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6.2.2. E2 DA

NP ELMEDFERA &
() BREYIZ[TRTOLIZDWVTRY
(1) T TICEETHEI LA O > TS RHBEEFAET S

DH: EIE6.7, FEHE6.9(= Cook D FEH(SATTTMZE M)

HEAMIZE. ..

> I ZERBMTHUEETOISLEEZT
W=D TR 2. FOYSLOBEEGERER CEMTS
9Ly —ETHREFRLH N D)

3SATZE X, R

(I 5I: 1516.4(3SAT <, DHAM), E#6.10, ...
DHAMIE— DY 57 ETNPRES

DHAMIZFEEY SVIZBRELTENPRESE
DHAMIZTTE S DR =3 IIZFREL CLNPER
DHAMIZ2ERY ST REL THENPREZ...

6.2.2. Proof for completeness v

Two ways to prove (AP-)completeness
(1) show “for all L” according to definition
(I1) use some known complete problems
Ex for (I) : Theorem 6.7,
Theorem 6.9(= Cook’s Theorem; simulate TM by SAT)

; Basically...
Easy to manipulate 1. For any program in standard form,

since, e.g., 3SAT has a 2. simulate it by SAT formulae
uniform structure.

—pretty complicated and tedious

Ex for (II): Example 6.4(3SAT<; DHAM), Theorem 6.10, ...
DHAM is N'P-complete for general graphs

DHAM is AN/P-complete even for planar graphs
DHAM is N'P-complete even for graphs with max degree=3
DHAM is NP-complete even for bipartite graphs ...
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EH6.10: LTFIZHIFEEEIFTRTNVP-TE
(1) 3SAT, SAT (ExSATA S DIETT)
(2) DHAM, VC (3SATHHMD3ETT)
(3) KNAP, BIN (3SATAS DB TTEKNAP </ BIN)

(D) NPEEMEA LM > TS RREN B D B EAFETT:
1. 3SAT <F VC
2. DHAM <! TSR D R#HE 2 SI<HIBESh /-DHAM

Vertex Cover: TRTDEAD, DL —ADNTEREZELES
Hamiltonian cycle: ¥ R THDERE—E T OELHE

HFET: DHAMIZRE = 2R3 THENPESR,

=R 2ZEZBA B TR E AL,
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Theorem 6.10 The following sets are all A/P-complete:
(1) 3SAT, SAT (reduction from ExSAT)
(2) DHAM, VC (reduction from 3SAT)
(3) KNAP, BIN (reduction from 3SAT and KNAP Sr: BIN)

(I1) Polynomial time reductions from A/P-complete problems:
1. 3SAT <P VC
2. DHAM S; DHAM with vertices of degree =5

Vertex Cover: a vertex set that contains
at least one endpoint for each edge
Hamiltonian cycle: a cycle that visits each vertex exactly once

Note : DHAM remains A’P-complete even if max degree 3.
But it is polynomial time solvable if max degree 2.
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EH6.102) : VC [ NP E&RIRE

[RFBA] VC € NP 2D T, 3SAT < VC THAHZEETHIELLY,
HEX FX X, X,) BNEZDNIET B,
FALLUTOEGER-TI57EBRBDHEG, kA’
ZEAKETHERTESLETRT

FZUTRENANFETHOCH YA XKD TERHEBEFD

GOER(FIInEHMIEET B):

1. FORZEHH x ITRL.TBR X" x & B x)EMAD

2. FOZIEC; VI VISR L TR Ly, Ly, iy £38(05,1),
(., (i lipZEMZ S

3. ECOUTII I, Y x DEEFD(,. 1) & —x DEEFD
(IipX,-) Ebuiéo

4. k=n+2m

3/11
Theorem 6.10(2) : VC is A’P-complete \

[Proof] Since VC € AP, we show 3SAT < VC.

For given formula F(X,,X,,...,X,), we construct a pair <G,k>
of a graph and an integer in polynomial time.

There is an assignment that makes F()=1
G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices X;*,X; and the edge (x;",X;") for each variable X; in F

2. For each clause Cj=(I;, VI, VI;;) in F, add vertices I;;, Iy, I;; and
three edges (Iiy.l), (lip:lia), (liz.iy)

3. add the edge (l;;,x;") if the literal I, is X;, or add (I;;,x;") if it is —x;
for each clause C;

4. letk=n+2m




FECT BRI UAEET HOCH S (RO EAHEEED

GOER(FIInEHMIEET B):

1. FOEZRH x 1T/, THR ' x &L B x)EMZ S

2. Fa)%IECJ:(In\/Iiz\/lm)l:JTHA TER iy, I, iy £ L),
(o). () EMZ B

3. HCGDUTIII I, B x DEEXD(,x1) T X DEEE
By x) ZEMMZ B,

4. k=n+2m

BBl F (X)X, X3,%,) = (X, VX VX) A (TX VX VA XV %5V Xy)

There is an assignment that makes F()=1 4/11
<G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices X;*,x; and the edge (X;*,x;") for each variable x; in F

2. For each clause Cj=(I; V1, VI;;) in F, add vertices I;;, Iy, I;; and
three edges (I, ), (I, liz), (lis. 1)

3. add the edge (I;;,%") if the literal I;; is x;, or add (l;,,x) if it is —x;
for each clause C;

4. letk=n+2m

Ex: F(X),X0:X50X0) = (X VX VX)) A (73X, VX VXD A XV 1%V Xy)
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GO#RIZ. ExdNtz F hd F DY ARIZxT 2L ER R
THEE . LIz > TUTERE X&KL
FEIZT IR UM FET HOCH YA RKDTEREHELZED
h: T X X DELLNERE
COERMNEEDTEABESIE 010)3IE,;-EI=|3 CBiEDED
£2TIS| = nt2m =k TH 5,

Bl F(X) Xa0X3Xe) = (X VX VX)) A (%, VX3 VXA XV =%V Xy)

k=4+2x%3=10
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It is easy to see that the construction of G from F can be done in
polynomial time of the size of F. Hence, we show that...
There is an assignment that makes F()=1
<G has a vertex cover of size k

Observation:
+ -
From the construction of G, { at least one of x; (.>r %i )
any vertex cover S should contain | at least 2 of 3 vertices in C,;

Hence we have IS| = n+2m =k,

Ex: F(X),X0:X50%0) = (X VXV X3) A (77X, VX3 VX A (X V1%V Xy)

k=4+2x3=10

FEICT BEILUABEET 500 YA D AAHEERD O

NP o x=1725 " &#SICAND
L ENTROTR X ’5‘{ X=0%55 X ESIZ AN
2. FNENDIEC=(; ol EFEBSNTNEDT,
RIEIDDUTIIILIDIZDNTIIE S EDRE DA, .x,)
1 X, ITE>THBESIN TS, LIzAo T, Th LS D
ZODYTII(l)E S ITAND,

= B &Y. STV A RKDOTERBEIHD,

Bl F(X) Xp0X3Xe) = (X, VX VX)) A (7%, VX3 VXA XV %5V Xy)

k=4+2x3=10

If there is an assignment that makes F()=1, 611

G has a vertex cover of size k
1. Put{ X' ,1f Xi=1 } into S for each X;.
X 1if X;=
2. Since each clause Cj=(l;;,lip,l;3) is satisfied, at least one literal,
say l;;, the edge (l;;,X;,) is covered by the variable X;,. Therefore,
put the remaining literals (l;,,l;;) into S.

= From the|Observation, S is a vertex cover of size k.

Ex: F(X).Xp.X3.%,) = (X VX, VX)) A (7%, VX3 VXA (X V%5V X,)

k=4+2x3=10




YA RKDESHEEE = FEISTRRLAEETSE

1. 2 &Y. HESIXELIL2ME, EHEMGNMEDTERESD,
2. EBIZHREHXIT DOV TIE DX D—FH LD
BHECIIOVTHBLIE2DDTERLASISEL TEMTELLY,
3. EOTHRIACIFSITEFNHNITIILIESTA,
CRIZHEET B3SRBS TOEIFRIERSAL,
X HSIZEENBED x=1 } —
> [ SRR |evsmsureRET 5,

BBl F (X)X, X3,%,) = (X, VX VX) A (X VX VA XV %5V Xy)

k=4+2x3=10

QED.

If G has a vertex cover of size k, there is an assignment s.t. F()=1  7/11

1. From|{Observation, a cover S contains 2m vertices
from the clauses, and n vertices from the variables.

2. Thus the cover S contains exactly one of X;* and X; and
exactly two literals of a clause C;.

3. Hence each clause C; contains exactly one literal I; which is not in S,
and hence incident edge should be covered by a variable vertex.

= The following assignment satisfies F: Xi=1 ?f ol 'in S
X=01if X7 in S
Ex: F(X)X0.Xa.Xg) = (X V% VX) A (%, Vs VXD A X V%5V Xy)

k=4+2x3=10

QED.
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FE R TELELMAL
F(X1:%0%3) = (4 VX VXD A XV 7% V7% A (% VX3V X3)
A (X V%,V —X3)

FERTELEVFTI. EQVTIILETERTH/A—EN TV
ENLTEET S, COEDTFILIE3DES Vertex Cover [
ANTBEBAEL, &2 T Vertex Cover DY A XL k+1 UL EIZH S,
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Unsatisfiable example:

F(X1.%0,%5) = 04 VX VXD AV 7%V %) A (X VX3V X3)
A (X V%,V X3)

When F is unsatisfiable, it contains at least one clause such that each
literal is not covered by a vertex. So, Vertex Cover should

contain three literals in the clause. Hence any vertex cover has size
at least k+1.
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FE: R¥ERSOERY ST LD DHAM & NP ELR%E

[FEBA] (LEEDREIEZDHAM . LREED T D)

R ]ﬁﬁ(:1¢
DHAM_ ; BAPIZIE T 3014, DHAMAIAPI=| FET DIDEK

B3I noBHB, LIzh>TELMEERE LKLY,
DHAMS] DHAM_. &7,

FATT:
REIADTARV(E)D
(A-TKBLEE)E
(HTIKDEE)EEH
D gadget TEEHZ D

ERTVEIELITES
AR EERTVEIET
I+ EAERRIERIET 5,
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Theorem: DHAM on a directed graph with max. degree=5

(abb. DHAM - ) is N'P-complete degree: the number

[Proof] of edges incident to
Since DHAM € NP, DHAM.; ENP. a vertex
We DHAM <! DHAM_ .

Replace the set of “arcs to v”
and the set of “arcs from v”
by a right ‘gadget’.

e
=

A Hamiltonian cycle through v
on the original graph
corresponds to the
Hamiltonian cycle through v
on the resultant graph.




FE: REERSOEAS 57 L0 DHAM & AP seamE) !
TATT:

- BEIREENST
- BERFERHS5

=& O(log dy)
| fE % O(d;)

[FEBA(HE) %3

BEZont=057GHRBMNOULDFNFNDIERICADLE
Hi%i0% £SO gadget TEEMZ 5,

1. TOTSIGHnIEREMIBTHOI-HD, gadget TBEMRZ =
HEDTSIG’[E On+m)TER O(M)iBL#A D, LIzh>TL
REDETIECHOKXREZD ZLIBER FFHEITHEE,

2. FC DT RTOERIEREIEINENSTHD,

3. GHNIILI EBRELDOG ANILM BEBRERD

Theorem: DHAM on a directed graph with max. degree=5 10711
(abb. DHAM ) is N'P-complete

Points:
« Up to down via cycle
« Each vertex has deg=35

height: O(log d;)
number: O(d;)

[Proof (sketch)]
For each vertex v of degree = 6, replace the edges around v
by the gadget.

1. If the original graph G has n vertices with m edges, the
resultant graph G’ contains O(n+m) vertices with O(m) edges.
Hence the reduction can be done in polynomial time of n & m.

2. Each vertex in G” has degree at most 5.

QED. 3. G has a Hamiltonian cycle < G’ has a Hamiltonian cycle. QED.
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