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6.2.2. Proof for completeness 1/11

Two ways to prove (N’P-)completeness

(1) show “for all L’ according to definition
(1) use some known complete problems

Ex for (I) : Theorem 6.7,
Theorem 6.9(= Cook’s Theorem; simulate TM by SAT)

: x Basically...
Easy to manipulate 1

For any program in standard form,

since, €.g2., 3SAT has a 2. simulate it by SAT formulae
uniform st% —pretty complicated and tedious

Ex for (II): Example 6.4(3SAT<, DHAM), Theorem 6.10, ...

DHAM is N'P-complete for general graphs

DHAM is A'P-complete even for planar graphs
DHAM is N'P-complete even for graphs with max degree=3
DHAM is AN'/P-complete even for bipartite graphs ..,
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EI6.10: UTICHITHAERIEITRTNP-EL
(1) 3SAT, SAT (ExSATHh 5 DI JT)
(2) DHAM, VC (BSATH 5 MDIETT)
(3) KNAP, BIN (3SATASDETLEKNAP <, BIN)

() NPEEELA LM >TULSEREND ZIEKEFEHETT
1. 3SAT <P VC
2. DHAM <F’ [BEEORMNT R5IZH|IBRE-DHAM

4

Vertex Cover: § XNTDAD, VI EH—FDIERZECES
Hamiltonian cycle: $ XN TDIERZ—ET DEHEHEK

HFIT: DHAMIIRE# S R3TENPTEE,
=S R2=ELZERERE T E AT EE,
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Theorem 6.10 The following sets are all N'P-complete:
A A4 i AALA o A A ALA A AL Lllb VW VI WAL W Al VULLLI}L\/ VN o

(1) 3SAT, SAT (reduction from ExSAT)
(2) DHAM, VC (reduction from 3SAT) i
(3) KNAP, BIN (reduction from 3SAT and KNAP <, BIN)

(IT) Polynomial time reductions from A’P-complete problems:

1. 3SAT <P VC
2. DHAM Srz DHAM with vertices of degree =5

4

Vertex Cover: a vertex set that contains
at least one endpoint for each edge
Hamiltonian cycle: a cycle that visits each vertex exactly once

Note : DHAM remains N'P-complete even if max degree 3.
But it 1s polynomial time solvable 1f max degree 2.
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FEI6.10(2) : VC I NP T2 [ERE

[EEBH] VC € NP M T, 3SAT <" VC THAZEETREIELL,

RIER F(X,X,,.... X)) BEZBNT-ET B,
FOLLUTOEGEZHEIZT I 57EERBDME<G, k>H
ZIEX I TR TEAHIETTRT

FEIZT AN ANFET 2CH YA AKDTERBEEEHFD

GDER(FIENZEHMIEET D):

. FOEZEH X 12U TER XX &L x)ZMAS

2. FOFECH(;,; VI VI U TER |y, Ly, iy £,
(Ii2>|i3)9 (Ii3>|i1);{é7m%-é

3. C,DUTZIV I, B x DESXA( x") & —x; DESIFA
(LX) ZMA S,

4, k=n+2m
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Theorem 6.10(2) : VC is N'P-complete

[Proof] Since VC € NP, we show 3SAT <m VC.

For given formula F(X,,X,,...,X,), we construct a pair <G,k>
of a graph and an integer in polynomial time.

There is an assignment that makes F()=1
&G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;",x;” and the edge (x;",x;") for each variable x; in F

2. For each clause C;=(I;; V'I;, Vl;3) in F, add vertices I;y, I, |;; and
three edges (I;;,l;,), (Iip,li3), (lis.lip)

3. add the edge (l;;,x;") if the literal I, is x;, or add (I;;,x;) if it is —X;
for each clause Cj

4. letk=n+2m



FE1ICT BBLAFET HOCHY A XKDEAREERD

GDER(FIInZEHMIBELT D):

. FORBEH X [TRL.TER X x & DX x)ZEMA5

2. Fd)%IECj:(IiI\/Ii2\/|i3)':ﬂl’* AR lit, i, lig £38(15.15),
(li.1i3), (|i39|i1)€huié

3. HCDYUTII L A x DEEIFD(,,x7) & —x DEEIF
(L x) ZMZ 5,

4. k=n+2m

Bl F(X,%0.X0%,) = (X VX, VXD A (X, VX VX)) AKXV 1%V X,)




There is an assignment that makes F()=1 4/11
&G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices X;",Xi" and the edge (X;",X;") for each variable X; in F

2. For each clause C=(l;, \VVI,, VI;;) in F, add vertices I}, I;,, I;; and
three edges (Ii;,1;,), (lizlis), (s, liy)

3. add the edge (l;;,x;") if the literal |, 1s x;, or add (I;;,x;) if it is —x;
for each clause C;

4, letk=n+2m

Ex: F(X{,X0,X3,X4) = (X; VX VX)) A (X VX5 VX)) AV X5V Xy)
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GO¥ERIZ. 5ZzoNT-F IS5 F DY A XIZxd 52 I8
THEE , LI=A>TLUTZRBIE LKLY

FEIZT AN AN FET H2CH YA AKDTERBEEEHFD

TS

COEMMIEEDTAEAHESIE
£oT[S| = n2m=k TH5,

XTX DELLMNEED
CO3ERF. HIE2DET

Bl F(X,%0.X0%,) = (X VX, VXD A (X, VX VX)) AKXV 1%V X,)

k=4+2 X 3=10




5/11
It 1s easy to see that the construction of G from F can be done in

polynomial time of the size of F. Hence, we show that...
There 1s an assignment that makes F()=1
<G has a vertex cover of size k

Observation:
+ _
From the construction of G, { at least one of x, ?r X |
any vertex cover S should contain | at least 2 of 3 vertices in C,

Hence we have |S| = n+2m =K.

Ex: F(X{,X0,X3,X4) = (X; VX VX)) A (X, VX5 VX)) AV X5V Xy)

k=4+2 X 3=10




FEIIST BB SAFES oCHH A XKD THAREERD

ke v #3) X=1TED X ESICANDS
L ENTNDERXGDNY | ois xESIZ AN S
2. ENENDIEC=( I, 1) FFRRBEN TSN T,
RIEI DD TIILANIZDNWTIEIZEFHEDRB DA, X))
(X X, [SEOTHHEBESIN TS, LIE=A>T, T LD
ZOM)TIIL(,,1)E S ITANS,

= #=R LY, SIEH A XKDIERBEIZLED,
Bl F(X,%0.X0%,) = (X VX, VXD A (X, VX VX)) AKXV 1%V X,)

k=4+2 X 3=10




I there 1s an assignment that makes F()=1, 6/11

G has a vertex cover of size k
T = .
1. Put{ X ,lf Xi=1 } into S for each X;.
X 1f X;=0
2. Since each clause C=(l;;,l;,,1;3) is satisfied, at least one literal,

say li;, the edge (l;;,X;,) is covered by the variable X;,. Therefore,
put the remaining literals (l,,,l;;) into S.

= From the Observation, S is a vertex cover of size k.

Ex: F(X{,X0,X3,X4) = (X; VX VX)) A (X, VX5 VX)) AV X5V Xy)

k=4+2 X 3=10




G A XKD EEMEE > FEICT BELABETS

Y, o o |

1. #i% LU, HESKXEMNS2ME., EHHONMEDTERAZED,
2. ILIZREHXIZDNTIIX DX D—H LA,
BIECICOVNTIILEIE2DODTERLMSISEL EMNTELLY,
3. KO THIEECIISIZEENLZWITIILZEESTH,
CNIZHBET 28I A B EBEBSN TUORITIEGELELY,
o [ XTDSISEFENDES x=1 J FNSE| X (EE )
[ ARSI EN B o ) O P EFETET S
Bl F(X,%0.X0%,) = (X VX, VXD A (X, VX VX)) AKXV 1%V X,)

k=4+2 %X 3=10

QED.



If G has a vertex cover of size k, there is an assignment s.t. F()=1  7/11

1. From| Observation, a cover S contains 2m vertices
from the clauses, and n vertices from the variables.

2. Thus the cover S contains exactly one of X;" and X;” and
exactly two literals of a clause C;.

3. Hence each clause C; contains exactly one literal |; which is not in S,
and hence incident edge should be covered by a variable vertex.

Ex: F(X{,X0,X3,X4) = (X; VX VX)) A (X, VX5 VX)) AV X5V Xy)

— The following assignment satisfies F: {

k=4+2 X 3=10

QED.
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FE B TSELMA:
F(X,%0,%3) = (X; VX VXD A XV 7% V=) A (X VX5V X)
A (X VX, V TIX5)

KR TCTELEUVLFTIE, EDUTIILBTER TH/A—EN TLVEW
IHNAWNWT FET D, COIED)TZILIE3DEE Vertex Cover [Z
ANETBE540Y, &2 T Vertex Cover DY A XIE k+1LLEIZE S,
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Unsatisfiable example:

F(X,%0,%3) = (X; VX VXD A XV 7% V=) A (X VX5V X)
A (X, VX, VX))

When F is unsatisfiable, 1t contains at least one clause such that each
literal 1s not covered by a vertex. So, Vertex Cover should

contain three literals in the clause. Hence any vertex cover has size
at least k+1.
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Theorem: DHAM on a directed graph with max. degree=5
(abb. DHAM. ;) is A/P-complete X

[Proof]

Since DHAM € NP, DHAM _; €ENP.

We DHAM <, DHAM . .

Idea:

Replace the set of “arcs to v”
and the set of “arcs from v”

by a right ‘gadget’.

A Hamiltonian cycle through v

on the original graph
corresponds to the

Hamiltonian cycle through v

on the resultant graph.

9/11

degree: the number

1 of edges incident to

a vertex
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TIE: RS R5OEFMYS57L0D DHAM 1 NP 258

TATT:
RAUE: .
- BREAKIZLEADT =S O(log dy)
. k7 K NP
FTERIERE=5 E%: O(d)

[REBA(BE2E)]

B ZoN=957CORMMNULLEDFNFNDIESIZASIDE
H530% LEED gadget TE=HRZ 5,

1. TDTSI7GHnIEEMILTHHT-% 5, gadget TE=HEZ 1=
HEDTZIG L O(n+tmIER O(M)iBEid, Li-MA->TL
SLDETTIICHKESD ZIEA B THBE,

2. F-GC DI RTHDIERAIIIBIF-NENSTHS,

3. GHONIILAUBIBEL DG DNV VERERD  opp,



Theorem: DHAM on a directed graph with max. degree=5 10711

(abb. DHAM ;) is N'P-complete

Idea:

Points:
* Up to down via cycle
 Each vertex has deg=>5

| height: O(log d))
number: O(d;)

[Proof (sketch)]
For each vertex v of degree =6, replace the edges around v
by the gadget.
1. If the original graph G has n vertices with m edges, the
resultant graph G’ contains O(n+m) vertices with O(m) edges.
Hence the reduction can be done in polynomial time of n & m.
2. Each vertex in G’ has degree at most 5.
3. G has a Hamiltonian cycle < G’ has a Hamiltonian cycle. QED.
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* R. Uehara, S. Iwata: o - o .

Generalized Hi-Q 1s NP-complete, DNELLNTHHHENS

The Transactions of the IEICE, E73, p.270-273, 1990.
e P. Zhang, H. Sheng, R. Uehara:

A Double Classification Tree Search Algorithm for

Index SNP Selection, BMC Bioinformatics, 5:89, 2004.
* R. Uehara, S. Teramoto:

Computational Complexity of a Pop-up Book,

4™ International Conference on Origami in Science, Mathematics, and Education, 2006.
e R. Uehara:

Simple Geometrical Intersection Graphs,

3"d Workshop on Algorithms and Computation,

Lecture Notes in Computer Science, Vol. 4921, p.25-33, 2008.
*E. Demaine, M. Demaine, R. Uehara, T. UNO, Y. UNO:

UNO is hard, even for a single player,

5% International Conference on FUN with algorithms,

Lecture Notes in Computer Science, Vol. 6099, pp. 28-36, 2010.
e S. Teramoto, E. D. Demaine, R. Uehara:

Voronoi Game on Graphs and Its Complexity,

Journal of Graph Algorithms and Applications, Vol. 15, No. 4, pp.485-501, 2011
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