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Chapter 5

Representative Complexity Classes

5.1. Representative time complexity classes

P= Up:polynomialTIME(P(D)

£ =\Uj | TIMEQY)

exp= U TiMEQs0)
p:polynomial

Cset: set in the complexity class C.
Cproblem: problem of recognizing a C set.
° o

Problems not in P are intractable
from the practical viewpoint...
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E5E REMUHEEISR
5.1 REMLISRETHES SR
P=Upgmst TIMER®)
e =\U.| TIMEQ?)

- U
exp p:ZIET

TIME(2°h)

CEE: FEEISRCADES.
CRiRE: CHEEDRHEME o
(@)

HBDMBEHPICAS>TLELVES,
WEMICITFICEZEL..
ol T
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Ex.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
‘P: polynomial X polynomial->polynomial
&: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 > PRIME € TIME(2")

Thus, PRIME e & O(1°)time algorithm puts
it into P!!
Def.5.1: T set of time limits

Ut c 7Ll"IME('[): T time complexity class
—Tt is denoted by TIME(T).

Theorems.1 (1) P=U__ TIME(),  (2) EXP=U__  TIMEQ2')
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Bl5.1: 5RAP, €, EXPTIL, ZLIEABEHIEEDEVIHEE
TIE7ZL.
P 2ER x LERA>ZER
E2DE x LIEX > 201 FE
EXP:2MEENXE X ZIHAX D20 ZEAFE

f5.2: PRIMEDFHHEI SR £EK: 200242 O(1°)

514.7 > PRIME € TIME(2') DT ILTYRLHEES
#IZ, PRIME e & Ni=OT. §TIEP

EESL T HIRKHEOES

Ut < TTIME(): TE I EESS52
—INETIME(T)ERT .

FH5.1: (1) P= Ues(TIME(l®),  (2) EXP = Ugs( TIME(2'")
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Theorem 5.1: (1) P= U TIME(I), (2) EXP=U _jTIMEQ2')*

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of I.
T,: set of all polynomials
> since T, S T, TIME(T,) € TIME(T))
p: arbitrary polynomial (p is any element of T,)
if the maximum degree of a polynomial p is k, p(l) = O(I¥)
From Theorem 4.3,
TIME(p(l)) S TIME(IY) € TIME(T,)

erefore, TIME(T,) = TIME(T,)
Iy oz

Theorem 4.3:
For any times t;,t,,
t,=O(t,) implies TIME(t,)< TIME(t,)

13/18

FHES.L: (1) P= Uy (TIME(),  (2) EXP= U oo TIMEQ! %)

FEBA: (2)DRERA LA RS,
Ti: fEVLVSHEDZIEXDES.
T, 2IERDO 21K
> T, S T,%HDT, TIME(T)) S TIME(T,)
p: FEEDNZERX pRET,OEEDNDER)
SEApDRRREEKET BE, p(l) = 0%
EHE43KY,
TIME(p(l)) S TIME(I) S TIME(T))
L1=h>T, TIME(T,) = TIME(T,)
FEBA#R

EH4.3:
FTARTOHIPRER t.t, (TXFL.
t,=0(t,) %5 (& TIME(t,) S TIME(t,)
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL) 5.3, an B s HE 5T FE RE(PROP-EVAL)
Input:<F,<a,, a,, ..., a,>> AJ:<F,<a,a,..., a,>>
F is an extended prop. expression FIEHhsRamREREEL AV - > ©
(@, y, --. , &, ) is a truth assignment to F @y, .., 3 ) [EFICRTHEEEEIVHT
Question: F(a,, a,, ..., a,) =17 B Fa,a...,a,)=1?
X—y X oy X—y X Y
Oy [(TXVY) [(=9) A=) Y [ (TXVY) (=N A Y—X)
0,0) |1 1 0,0) |1 1
O,1)]1 0 o,1) |1 0
(1,0) |0 0 (1,0) |0 0
(1,11 1 (LD |1 1
15/18
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Ex.5.3. Problem of evaluating propositional expression(PROP-EVASIf) s
Input:<F,<a,, a,, ..., a,>>
F is an extended prop. expression
@y, @, ... , &, ) is a truth assignment to F
Question: F(a;, a,, ..., a,)=1?

Construct a computation tree from a code [F1of ext. prop. expression
It is built in time O(|[F 1P).
If computation tree is available, we can easily obtain the value
F(a,, a,, ..., a,) in a bottom-up fashion. )
computation
Ex.: F(X}, Xy, X3) = [X; A 7%] v [X] %3] 00 N1 tree

F(0,1,0)=1 %@
%

F(1,1,0=0

1
0 039

Hence PROP-EVAL € P

155.3. an e am 22 =X 5T M RS RE(PROP-EVAL)
AKN:<F,<a,a,..,a,>>
FIZLRHEREL AV - ©
@y, y, ..., a)IEFIT T HEEEEIYH T
B F@,a,...,a,)=1?

VLR ERER F AO—FIEENAD [F] ASHEREES.
FTERIKO([F] P)HEEI TR TE 5.
FEANFOATONIE, RELTYIRT
F(al, ay, ..., ay ) a)ﬁa‘i?é:'%':g'i'gﬂﬁg 01

HEX
15'] F(Xh X35 X3) = [Xl N _‘XZ] V[Xl _>X3] 0 OR !

F(0,1,0)=1
F(1,1,0=0

&->T PROP-EVAL € P 0
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Ex. 5.3. 2-Satisfiability (2SAT)

Input: <F> F is 2-conjunctive normal form
Question: Is there any assignment such that F(a,, a,, ... ,a,) =17
Conjunctive Normal Form (CNF)

F=(@OVOV.VONBOV. .. VOA..A(.)
- described by A of \/ of literals.

exactly/at most
k SAT

- Each closure contains K literals

- We can define 3SAT, 4SAT similarly.
- SAT consists of any CNF.
- EXSAT consists of any extended propositional expression.

16/18
1515.3. dnREEmEE = I B ME R RE - 2 FNFE L (2SAT)

AR <F>FlR2fniER GEmEX
B F@,ay,...,a,) = 1&&EETEVETHSHSH?
&R

F=(@OVOV.VONBOV. . VON...A(.)
-UTIIVOREBEHOREBEECTRESNZHD

KADFER (k SAT) LEEMIED
- HBROZRGBEANN K EOUTSILEESD

- 3SAT, 4SAT L EIZRICE R TE S,
- SAT: ZREBHOUTIIILOEHIHEINENLD
- ExSAT: AQHA RS ERER (P ot
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Ex. 5.4: Graph reachability problem (ST-CON) 155.4: =R BETERARE(ST-CON)
Input: <G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|) AA:<Gst>: MU STG, 1 =s,t=n(=G|)
Question: Does G have a path from s to t? B GETs Mot ~DELHDH?
»>Cycle is a path that shares two endpoints. >EREE BREEALVRLTHDEE
> Euler cycle is a cycle that visits all edges once. > AS—FREIE. TRTOLE—E D DBEDFR
»>Hamiltonian cycle is a cycle that visits all vertices once. >NSVAUHREF. TR TOIEREZ—EDDESHK
Ex. 5.4: Euler cycle problem (DEULER) 1515 4: —%%%F’}iﬁﬁfc_-ﬁlﬁ(DEULER)
Input: <G>: a directed graph G AR <G> ﬁl’ﬁl7 772G
Question: Does G have an Euler cycle? B GlaA/5—FAlZEL DAV
Ex. 5.5 Hamiltonian cycle problem (DHAM) f5i5.5: /N2 )L BARR RS RE(DHAM)
Input: <G>: a directed graph G AN <G> HRYSIG
Question: Does G have a Hamiltonian cycle? B GIZNSI L BRBREEDM?
18/18 o 18/18
It is known that: DTOEENHMSNTINS:
»The following problems are in P: >UTOMER P IZET S:
v' PROP-EVAL, 2SAT, ST-CON, DEULER v' PROP-EVAL, 2SAT, ST-CON, DEULER
> The following problems are in &, but... >UTOMEE EICETS. A ..
v 3SAT, DHAM v 3SAT, DHAM
The class AP between P and £? PLEDEODIZANP
112 B /12
5.2. Class NP 52. 92ANP

Def. 5.2: Suppose that we have a polynomial g and
polynomial time computable predicate R for a set L such that

for each x e %, xe L <> Iwe X" ;| w|< q( x )[R(X, W)]
ie, L={x:3weX*[|w<q( x) AR(X,W)]} (5.1

Then, L is called an AP set, and the problem of recognizing L
is called an AP problem.
Also, the whole set of NP sets is called the class NP.

Note: For each xeZ* W, €X* satisfying the predicate
WIS (] X]) AR(X,W) is called (polynomial) witness of x.
Hereafter, we use notation Iwe Z*:[w|<q( x[) = 3Jw

“Given a witness of polynomial length in the input size, we can
determine in polynomial time whether it satisfies the condition

of a given problem.”
c.f.: N’P=Nondeterministic Polynomial

EES2 KA LITHLTROEHEH-T2ERqL
ZIEXBFREIETHE AT BN EE R N RELET 5.
BxeX Txel o IweX jwi<q( xD[RX,W)] (5.1)
2FY, L={x:3weZ*[|w[<q(|x ) AR(X,W)]}

CDEE, LENPES LV, LOZEERBEENPRIEENS.

Fz, NPEEDEEREITANPENS.

E: Bxex IHLT, HERX [wKq( X)) ARX W)
Eif= W, € Z*EXD (ZEXRD) FEHENS.
UTTE Iwe s :|wiq(x)) = 3IwhERE.

TANYARDEEXROIEMNEZ 5N -EE, ChATEED
EHEF/IMNEIIESELRMTHETES. |

## & : NP=Nondeterministic Polynomial
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Ex.5.7: Hamilton Cycle Problem (DHAM) € NP $I5.7: 1Z\2)V U EARRRIRE (DHAM) € NP
Assume graph vertices are numbered 1~n. JSIDTERIEI~n EBS DTSN TS ERE.
Trace on a Hamilton cycle= permutation of 1~n <1, I, ..., 1,> NIV FABRDUYAD 1~n DIEFI<I, 1, ..., 1, >
This permutation is a witness of polynomial length. COIEFA ZERXRDIEHL
(c.f.)There are n!~n" many _ CHEBMTn~"BYHS
Ex.: 1o o5 candidates of witness = Bl: 16 05 SERLOD A / |
<1,2,3,4,5> =>Hamilton cycle =>witness <1,2,3,4,5>>/1\3)LL VB DEEHL
N 3y <1,2,3,5,4> 2 not Hamilton cycle 58 3y <1,2,3,5,4> DNIJLAU AR THLY
<1,4,3,2,5> =»not Hamilton cycle <1,4,3,2,5> D /N\I)LL VK TEHL
Rp(X, W) €>[x is a code of a graph G(with n vertices) ] Rp(X, W) [xI&#$HBY S TG(nTESR) DI—F]
A [w is a permutation of 1~n: <l I, ..., I,>] AWIX1I~nDIEFI< I, 1, ..., 1,>]
A[w represents a Hamilton cycle in G] AWIEZGD/NIILLUEABRERLTINS]
For each X € Z*we have FTRTD XeTHIDWTROBEFZEMNKRYILD.
if X is a code of a graph G: xD$H BT 5TCHIA—RIZH-TINDESE:
X € DHAM > 3wg (=<1,,...,1, >)[Rp (X, W5)] X € DHAM > 3wg (=<1,,...,1, >)[Rp (X, W5)]
if X is not a code of any graph: YW—R, (X, W)] XTI Z7DA—FITHE>TLVELNESE: YW—R, (X, W)]

3/12 - R . 3/12
5.8: fn A AmER T4 RIRE(3SAT, SAT, ExSAT/E
Ex.5.8: Satisfiability Problem of Prop. Express. (3SAT, SAT, ExSAT) A én*gzugxsgazﬁp P X e

Goal:ExSAT € NP
F(X;, ..., Xy): EEDILEMERER

F(X;, ... , X,): arbitrary extended prop. logic. expression EA A& < Ha a : Zalt1H0 [Fa ay=1
F is satisfiable<> 3a,, ..., a,:each a;is0or 1 [F(a,, ..., a,) =1] %rtma)ggq_hb b By B, F@. ... a0 =]
. C E
length of a witness ge FAQEBEOBYLTE=a, ..., a,>TET.
Truth assignment to F is denoted by <a,, ..., a,>. > E&IF 3(n+n+1)=6n+3 < 6|[F]|+3
- its length is 3(n+n+1)=6n+3< 6|[F]|+3 qe(l) = 6143
ge(l) = 61+3 AER, E
predicate Rg Ro(x.w) <> [xlt SEEREAE (nEH) Oa—K
Re(X, W) <> [ is a code of an extended prop. express. F (n variables) | e W) /\[[ng?:i*gqgﬁjgggl :ta ( E%)ﬂ ]
A [wis an assignment to F: <a,, a,, ... , &, >] N an) -1 A
A [FGa, ..., a)=1] P
Using a computation tree, the value of F(a,, ... , &,) is computed in HEAZRALDEFG a) OIEIE B IE R CH AL
polynomial time. Thus, Rg is also computable in polynomial time. £-T. R {,%IEE%B?;,FE%‘.C:EFEEIEE
» Re 3 g .
4/12 4/12
What does it mean by being an /P set? NPEETHAHZEDERRITfAIM?
Using g and R satisfying the predicate characterizing an AP set, G.DE@IZTq, REANDE, x L2 ZRDESITHIETES.

we can determine “X € L?” in the following way. for each W e ZSq(M)dO

if R(X, w) then accept end-if
for each w e =9 do enld-f(gr' ) ’
if R(x, w) then accept end-if reject; ’
end-for; ’
reject BEAQU) U TOXFIET S THELTHANAE,

acceptMrejectMHIETED. =12, TDK5UFFHIE
20q(X)FRME FEREER) FET HEITEER.

LROHEAXTRHTELERENPEALEATEL.

If we enumerate and check all possible strings of length at most
q([x[), then we can accept or reject them. Here note that there are
2 to the q(|x|) (exponentially many) such strings.

We may think that those sets recognizable as above are AP sets.
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Classes related to NP NPIZEELI=I5R

Def.5.3. TRe -
. o - EES.3 KALIE, TOWESLANPIZELTINSLEE,
Asset L is called a co- NP set if its complement L belongs to N'P. ) A LS g A = i 5
The whole family of co-AP sets is called the class co-A/P. CONPREENS. Fe, co NPREDEREITAONPENS.
. . i co-P EEELTH P LRILLGDOTEERK.
Note: It is nonsense to define co-P since it is equal to P.

EES5 FRTOES LITHL, ROFHIZFEIE.
Theorem 5.5. For every set L, the following conditions are equivalent. (@) L eco-AP . .
@ Le conp & q (b) £& L%, EALSER q LSHREM
(b) The set L can be represented as E+§L§IEE%E§Q§EL\<-C’
L={x:Vwe Z*:|wi< q( X D[Q(X, W)]} . ={x:VweXZ*:|w[<q(| x D[Q(x, w)]}
by using some polynomial g and polynomial-time computable ®tE5.
predicate Q.
6/12 6/12
Ex.5.9: Primality testing $15.9: FEHIERE
[n] & PRIME <> 3m:1<m<n[ n mod m=0] [n]¢ PRIME «> 3m:1<m<n[ n mod m =0]
Therefore, for g,(n) =n, L#=h'oT, g, =n&l,
R, (x,w) < [x & N]v [[weN]A[l<m<n]A[n mod m=0]] R, (x,w) & [x & N]v [[weN]A[l<m<n]A[n mod m=0]]
(where n and m are natural numbers represented by X and w. (F=F2L, n, mIE & 2x, whiRT BHAR,
N is a set of all natural numbers in the binary form) NIZBERBOD2ERTE LR
EEET DL,
This definition leads to FARTHDXxeXZ*[ZHL, x&PRIME & 3g,WR,(x,W)]
for every X€Z* we have X PRIME <> 3q,WR, (X, w)] i, x € PRIMEIZx S HEEHL
This is a witness to X ZPRIME &>T, PRIME € AP, ie., PRIME € co-NP
Thus, PRIME €AP, ie., PRIME€ co-NP I, Q(X, W)« = Ry (X, w) ETBHE
In fact, using Q(x, W) <> -R,(X, w), PRIME can be expressed as PRIME = {x: quw [Qp(X, W]}
PRIME = {x: Y, [Q,(X, W)]} ERED.
We can also show that PRIME € A/P, but its proof is more complex. PRIME €NP {RE DD, TOIERAIFHoLHEH.
7/12 7/12
Examples of AP problems NPRZEDH
- Composite Number Testing Problem(COMPOSITE) - & I E FE(COMPOSITE)
input: natural number n A1 BAHN
question: Is n composite? (s it not prime?) B nEZERBED ? (FETHELD?)
-Knapsack Problem(KNAP) - ;o FHuHERE(KNAP)
input: n+1 tuple of natural numbers <a,, a,, ... , a,, B> AN BR%OME<a, 8y, ..., 8, 0>
question :Is there a set of indices S = {1,...,n} s.t. 2, & =b? B ), a=b LB HRFOEESC {1, .., HHEM?
+Bin Packing Problem(BIN) -FEEHEEBIN)
input: n+2 tuple of natural numbers <a,, a,, ... , a,, b, k> AN BREDH<a,a,...,a,b k>
question: Is there a partition of a set of indices U={1, ..., n} BRI RFOESU=(1,...,n}ZEU,, ..., UDOKEIZHEIL,
into Uy, ..., U, such that ZueuJ a, <b for each j? &/iT Zisu] a; <b &9 BHEIELAREMN ?
-Vertex Cover Problem(VC)
input: pair of undirected graph G and natural number k <G, k> -TE)?—i?&EFﬂE\\E_(VC) v TERBES:
question: Is there a vertex cover of k vertices over G? AN EATSIGEE %ﬁk@'ﬂ<e” k> EDBDuV)H
BI:GIMEADEARENFETEN? | qyp—Pit
Vertex Cover S contains at least one of U and Vv for each edge (u ,v).\ Si:ﬁiﬂ 2
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5.3. Relation in the Complexity Class

\ Theorem56: P < £C SXP.\ Hierarchy Thm. (Thm. 4.4):
For any times t;, t, ,
ve >0,V n[ct, (n)* <t,(n)
— TIME(t,)c TIME(t,)
+*

Obvious from the definition.

’Theorem 57: PG &£ S EXP. ‘

Proof:
mHPrPs &
For t,(n)=2", t,(n)=2°", from the hierarchy theorem we have
TIME(2") & TIME(23")
On the other hand, since P & TIME(2") ¢ TIME(2%") € &
PG &

(2) is similar.

Q.ED.

8/12

53. A EEVSAEDERF

BB (R E4.4):
FEEOHIPREFME t, t, (T30,
Ve > 0, n[et, ()’ <t,(n)
- TIME(t,) STIME(,)

(56 PC £ exp)
EEKLY, BASH.

EEST: PG E£G EAP.

SEBA:
1 Pc &
t,(N)=2" L,(N)=2"ed 5L, BEEEEKY,
TIMEQ2") G TIME(23")
—7., P S TIMEQ") ¢ TIMEQ2™) € 24D,
PSS &
)b EIHk.

SEER#E
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Theorem 5.8.
(HP € NP, P S co-NP (thus, P S NP N co-NP)
QNP S EXP, co-NP S EXP (thus, NP U co-NP S EXP)

Proof:
()P S NP (P S co-NP is similar)
L: arbitrary P set
= L is recognizable in polynomial time
Thus, we have the following description using
a polynomial-time computable predicate P:
vxeZ*:[xeL <> P(X)] or P={x: P(X)}

We define R(x, w) = P(x) (neglecting the second argument)
-> for any polynomial g,

L= {x: I W[ R(x,w)]}
Thus, from the deﬁmtlon of NP,L € NP ie., P S NP.

9/12

TEI5.8.
(HP S NP, PSS co-NP(&L2T, PE NP N co-NP)
Q)NP S EXP, co-NP S EXP (&2T, NP U co-NP S EXP

FEER: (1) P S NP (P S co-NP BE#HkR)
L: FEDOPEAR
> LIF AN ERE TR
&0, %Iﬁﬂéfﬁeﬁﬁﬁ‘fauLmPEmL\rmo)otoLEHé.
vxeZ*:[xeL o PX)] or P={x: P(x)}
Rx, W) =P(X)EEE (251 8ITER)
> EFEDZERqITONT,
L= {x: I w[ R(xw)]}
&0, NPUDE%J:U LE NP ie, P S NP.

(2) NP S EXP (co-NP S EXP) 10/12
L: any NP set

=> There is some polynomial ¢ and polynomial-time computable
predicate R such that
L= F R W} = {x: 3wl Wi q( X ) A R, W)}
prog L(input x); program recognizing L using q
begin
and R

for each W e X9 do
if R(x, w) then accept end-if
end-for;
reject
end.
time complexity of the program for an input of length I:
Since R is polynomial-time computable, for some polynomial ¢
time of R=p()x| + |w|) <p(l +q(l)) «— polynomial of |
In total, {p(l+q(l)) + cq(l)}2q<” +d=0(2 D)
Hence, L eEXP > NP S EXP Q.E.D.

) NP S EXP (co-NP S EXP) 102
L: ZFEDONPESE
-)%Iﬁ‘tqt%IE‘tB-*fFa‘inJr%_IﬁbLuuRb\TEL,‘C

= {X:IWR(X W]} = {x: T W wl< q(| x[) A R(X,W)]}
qEREAVT, LERBHTHTNT 5 L%1ES.
prog L(input x);
begin
for each we X9 do
if R(x, w) then accept end-if
end-for;
reject
end.
RIDAAITHTZT05 S LOBEMETEE:
RIFZIERBEFTE AIREIZ>T=hD, HHZEHXpIIHIL,
ROEHEBERE=p(x| + w]) <p(+q) — | DZER
2RTIE, {p(+q)) + cq(l)} 290 + d = O(2 Hah)
&oT, LeEXP > NP C EXP FEBARR




2011/10/16

11/12 11/12
Theorem 5.9 TEHES.9.
(1) NP € co-NP > NP =co-NP (1) NP € co-NP > NP =co-NP
(2) co-NP S NP > NP = co-NP (2) co-NP S NP > NP = co-NP
BYNP#£ co-NP > P #= NP BYNP#£ co-NP > Pz NP.

Note: from (3) the proof for NP # co-NP is harder than that #iE: Q)KY, NP #co-NPDIEBRIE, P #NPDEEBALYEHELLY.
for P# NP.

FEE: (1) NP S co-NP > NP =co-NP (2)DIEHBFEIHR)
Proof: (1) NP S co-NP > NP = co-NP (proof of (2) is similar)

FEEDL €co-NPIZKLTL € NPHTRENIE, co-NP S NP
Since co-NP & NP is shown if we prove LENP for any L€ co-NP MEEBATEDDT, IREDNP S co-NPEEHETNP =co-NP
Combining it with the assumption NP S co-NP, we have MNEZ5.
NP=co-NPandso L € co-NP =L NP (EES5.3&Y)
L eco-NP —~L €NP  (by Definition 5.3) L€ co-NP (NP S cazNP&kY)
L E€co-NP (NP C co-NP) = L ENP (B&ES5.3&L=L&Y)
L ENP (Definition 5.3 and L=L)
12/12 12/12
B)YNP £co-NP > P= NP B)YNP £co-NP > P = NP. ‘

| Contraposition: P = NP > NP =co-NP ‘
If we assume P=N/P, for any L we have

| 1B P = NP > NP =co-NP|

P=NPERET DL, TRTOLITHL
LeNP © Lep (P=AP) LeNP © Lep (P=NP &Y)
O Lep (Exercise 5.5) O Lep (EEMIRES.S)
oTenp (P=NP) ©LENP (P=NP &Y)
©L(=L) €co-NP  (Definition 5.3) “L(=L)€co-NP (EES53&Y)
““ NP =co-NP Q.E.D. ““ NP =co-NP SERR#R
If NP #co-NPis true, NP #co-NPHELLVE




