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2. FtEFIREMEAR Chapter 2: Introduction to Computability
FEEFfAM? What “Computation” is...
o [EHHTELICLLIFETELRLICLDEL « Difference between “computable” and “incomputable”
> TEHEIOERER(FIE) « Basic factor of a “computation” (Done)
> THHETERVOICEOR. .} AiRRE(S E) +  Proof of “incomputable”...diagonalization (Today)
2.1. e e B BRI ER 2.1. Studies on recursive functions
R HNBYRERLER (recursive function theory) recursive function theory
@ “BtE"EIXADIZDOVNTOHE (1) studies on what is "computation”
@ FHEARTEEMEDIIA (2) proof of incomputability
@ HEFTELGEBDOISADEENHE (3) structural studies on a class of incomputable functions
@ thoHFELOEENEH (4) related mathematics fields
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2. EtETIEEMEAPY Chapter 2: Introduction to Computability
= - 1) Studies on what is computation.
@ HEELEAMNIZDOVTOIHE (1) st _ )
A%t ->CEt BRI E M E NS D 7 | When do we call a function computable?
e = . . . ive function theory by Kleene
-9 — 2N EE LT IFHREI R (recursive function) .recqrswe : .
Fa—YITNEZ =T 2—") T #H(Turing maching) Turing machine theory by Turing
S 4ok 4 BE _ T £ BE =>the whole set of recursive functions
-)Jﬂﬁﬁﬁ’]%éliﬂ?ﬂi: Fa—Uo TR THAN AR SR =the whole set of functions computable by Turing machines
- _ am , .
HELEREAEDTER . 7 —F D118 (Church’s Thesis) Church's Thesis on the definition of “computability”
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@ FHETATHEMED LA
SHE AR OB TIET O S LEERIE XL
STERAREEDREATIE
EABTOTS LB NN EDFERA:

st £ #R 5 | ) -

TR fmE =TT |

O FHERTRELERD IS X DEEM R
HLSITBLTRBIESNISR
>HEERE

@ thOHFLOEER T
HIB SR % (mathematical logic) &
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(2) Proof of incomputability

-Proof of computability is easy: just give a program

+to prove incomputability
must prove that no program exists, .,
proof tools: diagonalization e
recursive reducibility
(3) Structural studies on a class of incomputable functions
hierarchical class depending of hardness
->structural studies

(4) Related mathematics fields
mathematical logic
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2. FtERTREMEARY

2.4, SHEA R HEM O FEEA & AR RE
1= 1k i RE (12 L1358 RE)
AB: TAGSLAEZRA~AD AT X
H: ANXEEZTETSEHE(W DA FIETEMN?

CCTRIANT OIS LDELBBEOHFEZLH, 2D
RREEZANDISSICHIRT ST EILATAE.

GEE)TnYSLb EIZa—R{EaTEE.
DFEY, AL X BT LDOXFHEEZBIENTES.

S HOBERDEE

Chapter 2: Introduction to Computability

2.4. Incomputability Proof and Diagonalization
Halting Problem (Problem of deciding whether it halts)
Input: a program A and an input x to it.
Output: Whether does it stop if x is given to A?

Here we only consider the problem only for one-input programs,
but we can generalize the argument into the cases of multiple
inputs.

(Remark) Programs are also encoded into strings on =*.
That is, A and x are also considered as strings on X*.

Implicit Notations

5/13
Kaxex [THRL,
IsProgram(a)
& [alFIANDOSGEMICELLMEERTOY S LOI—F]
eval(a, x)
_ {f_a(x), IsProgram(a) D &,
LY ZTOMDEE.

fax):a—KadRTIOTSLAICAA xEMZFELED
HAHDME. (f_a)EEBn %)
TEH2.16: IsProgram & eval (E704'S L TRIFAAE.

IsProgram : /XA S(lint)

eval(d X) : I—FabRTTAYSLIZXxEAALIZLED
EITEIaL—bFhIEELL.
2FY, 108—T YR (T2aL—4%)

FHi(34. 36
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fora,xex’
IsProgram(a)
< [ais a one-input grammatically correct standard program]
eval(a, x)
= { f_a(x), if IsProgram(a),
?, otherwise.

f_a(x): output value when an input x is given to the program A
represented by the code a
Theorem2.16: IsProgram and eval are computable (programmable).

IsProgram :  compiler(lint program)
eval(a, x) : itsuffices to simulate the behavior of the program for
a code a with an input x, i.e. interpreter or emulator

refer to Section 4.3 for detail
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EHaltDEH
Faxey (HL —
Halt(a, x)

& [IsProgram(a) » [A 1 x 12U | a | IEfF1ET 3. 1]
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Definition of a predicate Halt
for a,xex"
Halt(a, x)
< [IsProgram(a) A [ LaJstops for an input x]]
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S 17 Haltl 5 B R AT &k Igrei)(;rfe)m 2.17: Halt is incomputable.
(GEB) it ;
o= . . By contradiction: Assume that Halt is computable.
EEE: HalbS AR LR EL TP BEHC. o o There 8 orooam L 1o
s e = — < putable=» There is a program H to compute Halt.

Halt7b\ﬁ-l-§EIﬁb-)HaIt’&a+§‘9"%?7EI77AH7§\7$7£?’6 Using the H, we obtain the following program X
ZOHERWT, ROESHTOTSLXEED. g X(input w: 5 3 '
prog X(input w: X*): 2% label LOOP; ’
label LOOP; ERICITIEER TENINTVDERE. begin Assume that it is written in the standard form
begin if H (w, w) then LOOP: goto LOOP

if H (w, w) then LOOP: goto LOOP else halt(0) end-if

else halt(0) end-if end.

end.

TOSSLWIWEAALIZEEEILFTENESINE Using the function H we check whether the programw stops

o4 S LHERUHLTHEL, for an input w. If the answer is “HALT” then the program X

ZA true RS ERIL—FIZAY, enters infinite loop, and if it is “DO NOT HALT” then it stops.

&N false HH0EHALTEILET S, EWVSTOTS LA

H: 0454, Halt: ihas H:program or function, Halt: predicate
8/13 ] 8/13
x=[X]eL, x % Xw) Let x = [X] and input x to the program X
FASSLXIZAN TRTS A [WEANLILE RIS 5 (i) enters an infinite loop, or

/ - E5hETOYTS LHERUHLTHEL,
(i) ERIL—TITADTLED, or | Bt true HOEBIL—TIZAY,

(i) 0B AL TEL. B false BHOEH AL TEILT B

() ZRETHLE...
- TATSLIIIL—TIZAB NS, H (x, X)=true
- DFEY X(X) (BT E2{REICFE

(i) ZIRETBE...
- TRTSLDBETTHMS, H(x, x)=false
- DFEY XX) [ZFBELELEVLSREIZFE

ELLDIEELFEEELD,

Li=bto TTHaltiFFH B RTRE I E LI IRE [FERY.
AL 4:onss.4

Halt: k8

(ii) stops normally with the output 0.
Case (i)
+Since it enters infinite loop, —Halt(x, x)
-at the if statement in the program X we have H (x , x )=false
So, halt(0) is executed (normal termination) : contradiction
Case (ii)
-Since it stops, Halt(x, x) is true.
-at the if statement in the program X we have H (x, x)=true
So, it enters an infinite loop: contradiction

In either case we have a contradiction.
That is, the assumption that “Halt is computable” is wrong.
End of proof

H:program or function, Halt:predicate
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EE2. 17O HEH HARBAICLD) |
EEA:
SHEAREL (1515 0) BH L R OEEEF LTS,
TRYSLOIA—RRFTOTENS, “SCEMICELLNTAS S LOI—F”
ZINELEIS

Ay, g ey Ay oo
E(REBEDHERIEFT) ERBIENTES.
FOTF,OB%ET a,f a, ..., a,. LBRZIENTE LTOXREZS,
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Another proof of Theorem 2.17 (by diagonalization) ‘
Proof:
Let F, be a set of all computable functions (with one argument) .
Since each program code is in =*, we can enumerate all grammatically correct
program codes
a3, 8y, ...\ Gy o
in the psuedo-lexicographical order. Thus, we can also enumerate
all the functions in F,:
fa,fa,..,fa,..
that gives the following table:
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EHE2.17DBIFEA (3 A REmIEIZLD) ‘ Another proof of Theorem 2.17 (by diagonalization) ‘
FIEBR: Proof:
CCT Halt Bt EEREAS . ThEHET ST S LH B EET S, If Halt is computable, there exists a program H that computes Halt.
ZLTH Z2E5ELUTORMS [ NHETEETHLI LN DA D, Using H, we can compute the following function f,.
f(a)=1, Halt(a, a)D&E f(a)=1, ifHalt(a a)
=0, ZOHDEE =0, otherwise
ROREBOLEDEDL... Comparing to the table...
Ay, 85,83, ..., 85,8y 83 ..., & , Ay, Ag, ..., A
ul
EATEY I 0 Values of f,(a) || For any integer i,
LTHUUTAYKIL: we have :
f_a(@)=f () » f_a(@)=f()
FOTHIEF D Thus f, does not
PIZHRALELN ! appear in F,!
f_aDiE Values of f_a
&2 T (@) & F, DEHRTITHL, DFEY Halt (KFHEATRETIZAL, Hence f,(a) is not an element in F,. Therefore, Halt is not computable.
.. 11/13 11/13
e L SRy .

AR
HEIERMEBRAICESLBVILERT =20 DL,
HOLEBDES G NEALNILE, ZOREICESLL
B g ZWMI DA EESA TS,

OLTHERLE g 13, AN A DRICEL S0,
E#ES G ISERBEELY,

Diagonalization
Given a set G of functions, construct a function g which does
not belong to G.
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A RS

AHRERES: BABLAOEELOMICIHIRIEAHIEADL.
AHES - ARFBAERRTHIEANIL.
DFEY, 1DFOBREMYHLTET, INUESHERONDHLD

Bll. EQBHLADESETTHERTHS.
BHAMLSHERDOEANDER i & ENOEXR 2 #0ETHI0 I BAHS.
Hl2. BHLAROEEZITAHERTHS.
1R IEA®HS. F=lE, 2={0,1,-1,2,-2,3, -3, .. }EFIETES.
BI3. AEHLAROESFTTHERTHS. (HEH?)

[EE =B BOEAREFEAETHE. |

12113
Diagonalization

Enumerable infinite set: a set with one-to-one correspondence with the set of
all natural numbers
Enumerable set: finite or enumerable infinite set.
that is, a set whose elements are enumerable one by one.

Ex.1. The set E of all even positive integers is enumerable infinite.
one-to-one correspondence between an element i of the set of all natural
numbers and an element 2i of the set E

Ex.2. The set Z of all integers is enumerable infinite.

We can enumerate them as Z={0, 1, -1, 2, -2, 3, -3, ...}.
Ex.3. The set R of all rational numbers is enumerable infinite. (Why?)

Theorem: The set R of all real numbers is not enumerable. ‘
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O LIREDEYLAEDRESHNIFAHTHALEMBIRMEATIHENRT 5.
AHTHAERETSE, TRTDEREESURLENTES:

0.a;,8;,83...
0.85,8,, 8y3...
0.a5,855853...
0.a418,83...

0.848,a... 1=FZL, a; {01, ..., 9}
EQRBUVTHERLEICHARITEAL, Hi-RER/NK
X =0.b;b,bs...
%1€%. T,
if a,=1then b, = 2 else b,=1
ELTHEEDD.

0.a3,8;8y3...
0.8y, 8ys...
0.83,83,a33...
0.a418,583..

0.a48,8yg3...

Ak

COFIIELNIER/DILBAS N 0LIDMDEHTHS.
LA, YA, EIZHZELIZEDERELF LGV RARDOFT

DTEED).
DFEY, XIFSICBEHNEITRY, FETHD.
L=t T, SHATETHHELSREITRYA HS.

Theorem: The set R of all real numbers is not enumerable.

Using the diagonalization we prove that the set S of all real numbers between 0
and 1 is not enumerable. By contradiction, we assume that it is enumerable:

0.a;,8;,83...
0.85,8,, 8y3...
0.a5,85583...
0.a418,83...

0.8,48, 8. Where 8;<{0, 1, ..., 9}

Define a new real number x by collecting those digits in the diagonal

X =0.b;b,bs...
where b, is defined by
if a,=1then b, = 2 else b,=1

The number x defined above is obviously between 0 and 1, but it is different
from any number listed above since it is different at its diagonal position.
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0.a;;85,8y3...
0.82185 8.
083,83, 855+
08518483

0.813y, 3.+

Ak

That is, x does not belong to S, which is a contradiction.
Therefore, our assumption that S is enumerable is wrong.




