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bR g2 = . .
FA4E FTEOHEMSAM Chap.4 Computational Complexity
4.1 HEOFESOERESH
TEtETEEN ? 1D EDEEDEIRNCHE[EEMN ? 4.1. Survey on Theory of Computational Complexity
ETEOEMSOER (Computational Complexity Theory) “Computable?”>“How much cost is required for computation?
) FEEDLRICEATIHE Computational Complexity Theory
Q) HEEDTRICET 5% (1) Studies on upper bound of computational cost
Q) HEDELIIT OV TOHEENTAE (2) Studies on lower bound of computational cost
(3) Structural studies on hardness of computation
(1) HEED LRICEATIHE
MEOLNTILTYRXLDHREH(FILTY X LIEBH) (1) Studies on upper bound of computational cost
HABEBEXIZHLT, FNERLTILTVXL ADHY, Algorithm Theory: design of efficient algorithms
HA X nDEALREBFIZHLTE A DBERBETEEN Suppose we have an algorithm A which solves a problem X
T(n) LATHBEE, ZILTUX L A DBEREEFEED in at most time T(n) for any input of size n. Then, an upper
LBRIE T(n) bound on the time complexity of the algorithm A is T(n).
(RERBOIIMBEHES) (asymptotic worst case time complexity)
2/18 2/18
Q) HERDOTRICETHHE (2)Studies on lower bound of computational cost
FARE X [2H 3 BEALTILTYRXLLRBEDIGEIZIE T(n) If any algorithm for a problem X takes time T(n) in the worst
BT hMoTLESEE, R X ORBHEED case, a lower bound on the time complexity of the problem X
TERIE T(n). is T(n).
P #NPFHE +P # NP conjecture
BEEVRATLDES -Robustness of crypto system
Q) HEDELSI OV TOHEENTHE (3) Structural studies on hardness of computation
“XxIZEDHLI"HBE DI OVTIRANSLIL. Studies to characterize hardness in the level of “xx-hardness”
HLIOEBEICKIIEREEE. hierarchical structure depending on the hardness
4/18 4/18

42 FHEREOFYA
421. B TOTSLEBE

prog 70455 L% (input ...);
varpe: 253 E; L 28

begin

pe=1;

while pc# 0 do
case pc of
1: (X); () DRIE
2: (X); . L .
......... -if LEER3T  then pe:=k, else pe:=k, end-if
k: (30); - AL pe=k;
end-case -

end-while; DLFAh.

halt* B D EHD ;

end.

4.2 Measuring Computation Time

4.2.1 Revisiting Programs in the Standard form

prog program name (input ...);
var pc: X% X; L X8
begin
pe:=1;
while pc# 0 do
case pc of
1: (statement) ;
2: (statement) ;

Each statement must be either

if comparison then pc:=k; else pc:=k, end-if
or

substitution; pc:=k;

k: (statement);
end-case
end-while;
halt(variable of type =*);
end.
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- Constraints to execute each statement in constant time
B XA EREHERTETTEI=H0FIH u, u’: variable of type X, v, V’: variable of type Z*
u,u: SBOEH, v,V SRS ¢: constant of type X, s: constant of type Z*
c: SRDEH, s T ERIDTER (Substitution)
(A (Hu:=c; Qu=u; DHu:=c Qu:=u’;
(3) u:=head(v); (4)u :=tail(v); (3) u:=head(v); (4)u:=tail(v);
B)yv:=s; =y 77 B)yv:=s; TOyv=ug 7?7
(7) v :=right(v); (8) Vv :=left(v); (7) v :=right(v); (8) Vv :=left(v);
Q) vi=ut#y; (10)vi=v#u; Q) v:=ut#y; (10)vi=v#u;
(LEBE3D) (1) u=c (12)v=s (Comparison)
V=VORDLREEIESATNS. (hu=c (12)v=s
+ comparison of the form v =V’ is forbidden
3/18 3/18

42 SHEBEORYA
421 2R TOTSLBE

« &K1 while )L—7F

EEAL (HEBMOES) / | BT
A kKAHEZERTOTS L > 120 if X+pe~DHEA
X1, Xgn oons Xit AND AT > EARTHFID+pe~DHRA

ADwhileL—=F1BIY R ORITEATD 1R TYTENS.

ATIX, Xy oy X ATH L TADE L T B E TIZ[E SwWhile)—F D
EBEADX,, X,, ..., x,J<5 T B EERR (BLTAX, X, ..., %)
D EERE) LS. 2L, LRV EE, HERRMITERX.

time_A(X, Xg, ooer Xi) = AXy, Xy, .., X, ) D EHEL RS
time _ A(l) = max{time _ A(X,X,,...%): > | <1}

1<i<k

4.2 Measuring Computation Time

4.2.1 Revisiting Programs in/ It consists of one while loop of
the Standard form »one if + substitute to pc

»one basic states + sub. to pc

Definition 4.1 in each line

(Computation time)

A: program with k inputs in the standard form

Xy X .oy X2 INPULS to A
Single execution of while loop in A is “one step” in A.
The number of iterations of the while loop required before
A halts is called the computation time of A for inputs x,, X,,
..., X (in short, computation time of A(x;, X, ..., X,)).
If A does not halt, its computation time is infinite.

time_A(X,, Xy, ..., X,) = computation time of A(X;, Xy, ..., X,)

time_ A(l) = max{time _ A(X,X,,...x): D | X <1}

1<i<k
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422. 7095 LOBEMHEE

TOISLOBMEEREAN YA XDBHELTRE
(ANXFFIDES)
F7Ea—Fie:
TEORROY A |- EMEQHEN TREFI—FIE

4.5 1ERTEL2ERED
DY AR (EZFOHEIEDIIHTIE
2ERTDIFZ BLEI—RIETHEH,
I#EREIXTELAI—RE
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4.2.2. Time complexity of a program

The time complexity of a program is represented as a function of
input size (length of an input string)

Valid Encoding:
Encoding into at most constant times larger than the original.

Ex.4.5: Unary and binary representations
Binary representation is a valid encoding in the standpoint
of “size of a number is its number of bits”, but unary one
is redundant.
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EELS BABLEOBEEf L9 [CBVTUTAKILITEED.
3c,d >0, Vn [f(n)= cg(n) +d]
fl3g DA—F—THBEL, f=0(g) EEL,

AREBcEd A n EIFMIITROLNTNDESAITER

EEAL BARLEOEEOREE S, 9, h [CDWTUTABIL:
L. Vn[f(n) = g(m] > f=0(g)

2. Fc>0, yn[f(n) = cg(n)] > f=0(g)

3. [f =0(g)and g=0(h)] > f=0O(h)

7/18
Definition 4.3: For functions f and g on natural numbers, if

3c,d >0, Vn [f(n)= cg(n) +d]
then we say f is in the order of g and denote it by f= O(Q).

Remark: the constants ¢ and d must be determined
independently of n.

Theorem 4.1: The followings hold for any functions f, g and h on
natural numbers:

1. Vn[fm) = gm)] > f=0(g)

2. Fc>0, yn[f(n) = cg(n)] > f=0(q)

3. [f =0(g) and g=O(h)] > f=O(h)

8/18
423 HEORKMIER

EEAL O FEHEMBELL, tZAARK LOBEELETS.

WEOEHETETOISLAEEH ¢, d>0NFELT,
V1 time A(l) = ct(l) +d]

BolE, OIFOMEMEETETR, HAVNIODHHEGHEEE

O THHELS.

AR CCTIHETERELLT SE0REMEEZEELTLS.
BEEMIZIETREE t BT CEETREIEVLSE,

CED A DEREFEEIT t KVELAELALLY.
CE2) A KYLECOZEHET HT0T S LB LEMELNAL.
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4.2.3. Time complexity of a problem

Def.4.4. Let ® be a computing problem and t be a function over
natural numbers. If we have a program A to compute ® and some
constants ¢ and d > 0 such that

VI [time A(l) = ct(l) +d]
then we say that @ is computable in O(t) time, or time complexity
of @ is O(1).

Notice: We assume here that a computing problem is that of
recognizing a set.

Intuitively
problem @ is computable within time t
* time complexity of A may be less than t.
+ there may be a faster program to compute ® than A does.

9/18
Bl4.7. FEHEMEORKMER
FHHEMBEPRIME)
AN B&RE (=1L, 2R
BR:n (ZREM?
PRIME = {[n]:nl3&E%)

prog Naive(inputn);, 2 ~ n- 1D TE>TH5 =
begin Rik:
foreachi:=1<i<ndo 2002£ (=

A=Y T DA
nl~+/2n n(g]n

if n mod i = 0 then reject end-if o(l°)
end-for; s PN
’ T~ log n-log i B5FS DT ILT) X L
accept g N=log I I\
end. NERSNN

time_ Naive(n) < Zkkn (clognlogi+d)
= clog nlog n+dn = O(n(logn)*)

nDESHE 1 ET5E, | XIFRlog nf2h D, time Naive=0(122")
HIC, FBFEEEOREGEZIT(§4X) 012

9/18
Ex.4.7. Time complexity of the problem determining primes

Prime-determining problem(PRIME)
Input: a natural number n (binary representation) |  Stirling’s Formula:

Question: Is n prime? 1~ (E)"
PRIME = {[n7] :nis prime} M= e

prog Naive(inputn);  try to divide by numbers between 2 —n-1
begin
for each i:= 1 <i<ndo
if n mod i = 0 then reject end-if
end-for; e .
acoept T~ Jog n-log i time
end.

time_ Naive(n) < Zkkn (clognlogi+d)
= clog nlog ni+dn = O(n(logn)*)

(O(Ié) time algorithm has been
developed in 2002!!

When the length of nis |, | is approximately log n. So, time_Naive
=0(I?2"). Thus, time complexity of PRIME is O(I22").
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Def.4.5.
i%ﬁiﬁia}ﬁﬁﬁ SHL B EEA O LhBES For a function t over natural numbers, the set of all sets
G lmiﬂégngE] :EE) o)t ﬁhﬁ("é O (‘t) EFE] frl'ig - 9(9 2 gL\L\ = (i.e. recognition problems) with time complexities O(t) is
l'e";“i R ety = =77 ' called O(t)-time complexity class, and it is denoted by TIME(t).
;g—) 7;(;%.-';[%;’?3& ' . ST 5 And such a function t is called a time limit.
T—&-Ltl? O—)I?Z' E#Fﬁ%:g%%&@}%f‘;.‘“i%&)f'O_Zﬁ For example, a class of sets recognizable in time O(122") is
T-IM]zS-(IZZ")’C“(ﬁJ U) %i‘ PEI;I;\/H'; (?;Qfﬁﬁ =77 TIME(I22"), and the set PRIME is one element.
PRIME € TfME(EIIZZ') B PRIME € TIME(F2)
o = o .
fEHBA% Exponential
© 2 © 2
— 4Tl PRIME € TIME 1% Now, PRIME € TIME (I°)
ESE 6 Polynomia 6

11/18 11/18

E5E RERMLHEEISR Chapter 5

Representative Complexity Classes

51 REMGFRHEHEEISZ
P = Up:%ﬁiﬁ TIME(p(l)) 5.1. Representative time complexity classes
P = Up:polynomialTIME(p(l))

sxr= U, _ TIMEQw) e =\U.| TIMEQ?)

p:ZIEN U
CHEB: HEBISROASES. EXPE N oymom )

CRHRE: CHREDRHME ° . .
o Cset: set in the complexity class C.
© Cproblem: problem of recognizing a C set.
HDHEEMNPITA>TULERLS
BEMICEFCAZAL...

e =\U.  TIMEQ)

° o

Problems not in P are intractable
from the practical viewpoint...
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BlI5.1: VSRP, £, EXPTIE, ZIEXEHEEDEIME Ex.5.1: Polynomial makes no serious difference in the classes
TIE7ZL. P, E, EXP.
P ZIEX X FEAS>ZER ‘P: polynomial X polynomial->polynomial
E2DMME x 2N > 20 BE &: linear power of 2 X polynomial = linear power of 2
EXP:2MZENXE X ZIHAX D20 ZEAFE EXP: poly. power of 2 X poly. = poly. power of 2
#i5.2: PRIMEDFHHEEVF R £k 200242 O(1%) Ex.5.2: Complexity class of PRIME
#14.7 > PRIME < TIME(2") OF IR LS EREE Ex.4.7 > PRIME € TIME(2))
z < S I — . .
#12, PRIME e & h-OT. STIEP Thus, PRIME ¢ & \Lo(lo)nme algorithm puts
it into P!!
EES. 1. T HIRBEOES Def.5.1: T¢ set of time limits
Ut < TTIME(D): THREFHEEISR U 7Ll"IME('[): T time complexity class
te :
SCRETIME(TERT. —Tt is denoted by TIME(T).
= . _ ¢ _ C.
IS (1) P= Ue>oTIME(F),  (2) EXP = Ue>0 TIME(2') Theorems.1 (1) P = U, fTIME(F),  (2) EXP= U TIME(2'%)
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EHES 1 (1) P= U (TIME(E),  (2) EXP= U _ TIMEQ!'°) Theorem 5.1: (1) P = Lo TIME(), (2) EXP= U . TIMEQ)’
HE: (OISR
ﬂ:)?°ébz5ﬁ?0?§£§§®$ﬁ. Proof: The proof of (2) is omitted.
T SEROLHE T,: set ofpolynomlals. of the form of I°.
> T, S T,5OT, TIME(T,) S TIME(T)) T set .Ofa”}"’éy“;’mlals -
b EBDSER (PET,OEBEOER) o sinee Ty = Ta. TIME(T))  TIME(T,)
SEAPDBAKEEKET &, p(l) = O p: ar itrary p('>lyn0m1al (p is any elemer.lt of . 2) )
=LY if the maximum degree of a polynomial p is k, p(l) = O(I¥)
TIME(p(l)) < TIME() = TIME(T)) From Theorem 4.3, )
L71=A%>T, TIME(T,) = TIME(T,) TIME(p(l)) S TIME(I¥) S TIME(T)
SERRIE erefore, TIME(T,) = TIME(T,)
AR Q.ED.
EH4.3: Theorem 4.3:
FTRTOHIBREFR t,.t, (TRL. For any times t;,t,,
t,=O(t,) 25> £ TIME(t,)< TIME(t,) t,=O(t,) implies TIME(t,)< TIME(t,)
14/18 14/18
5.3, s RB R E X EHfi A RE(PROP-EVAL) Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
A<k <a;, a, B> Input:<F,<a,, a,, ..., 3, >>
FlEHhaRan RamEE _/\ Voo e . F is an extended prop. expression
} @y, ..., ) [FFICRTHEEEEIVHT (@, 8y, ... , &, ) is a truth assignment to F
BHE: Fa,a,...,a,)=1? Question: F(a,, a, ..., a,)=1?
X—Yy X oy X—Yy X oy
(xy) |(TxVy) [(x=9) A (y—X)) xY) [(xVy) (=) /A Y—X)
0,0) |1 1 0,0) |1 1
©,1) |1 0 0,1 |1 0
(1,0) (0 0 (1,0) |0 0
(1,1) |1 1 1,11 1
. - 15/18 15/18
f515.3. dn A imEE =X FFH RS RE(PROP-EVAL) Ex.5.3. Problem of evaluating propositional expression(PROP-EVAL)
AKN:<F,<a,a,...,a,>> Input:<F,<a,, a,, ..., a, >>
FIZHiRMEREX AV -2 © F is an extended prop. expression
@y, ay, ..., a)IEFIT T HEEEE|Y LT @y, @, ... , &, ) is a truth assignment to F
B F@,a,...,a,)=1? Question: F(a,, a,, ..., a,)=1?
SR ERER F AAQ—FESh 230 [F] DOEHEREESD. Construct a computation tree from a code [F ] of ext. prop. expression
SHERIZO([F] P THRK TES. It is built in time O(|[F ]P).
FERABOINTONIE, RELT7YTHT If computation tree is available, we can easily obtain the value
F@;,a, ..., a,) DIEIEBESICETEREE. |, | F(a,, a,, ..., &, ) in a bottom-up fashion.
HEKR computation
Bl FXG % %) = X0 A %) VI Xl OE\D\ ] Ex.: F(X), %, X3) = [, A 7] v [X, %] 097 N1 o tree
0
F(0,1,0)=1 F(0,1,0)=1 7,
F(1,1,0)=0 F(1,1,0)=0 ] ]
0 020
&K>TPROP-EVAL € P 0 Hence PROP-EVAL € P I
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v' PROP-EVAL, 2SAT, ST-CON, DEULER

>UTORREIX EIZET S, ..
v/ 3SAT, DHAM

D

PEEDEODIZANP
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153, an A EmEE = I8 B M S RE - 2 AR S (2SAT) Ex. 5.3. 2-Satisfiability (2SAT)
AR :<F>Fld2iniER aEmER Input: <F> F is 2-conjunctive normal form
BM: Fa,ay,...,a,) = 1Z&ETEV L THHSHH? Question: Is there any assignment such that F(a,, a,, ... , 8,) = 1?
FiER: Conjunctive Normal Form (CNF)
F=(@OVOV. . VONOV.. .VOA..A(..) F=(@OVOV. . VONOV.. . VOA..A(..)
SUTIILDOHRBHOREBETREINZLD - described by /\ of \V of literals.
58/t=mEM exactly/at most
KRR RS (K SAT) L& E/f D k SAT %—‘
- MBEROBREMAS KEQYTINEED - Each closure contains K literals
- 3SAT, 4SAT L EIHICE R TES, - We can define 3SAT, 4SAT similarly.
- SAT: ZHEBFO) T OEHIZHIBHAZLED - SAT consists of any CNF.
- EXSAT: ANAYERGERER (L o1HT) - ExSAT consists of any extended propositional expression.
. 17/18 17/18
f5115.4: FZEATREME RIRE(ST-CON) EX. 5.4: Graph reachability problem (ST-CON)
AN :<Gst>: ERAIJSTG, [ Sst=n(=|G|) Input: <G,s,t> : an undirectd graph G, 1 =s,t=n(=|G|)
B GETs Mot ~DEDHDH? Question: Does G have a path from s to t?
>EREF. BREEADVRLTHDE »Cycle is a path that shares two endpoints.
>AAT—HREE. TRTODDLE—EDOESHE > Euler cycle is a cycle that visits all edges once.
FNSLAUBAREIE,. TRTOIERE—EDDEDHAK »>Hamiltonian cycle is a cycle that visits all vertices once.
f515.4: —%%%E‘iﬁ%ﬁ:ﬂ%ﬁ(DEULER) EX. 5.4: Euler cycle problem (DEULER)
AR <G> ﬁﬁ_7 772G Input:<G>: a directed graph G
B GldA15—FlEL DAV Question: Does G have an Euler cycle?
f55.5: /72 )L+ BARR R RE(DHAM) Ex. 5.5 Hamiltonian cycle problem (DHAM)
AB:<C> HERMT TG Input: <G>: a directed graph G
B GIENIILLFBREEDH? Question: Does G have a Hamiltonian cycle?
o 18/18 18/18
UTOEENFONTLNS: It is known that:
>UTOMER P IZET S:

» The following problems are in P:
v' PROP-EVAL, 2SAT, ST-CON, DEULER

» The following problems are in &, but...
v 3SAT, DHAM

D

The class AV’P between P and £?




