE
(2) proof of incomputability @ FHEARTEEMEDIA
(3) structural studies on a class of incomputable functions @ HEFTELGEBDOITADEENHE
(4) related mathematics fields @ fhDFFLDBEENEF
2/13 2/13

Chapter 2: Introduction to Computability

(1) Studies on what is computation.
“When do we call a function computable?”

+recursive function theory by Kleene
*Turing machine theory by Turing

=>the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”

2. STETIEEMEAPY
D HELIFAMIZDVNTOHE
MaZz+-> Tt E A% &LV h 2 |

V) — 2N EERLIIFHHAIEE i (recursive function)
cFa—)2T WNEZFzF 12— #Hi(Turing machine)

D FRMBE R SR =T 1 — ) U Ei CHE TR S
T
HETGEMOTEE. .. Fr—F DIRIE (Church’s Thesis)
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(2) Proof of incomputability

*Proof of computability is easy: just give a program

*to prove incomputability
must prove that no program exists, .,
proof tools: diagonalization e
recursive reducibility
(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
—>structural studies

(4) Related mathematics fields
mathematical logic

3/13

@ FHHEAFTREM DA
EHEATREMOREA T TR S LEENL LN
EHE AR ATREMEDEEBA TIE
EARTOY S LBENGENCEDFER:

Fop::E o8 ‘e -

TIEARAE T

Q HHERRLZEMD IS ADEERHHE
HLSITISLTHEB{ESn=O5R
>HEEHTR

@ thOBFLOBEER T
I8 S I % (mathematical logic)iE &

Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input X to it.
Output: Whether does it stop if X is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple
inputs.

(Remark) Programs are also encoded into strings on =*.
That is, A and X are also considered as strings on X*.

Implicit Notations

13
2. FtEFIREEARS

2.4 HEFEEMEOIEA L A RS
1% 1k Fi RE (12 LE 1431 3E R RE)
AA: TATSLAEZTNADAT X
1 ANXESZTRITSEDE (W OMD)FLETHH?

CCTRIAATOISLDELFBEOHFEZSD, 2D
EREZBANDIBEITHET AT LIS TRE.

CEB)IDY LB EICa—F1ERTEE.
DFY, AL x BT EDXFIEEZDHENTES.

S BEOBRDEE
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fora,xex’

IsProgram(a)
< [ais a one-input grammatically correct standard program]
eval(a, x)
= { f_a(x), if IsProgram(a),
?, otherwise.

f a(x): output value when an input x is given to the program A
represented by the code a
Theorem2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, X) : it suffices to simulate the behavior of the program for
a code a with an input X, i.e. interpreter or emulator

refer to Section 4.3 for detail

5/13
Ka,xeX [ZHL,
IsProgram(a)
& [alXIANOGEMIZELWMZERTAY S LOI—F]
eval(a, X)
_ {f_a(x), IsProgram(@)D & &,
1, ZOMDEE.

fax):a—KanRTIOTSLAICAA xEMZELED
HADE. (f ax)EERS BIEN)

TEH2.16: IsProgram & eval (T 055 L TRIEAAE.

IsProgram : 32734 S(lint)

eval(@, x) : A—R aNRTITOYTSLITxEAALIEEZD
ETEIIaL—rT RISk
2FY, A/VF—T)A. (T2aL—4H)

FEHAIX4.350
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Definition of a predicate Halt WMEEHaltDERH
for ke ™ Baxes [SHL —
Halt(a, X) Halt(a, X)
& [IsProgram(a) [ | a |stops for an input x]] & [IsProgram(@) » [AJ1 x 2L | a | [(FFIETS. 1]
Th 2.17: Haltis i tabl s s
eorem 2.17: Halt is incomputable. -
P .17 HaltlZEt E AT 88
(Proof) )
S . H

By C(?ntradlctlon :Assume tha} Halt is computable. I Hal S B A B R L CF A
Halt is computable = There is a program H to compute Halt. = P 2 o <
Using the H, we obtain the following program X Ha]t/J\E‘I'EZEIﬁbéHalt§a+§?§7D’] TLHBFET S
e ' ZOHERLT, ROESHTOYS LXEKD
label LOOP; ’ prog X(input w: £*): £*;
begin Assume that it is written in the standard form labgl LOOP; ERICITBERTEIN TS LR E.

ifH (w, w) then LOOP: goto LOOP begin

else halt(0) end-if if H (w, w) then LOOP: goto LOOP
end. else halt(0) end-if
end.
Using the function H we check whether the program w jstops TOYSLWIWEAALIZEEEIETENESINE
for an input w. If the answer is “HALT” then the program X 045 SLHEREUHLTHIEL,
enters infinite loop, and if it is “DO NOT HALT” then it stops. ZH true BSERIL—FIZAY,
&' false HH0EHALTRLT S, £LVSTRTSL
H:program or function, Halt: predicate H:7O4'S .4, Halt:ihss
] 8/13 8/13
Letx= (X—| and input X to the program X X(w) checks if [/ halts with X= |—X-‘ L x®E X(w)
H ; ; the input w using H. And = - TaTS LW [TwEA AL EEELET DN
(i) enters an infinite loop, or -if true, it never halt TATSLXISAN - E5hETOTS LHEFGHLTHEL,
(i) stops normally with the output 0. | _j¢faise, it halts with output 0. () ERIL—TITADTLES, or | B4 true HOEBIL—FIZAY,
Case (i) (ii) 0ZHAHLTEL. &S false HH0&EH AL TRIET S
+Since it enters infinite loop, —Halt(x, X )

-at the if statement in the program X we have H (x , X )=false

So, halt(0) is executed (normal termination) : contradiction
Case (ii)

*Since it stops, Halt(x, X) is true.
-at the if statement in the program X we have H (X, X)=true
So, it enters an infinite loop: contradiction

In either case we have a contradiction.
That is, the assumption that “Halt is computable” is wrong.
End of proof

H:program or function, Halt:predicate

() ZRESSE..

- TATSLMIIL—TIZAB NS, H (x, X)=true
* DFEY XK [FELTEEEICTFE

(i) ZRETBE...

- TRTSLDBETTHMS, H(x, x)=false
- DFEY XX [(FBLELBEVSREICFE

ELLNHEELFEEELD.

Lf=A o Tl HaltIFEH E RATRE | £V IR TEIFERY.

BAR  yonysa
Halt: ih 55
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Another proof of Theorem 2.17 (by diagonalization) ‘ EI2.17DBIFEA (3 A RERIEIZELD) ‘
Proof: FEBA:
Let F, be a set of all computable functions (with one argument) . HHEAEL(SIH0)BHRLADEEEF ETD.
Since each program code is in £*, we can enumerate all grammatically correct TRYSLOIA—REFTOFRENS, “SCEMICELVVTAS S LOI—F”
program codes ZINEWEIZ
a,a, ..., a8 . a,ay, ..., 8, ..
in the psuedo-lexicographical order. E(RIBEOHEXIEFT) EARBZIENTES.
Thus, we can also enumerate all the functions in F,: FOTF OBE#%ET a,f a,....f a,. EHRBJIEANTE, ULTOREZSD.
fa,fa,..,fa,..
that gives the following table: 8,885 ... ,8
1013 — _ — 1013
Another proof of Theorem 2.17 (by diagonalization) ‘ EH2.17DBIFERA I B REmIEIZLD) ‘
Proof: FIEBR:
If Halt is computable, there exists a program H that computes Halt. CIT Halt SEHEAIREA D, ThERHET ST OIS LHAEET S,
Using H, we can compute the following function f,. ZLTH Z2ESELUTORESK [ BNHETEETHL LA DHA D,
f(a)=1, ifHalt(a, a) f(a)=1, Halt(a, a)D&E
=0, otherwise =0, ZFOthnEE
Comparing to the table... EDOREBLLEDLEDL...
8}, 89,83, ..., 8 8y, a3, ..., 8 ay, 8,8y, .0, &
0\ Values of f,(a)) For any integer i, EATTER i\l;i’f
we have: LTHUTARAL:
S f_a(a)=f,() f_a(a)=f,()
Thus f, does not FOTHIFF D
appear in F,! ealist i vy
Values of f_a;
Hence f,(a) is not an element in F,. Therefore, Halt is not computable. £oTfa) & F) OBHRTIEAL, DFY Halt (FEHHATRETIEAL,
11/13 .. 11/13

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.

AR
HEIERMEBRAICESLBVLERT 20 DiE,
HOLEBDES G NEALNILE, ZOREIZESEL
B g ZEMI DA EESA TS,

SOLTHELT: g [F. BRI A DRICELSH.
BEHES G ISIERBEELY,
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set,
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2,-2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable. ‘

12/13

PopEot b

AIFSERRE: BRABEAOEELOMICIHIMELHEIKEDIL.
AREES ARELSTHERTHIEEDCL.
DFY, 1DFOBEREMYHLTET, bhAKEZTLALNZLD

Bl EDQBREARDESEFSTEERTHS.
BARLEAERDOEENDER I & EOEXR 2 &#0ETH IR IENHS.
Bl2. BHLEROEEZITTHERTHS.
IRIRIENHD. F=1E, 2={0, 1,-1,2,-2,3,-3, ..} LFIFETES.
BI3. EEHLAROESIAEERTHD. (HEM?)

[EB:ZHLHORERBITHTHD. |

Theorem: The set R of all real numbers is not enumerable. 1313

Using the diagonalization we prove that the set S of all real numbers between 0
and 1 is not enumerable. By contradiction, we assume that it is enumerable:

0.a;,@,,a)3... 0aana,
.ay,
0.85,8,5, 3. 0.8y,8, 805
0.85,83,853.... 0.a5,85,8;5...
0.a,,84,8,3... 04a4|a;,,a;;“.
0.8y 30 .- &
0248 8. Where ay {0, 1, ..., 9} BaBioBi--- By

Define a new real number x by collecting those digits in the diagonal
x=0.b,b,b;...

where b, is defined by
if ay=1 then b, =2 else b=1

The number X defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
That is, X does not belong to S, which is a contradiction.

Therefore, our assumption that S is enumerable is wrong.

(2 EREHOEEREIARTHS. | 133

OLLEIRFEDRBEAEDERSHFAH THAZ LE T BIRMETIART 5.
AHTHLIERET DL, TRTHDEREEEAARDIENTES:

0.a,,a,a;...

0.85,8,5, 3. 0.3,,8;,3...
0.85,83,853.... 0.2,,8,, 8y3...
0.a,,84,8,3... 0.85,a3,a55...
0aunde.. L. 3, (0.1, 0.8, ay3...
TtV THARLEIC &’gé%‘&LEEL %ﬁtfdﬁﬂﬂll\ﬁi 0.8,,84 8y A

x=0.b,b,b;...
#1E%. CIT,

if ay=1 then b, =2 else b=1
LLThEEDS.
ZOESITESN-ER/NKIIHASHZ0E I DB DERTHS.
L, EYADDS, EICHIFELIZEDNERELF LGV HARDAT
DBFRED).
DFEY, XIFSIZBEIAN EITHY, FETHS.
L=’ T, SHATETHDELSREISRYA HS.




