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Chapter 2: Introduction to Computability

What “Computation” is...

o Difference between “computable” and “incomputable”
« Basic factor of a “computation” (Done)
* Proof of “incomputable”...diagonalization (Today)

2.1. Studies on recursive functions
recursive function theory
(1) studies on what is "computation™
(2) proof of incomputability
(3) structural studies on a class of incomputable functions
(4) related mathematics fields
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Chapter 2: Introduction to Computability o

(1) Studies on what is computation.
"When do we call a function computable?*

-recursive function theory by Kleene
- Turing machine theory by Turing

=»the whole set of recursive functions
=the whole set of functions computable by Turing machines

Church's Thesis on the definition of “computability”
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(2) Proof of incomputability

- Proof of computability is easy: just give a program
-to prove incomputability
must prove that no program exists...

proof tools: diagonalization °
recursive reducibility

(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
—>structural studies

(4) Related mathematics fields
mathematical logic
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Chapter 2: Introduction to Computability e

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input x to it.
Output: Whether does it stop if X Is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple
Inputs.

(Remark) Programs are also encoded into strings on X*.
That is, A and x are also considered as strings on X*.

Implicit Notations
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< [alFIADDIGERMICIELLMEER T OS5 LDI—FK]
eval(a, x)

f a(x), IsProgram(a)® &=,
=15 zomocE
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TEI2.16: IsProgram & eval (37045 5 L TEIFAIHE

IsProgram : 3>/ \XAS(lint)

eval(a, x) : A—F aBRITAOTSLIZXEFAALI=EZD
ETEI3Ial—kFhid kL.
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fora,xeX’

IsProgram(a)
< [aIs a one-Input grammatically correct standard program]
eval(a, X)
_ { f a(x), if IsProgram(a),
?, otherwise.

f a(x): output value when an input x is given to the program A
represented by the code a

Theorem?2.16: IsProgram and eval are computable (programmable).

IsProgram : compiler(lint program)
eval(a, x) . It suffices to simulate the behavior of the program for
a code a with an input x, I.e. interpreter or emulator

refer to Section 4.3 for detalil
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Definition of a predicate Halt

for a,xex
Halt(a, x)
< [IsProgram(a) » [ | a |stops for an input x]]
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EHE2.17 HaltI&XEt E R AT BE
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BIE Hath ST E A ERELTFEZEL
Halth' st E el gD HaltZz 5t H I 5T AV S LHATFEET 5.
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prog X(input w: x*): Z*;

label LOOP; REICFAZEHRTEINTODERE.
begin
if H (w, w) then LOOP: goto LOOP
else halt(0) end-if

end.
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045 S LHEEUVHLTHIEL,

ZhY true LS ERIL—TIZAY,

Zh false TH0EH AL TELET S, ELNHT7OT 54

H:Z7’04'5.L., Halt:ihis
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Theorem 2.17: Halt is incomputable.

(Proof)
By contradiction: Assume that Halt is computable.
Halt is computable=»There is a program H to compute Halt.
Using the H, we obtain the following program X.
prog X(input w: ¥¥): Z*;

label LOOP;
begin Assume that it is written in the standard form

if H (w, w) then LOOP: goto LOOP
else halt(0) end-if
end.

Using the function H we check whether the program w]stops
for an input w. If the answer is “HALT” then the program X
enters infinite loop, and if it is “DO NOT HALT” then it stops.

H:program or function, Halt:predicate
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Let x = [ X |and input x to the program X

(1) enters an infinite loop, or
(i1) stops normally with the output 0.

Case (i)
- Since it enters infinite loop, —Halt(x, X )
-at the if statement in the program X we have H (x , x )=false
So, halt(0) is executed (normal termination) : contradiction
Case (i)
- Since it stops, Halt(x, x) Is true.
-at the if statement in the program X we have H (x, x)=true
So, It enters an infinite loop: contradiction

In either case we have a contradiction.
That is, the assumption that “Halt is computable” is wrong.
End of proof

H:program or function, Halt:predicate
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a,, ay, Ag, ... ,
fa [l € 00 0O
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Another proof of Theorem 2.17 (by diagonalization)

Proof:
Let F, be a set of all computable functions (with one argument) .
Since each program code is in £*, we can enumerate all grammatically correct
program codes
ag, 8y, veny Ay e
In the psuedo-lexicographical order. Thus, we can also enumerate
all the functions in F:
fa,fa,..,fa,..
that gives the following table:

a,, ay, Ag, ... ,
fa, |1 ¢ 00
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Another proof of Theorem 2.17 (by diagonalization)

Proof:

If Halt is computable, there exists a program H that computes Halt.
Using H, we can compute the following function f,.

f(a)=1,
= O’

If Halt(a, a)
otherwise

Comparing to the table...

Ay, Ay, Ag, ... , &
fa (1) e 00 O
fa, 01 g
fa;|0 11(0) 11

Values of f_a,

a,, ay, Ag, ... , 4y
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Values of f,(a;)

For any integer I,
we have:
F_a(a) = 1,(a)

Thus f, does not
appear in F,!

Hence f,(a) is notan element in F,. Therefore, Halt is not computable.
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Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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AEHEEES: BRBMEADESLORBIZIFMIMENHIEEDI L.
AEES . ARE-IIFTEERTHIEEND L.
DFY, 1DFDEFRZMYHLTET, thGEZTHRSNDED
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Ix1xt s Hd5b. £f=l%, 2={0,1, -1, 2, -2, 3, -3, .. }EFIETES.
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Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable.




EE RPEHRDOKERIIFARTHS.

OLLEIREDRBERDERSHIFRETHA LT AIRE

0.a3;a; 3.,

13/13

A TILEAT 5.
AIETHAERET DL, TRNTHDERZETURDIIENTES:

085185, ;..
0.23,85, a33...
0.24,84,843.

0.8y, 8ys... T=7=L, &; ={0,1, ..., 9}
FRHUVTHAELEIC 373%’);& ISEBL, $if=GER/DEK
X = 0.b;b,b,..

0.25,855 8y3...
0.8518,, ;...
0.23,85, a33...
0.24,84,843.

0.8y18y, 8y3--.

Ay

5. .::'G,
If a,,=1 then b, = 2 else b, =1
ELThZEEDS.

DI NT-FEE/NIBASHNIZ0EIDBOEMTH S.
LML, EUADLS, EICHZELIEDBEREIHZF LGV HIAKBDORRT

nh9T RBE5).
DFEY, XIXSICBESHZW EIZHY, FETHS.
L7=M>T, SHAAIETHHEVREIZRYAH S.



Theorem: The set R of all real numbers is not enumerable.
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Using the diagonalization we prove that the set S of all real numbers between 0

and 1 is not enumerable. By contradiction, we assume that it is enumerable:

0.25,855 8y3...
0.25,8,, @y3...
0.23,85, a33...
0.24,84,843.

0.8,8, 83 Where a;<{0, 1, ..., 9}

0.25,855 8y3...
0.8518,, ;..
0.23,85, a33...
0.24,84,843.

0.8y18yp 8yz--- Ay

Define a new real number x by collecting those digits in the diagonal

X = 0.b;b,bs...
where b, is defined by
If a,,=1then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.

That is, x does not belong to S, which is a contradiction.
Therefore, our assumption that S is enumerable is wrong.



