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0e00D0SsS000000000000000O0O0O0000OIODODODDODDOOODODOODODODODOOOO
0000000200000 500000000000Choose 5 of 6 problems and answer them.
Write each answer in the blank after the problem. If it is not enough, use the back. Each

answer is up to 20 points, and your score is the summation of top 5 of the answers.

Problem 1: NOOUOOOOOOOOODOOOO N={0,1,2,3,...}00000000000000000O
000000000000 0D0000000D0000(Let N denote the set of non negative integers.
That is, we have N = {0,1,2,3,...}. Then, for each of the following propositions, specify that it

is correct or wrong with the description of reason.)

1. Yz e N)(By € N)[z+y=0]
2. Ve N)Fye N)zxy=0]
3. (JzeN)FyeN)zxy=1]
4. (3x € N)(Vy € N)[z x y =0]



Problem 2: G = (V,E) 000000000000 00000000000 O00OO0DOOOOO0OOOO
deg(v) 0000000 00Y, ., deglv) =2|E|000000000000000000000000
00000000 20000MOO0000000O(Let G=(V,E) be a graph. The degree of a vertex

vev deg(v) = 2 |E| holds. That

is, the summation of all degrees makes twice of the number of edges in the graph. Prove it.)

v, denoted by deg(v), is the number of edges incident to v. Then )



Problem 3: 0000000000000 O0O0OO00O0O0On0000D000000O0O0n—1000000
000 +0000000000D0O0O0O0O000000O0ODO00000OD00O0O0O0O 10000000
00002000000000000000000000000000000 -,y deg(v) =2|E|
0000000000000 000000000 (A connected acyclic graph is called a tree. Any
tree with n vertices consists of n — 1 edges. The degree of a vertex v, denoted by deg(v), is the
number of edges incident to v. A vertex of degree 1 is called a leaf. Prove that any tree with at

least 2 vertices has a leaf. You can use the equation ) , deg(v) = 2|E| in the previous problem

as a known fact.)



Problem 4: 00000000000 D=(Q,%,6,¢F)000000000DPOO0ON0O0DN L(D)O
00 LD)={z|2x¢ L(D)}000000000O0O0OOOOO D= (Q,%,§,¢,FY000O0
00Q,d,¢, FO00000000000000O(Let D =(Q,%,6,q, F) be a finite deterministic
automaton. Then construct the finite deterministic automaton D = (Q’,%,d’, ¢, F') that accepts

the language L(D) = {z | « ¢ L(D)}, which is the complement the language L(D) accepted by D.
Describe @', ¢, ¢/, and F’ clearly and formally.)



Problem 5: 00000000000 DOOUOOOUOOOODOOOOOOO L(D)ODOO L(D) ={x|
x¢ L(D)}0000000000000O0O0O0 DOOOO00OO0O0OO0O0O0O0OOOOOOOOOoOODO
oooo D,0 D, 000000000 D, 0000000 L(D,)O D,0000000O L(Dy)00O0O
0O LD)UL(D,)) 0000000000000 0O00 po00000oo0o0ooooooooo
0000000000000o0oooouooO D0 D, 00000D, 0000000 L(D,)0 Dy
0000000 L(D))0000 L(D)NL(D;)) 0000000000000 00O0 p"O000OO
0000000 (For any given finite deterministic automaton D, We suppose that we can construct
the finite deterministic automaton D that accepts the complement L(D) = {z | * ¢ L(D)} of
the language L(D) accepted by D. Moreover, for any given finite deterministic automata D; and
D5, we suppose that we can construct a finite deterministic automaton D’ that accepts the union
L(D;) U L(D3) of L(D;) and L(Dz). Then, show that for any given finite deterministic automata
D; and D5, we can construct a finite deterministic automaton D" that accepts the intersection
L(Dy) N L(Dy) of L(Dy) and L(D3).)



Problem 6: 0000000 ¥ ={(,)}0000000000000O0O0OO “«0 0000000

00000000000000000 ()0(()00(00(()))0000000000000(0()0)(O
))(0()(()00D0D000000000000000000000000000

e "0 % 0D000DDO
e 000DD00DD00DOODO[4000]-[%D000)>000000

o000 ¥ooooooooooooooobooobUooobobooobooOoobOoooobooo
G=(V,X,P,S)00000 (We consider a language of parentheses, i.e., ¥ = {(,)}. The language
consists of sequences of balanced string over “(” and “).” For example, (), (()), ()(), and (()()) are
balanced, but (, ()), )(, )O)(, and ())(() are not. That is, a sequence is balanced if and only if

e the number of “(”s is equal to the number of “)”s, and

e [the number of “(”s]—[the number of “)”s|> 0 holds for any prefix subsequence of the sequence.

Give a context free grammar G = (V, X, P, S) that only generates all balanced sequences.)



