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e Goal 2:

— How can you show “Difficulty of Problem”

e There are intractable problems even if they are
computable!
— because they require too Many resources (time/space)!
e Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction



N

d—)L2:
— fEED

A

ETEEDHE

[T1L
|

HSIZTRT HETES

e FTEAIEELMBIEETHHOTH. FICAZLIGEGENHS !
— FHEIZHELER (FMHE-fER) N2 TEF5HLEE
- B EI HEFALE;

5 ANP, PzNPF 18, NPEREE 1, 12T



5. Computational Complexity

5.2. Representative Time Complexity Classes
5.2.2. Representative problems and their complexity

5.2.2.1. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<ay a0, ..,a0,>>
F is an extended propositional expression

" (a,, a,, ..., a, ) is a truth assighment to F
Question: Flay, ay, ..., a,) =17

PROP-EVAL € P

X—Y XY

%Y) [ (TXVY) [(X=Y)A(Y—X))
(0,0 | 1 1

0,1) | 1 0

(1,0) | 0 0

(1, |1 1
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5.2.2.1. anEimIE X D (Ml (PROP-EVAL)
AJ:<F,<ay,a,, ..,a,>>
F ISt AR S AR
“(a, 0y o, 0 IEFADEBIEZIAT
B[M: Flay, a,, ..., a,)=1?

PROP-EVAL € P

X—Y XY

%Y) [ (TXVY) [(X=Y)A(Y—X))
(0,0 | 1 1

0,1) | 1 0

(1,0) | 0 0

(1, |1 1




5. Computational Complexity

5.2. Representative Time Complexity Classes

5.2.2. Representative problems and their complexity

5.2.2.2. Satisfiability (SAT)
Input:<F> Fis conjunctive normal form
Question: Is there any assignment such that F(a,, a,, ..., a,) =17

Conjunctive Normal Form (CNF)

F=(OVOV.VOAOV..VO)A. Al(.)
- described by A of V of literals.

k SAT: Each closure contains k literals ﬁ exactly/at most

We can define 2SAT, 3SAT, 4SAT, ...

SAT consists of any CNF.

EXSAT consists of any extended propositional expression.
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5.2.2.2. T B Al BETE (SAT)
ANT1:<F>F I FNFEEXERS
Bf: Flay, ay ., 0,) = 1ETREBEBLTHELETEN?

FIFIEZERZ (CNF)
F=(OVOV.VOAOV..VO)A..Al.)
“UTIIILDOVDATREEINSK

kSAT: EIEMN kB D) TIILEESD ﬁ HEIE /==

2SAT, 3SAT, ASATH RIHRICTEZ TE .

SAT [Z1EE D CNF %E‘FT
EXSAT [3YLsEmmRERmIBEX (V, A, > ) ZEFT



5. Computational Complexity

5.2. Representative Time Complexity Classes

5.2.2. Representative problems and their complexity

5.2.2.3. Graph reachability problem (ST-CON)
Input:<G,s,t>: an undirectd graph G, 1=s,t=n(=|G|)
Question: Does G have a path from sto t?

5.2.2.4. Euler cycle problem (DEULER) y A;itualéy, |
Input:<G>: a directed graph G irected/undirecte

Question: Does G have an Euler cycle? cycle/path
do not matter

5.2.2.5 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

» Cycle is a path that shares two endpoints.
» Euler cycle is a cycle that visits all edges once.
»Hamiltonian cycle is a cycle that visits all vertices once.
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5.2.2.3. 7 57D EE R gEME I RE (ST-CON)
AT1:<Gst>: BMT 5T G, 1=5,t=n(=|G|)
B GlE s B t ~DRBREFOMN?

5.2.2.4. 714 5—FAK R %E (DEULER) %Bf%liﬂ(i,
AN <G> BRI TG A n)/EMm
B G A AS—FARZEHFOM? PR/ /N A

ELVOEWIREREIZZE S0
5.2.2.5 /\3 )L BB RE (DHAM)
AT :<G>: BMRYJ 576G
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5. Computational Complexity

5.2. Representative Time Complexity Classes

5.2.2. Representative problems and their complexity

It is known that:

» The following problems are in P:
v'PROP-EVAL, 2SAT, ST-CON, DEULER

»The following problems are in &, but...
v'3SAT, DHAM

(0D
The class \/P between P and &?
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5. Computational Complexity
5.3. Class NP

5.3.*%. Nondeterministic computation

Some problems (like 3SAT, DHAM, etc.) have

a common and natural property;

e once you get a solution, you can check it efficiently

e without solution, it seems to be quite difficult; you
may check all possibilities

 Many natural problems have this property in

the real problems.

* This property leads us to the notion of
“nondeterministic computation”
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5. Computational Complexity
5.3. Class NP

5.3.*%. Nondeterministic computation

“Nondeterministic computation”
* From the viewpoint of Function:

input X e—) r mesmmm) output y (O or 1)

t “witness” w

L is called an AP set if there is a function F s.t.
1. For each x, there is a binary string “witness” w s.t.

2. |wl]| is bounded by a polynomial of |x|
3. Frecognizes x€L with win polynomial time of |x| and |w|

c.f. . N'P=Nondeterministic Polynomial
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5.3 FREMEGTHEEIE
[IERTEESTHE ]
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AT X oy )y (O0r 1)
t [EEHL ] w

LT DOREMFNTFET HEEL IINPEEEHEENS:

1. BxITRLT, 245 DTEEL ) w BNFTE
2. |w|[E |x|DZEXTLEMIGHIZENS
3. FlE|x|&Elw|DZIEXEGR TWEE>TXxELZEHET S

c.f. . N'P=Nondeterministic Polynomial



5. Computational Complexity

5.3. Class NP
5.3.*%. Nondeterministic computation Such a Sltlri(rj\g
“ . ., w is calle
Nondeterministic computation witness”

* From the viewpoint of Logic:

Suppose that we have a polynomial g and
polynomial time computable predicate R for a set L such that

for each xeX*,xe L« IweX :|w<q( x|)[R(X, W)]
" L= {x:3we S| wi< ( x|) AR W]}

Then, L is called an AP set, and the problem of
recognizing L is called an AP problem.

Also, the whole set of NP sets is called the class NP.
c.f. . N'P=Nondeterministic Polynomial
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5. Computational Complexity
5.3. Class NP ,___
A “nondeterministic choice”

5.3.*. Nondeterministic computation | isa kind of parallel computing

that generates two branches.

“Nondeterministic computation”
* From the viewpoint of Turing Machine:

Suppose that Turing machine has “nondeterministic choice”
that admits us to two possible choices at the same time;
i.e., it has “one of two cases (0) and (1)” statement.

* A nondeterministic choice allows to assume of two choices
and it will be “true” if “at least one of them is true”.

Then, NP problem L can be recognized by a
nondeterministic Turing machine in polynomial time.

c.f. . N'P=Nondeterministic Polynomial
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5. Computational Complexity
5.3. Class NP

5.3.*%. Nondeterministic computation

* From the viewpoint of the computation tree of
a Turing Machine:

e Computation tree of a deterministic Turing machine forms a path;

initial state accept/reject state

e Computation tree of a nondeterministic Turing machine forms a tree;

initial state

» each computation halts in an accept/reject state or loop.
* it accepts if the tree has at least one “accept” in poly-length.
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5. Computational Complexity

5.3. Class NP The witness w
gives the right
5.3.*. Nondeterministic computation choices

* From the viewpoint of the computation tree of

a Turing Machine:
e Computation tree of a nondeterministic Turing machine forms a tree;

initial state

each computation halts in an accept/reject state

An NP problem L is recognized by a nondeterministic Turing

machine in polynomial time. That is, there is a computation
path to an accept state of length polynomial of n.
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5. Computational Complexity

5.3. Class NP

5.3.1. Representative AP problems

 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

* We can certainly check all possible
permutations of n, that counts
up tonl~nn"...
it takes exponential time.

* If G has a Hamiltonian cycle C, and
we have it as a witness, we can check
that it surely a Hamiltonian cycle.
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1,6,2,7,4,5,3,1

5. Computational Complexity

5.3. Class NP

5.3.1. Representative AP problems

 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

* We can certainly check all possible
permutations of n, that counts
up tonl~nn"...
it takes exponential time.

* If G has a Hamiltonian cycle C, and
we have it as a witness, we can check
that it surely a Hamiltonian cycle.




1,6,2,7,45,3,1
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5. Computational Complexity

5.3. Class NP

5.3.1. Representative AP problems

e SAT, kSAT, ExSAT (Satisfiability)
Input:<F> Fis conjunctive normal form
Question: Any assignments. t. F(a,, a,, ..., 0, ) =17

e If Fis satisfiable by an assignment A, and we have it as
a witness, we can check it in polynomial time by
the same way as the PROP_EVAL.

* We can certainly check all possible assignments of (a,, a,, ..., a,).
The assignments are 27, that takes exponential time.
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o SAT, kSAT, EXSAT (7t & Al BET4)
ANJ1:<F> FIXFEEZER dn B imIE
BfE: Flay, ay ..., 0,)=1EEHEI A TIEFRE?

FERRETDEIZTADNHDED,
FNEIIMELTHEELY, PROP_EVALD EZLRILAET
ZIBAFFE TFIVITES.

{5540, 0y ., 0, ) DT RTODRIRELEIYTE
FIuh T B EFTEDA, AREAE Uél’CO)ﬂElz:ﬂ
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5. Computational Complexity

5.3. Class NP
5.3.2. Another aspect of the AP problems

e What does it mean by being an AP set?

* Using g and R satisfying the predicate characterizing an
NP set, we can determine “x€L?” in the following way.

for each W e 259D do
if R(x, w) then accept end-if

end-for;
reject;

If we enumerate and check all possible strings of length at most
g(|x|), we can accept or reject them.
Here note that there are 249(x1) (exponentially many) such strings.

We may think that those sets recognizable as above are AP sets.
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5.32. NPEIREZAMDHERA L RS

‘NPEBTHACEDERKIL?
N B RIBICKADNP EEDFEHTITTHTE g L REFEDL,
xeR | EVVSEBERIZRDTILTYALTEZDAIENTES.

for each w e X9 ¢o

if R(x, w) then accept end-if
end-for;
reject;

REIGRq(Ix|)DITARTHOXFIZFEXIZHZELTFIVIT
N, ZEBF-IIEEEZHIERTES.

fzf=L, SHLI=3F A F200) (FE R RS RY) BY 5.
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5. Computational Complexity

5.3. Class NP

5.3.3. More representative AP problems
* Knapsack Problem (KNAP)

Input: n+1 tuple of natural numbers<a,, a,, ..., a,, b>
Question: Is there a set of indices S & {1, ..., n} s.t. Z . a = b?
le

* Bin Packing Problem (BIN)

Input: n+2 tuple of natural numbers<a,, a,, ..., a,, b, k>

Question: Is there a partition of a set of indices U={1, ..., n}
. -
into U, ..., U, such that Zier a. <b foreach;:

* Vertex Cover Problem (VC)

Input: pair of undirected graph G and natural number k <G, k>
Question: Is there a vertex cover of k vertices over G?

Vertex Cover S contains at least one of u and v for each edge {u,v}.
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o 7T Yy IRERE (KNAP)
A1 BA#Dn+1{E#E< a0y, a,, ..., a,, b>
B RAFORESCS{L,..,nTY a=b Z&ELTILOEHEH?

e EEEORIRE (BIN)
AT BR#EDn+2{E@#<ay, a,, ..., a0, b, k>

Yo7 = =5 3
S BRFOEE U=(L, .., n) DHEIU,, .., UT 2, & <b

ET-TEDIEHHM? |

° TEM\\*&EFEEL (VC
AT BMT 576 EEBAREKDE <G, k>

Eff: GLIZKES k DIERBEILTFET 5DV

BEEE S &I, B3B{uvIZLTuvd P iKEL
EEoMN—AZSKTUTERES




5. Computational Complexity
5.4. Class coN'P

Definition
A set L is in co NP if and only if its complement belongs to N'P.

Theorem
For every set L, the following conditions are equivalent.
(a) L Eco-NP
(b) The set L can be represented as
L={X:vweX*: |wi<q(|X)[Q(X,W)]}
by using some polynomial g and polynomial-time
computable predicate Q.

[Note] It is nonsense to define coP since it is equal to P.
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T
& LA coNP [ZBT DB+ S,
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EIE
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(a) L Eco-NP

(b) LITZERqEZIERBB T E TEAMEQEFEST
ROFIITETD: L={x:vwez*: |w<q(xQ(xX, W)}

[EE] coP IIPERHETHAENTCIZTHMNSD T,
ExLTHEEK.




5. Computational Complexity

5.5. Relations in the Complexity Classes
Theorem P & £ & EXP

We have a proper

. o hierarchy
Proof: Obvious from the definition. -
Theorem P ¢ & G EXP <
Proof: Out of scope in this class... P

(Brief idea: We can use diagonalization
to show a hierarchy theorem that says
TIME(t,(n)) & TIME(t,(n))
for, e.g., t;(n)*=0(t,(n))).
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem
(L)YP S NP, P < coNP(.".P S NP N coNP)
QNP S EXP, coNP S EXP (.. NP U coNP S EXP)

Proof (Outline):
(1) PENP (P S coNP is similar)
lgnoring the “witness” in the definition of NP,
we immediately obtain the definition of P.
(2) NPSEXP (coNPZS EXP is similar)
For the “witness” w of length m, we can check all possible
strings of length m in exponential time.
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(L)P S NP, P ScoNP (.. P S NP N coNP)
QNP € EXP, coNP S EXP (.- NP U coNP S EXP)

=1 BA (1L RR):

(1) PENP (PS coNP £ FE#k)
NPDEZDHDIEIHL | 7B T NIL,
PHDEZERELZLDINEFELNSD.

(2) NPS EXP (coNPCS EXP HEHR)
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem
(1) NP S coNP 2> NP = coNP

(2) coNP € NP > NP =coNP
(3) NP #coNP > P NP

Note: From (3), proof for N'P # co-N'P is harder than that for P z N/P.
Proof :

(1) NP € coNP 2> NP = coNP
By assumption, it is sufficient to show that coN'P S NP.
We will prove LENP for any LE coNP.
L €E coNP& L E NP (by Definition)
> L € coNP (NP E co-NP) _
<L e NP (Definition and L=L )
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(1) NP S coNP 2> NP = coNP
(2) coNP € NP > NP =coNP
(3) NP #coNP = Pz NP

T (3)kYNP 2 co-NP DEEBAILP 2 NPOIEBE LY HEELLY.
AR
(1) NP € coNP 2> NP = coNP
RE XY coNP S NPETEILKL.
Z_THRED LEONPIZHLTLENP R
LE cONPOLENP (EELY)
> L € coNP (NP S co-NP)
SLENP (BERELELLY)




5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP S coNP 2> NP = coNP
(2) coNP € NP > NP =coNP
(3) NP #coNP > P NP

Note: From (3), proof for NP # co-N'P is harder than that for P # N'P.
Proof: (3) NP # coNP > Pz NP
Contraposition: P = NP > NP =coNP
If we assume P=A/P, for any L we have

LENP & LEP (P=NP)
& LEP (P=coP)
& LENP (P=NP)

& [ (=L) € coN'P (Definitions of A’P/co\’P)
"o NP = coNP Q.E.D.
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(1) NP & coNP > NP = coNP
(2) coNP € NP > NP =coNP
(3) NP 2coNP = Pz NP

E: (3)KYNP £ co-NP DEEBAIEP 2 NPOFEEALYLEELLD.
SEBH: (3) VP 2 coNP > P2 AP
UTDOxEZTRT : P=NP > NP =coNP
P=NPERET DL, EFEDEE LICHLTUTZRES

LENP & LEP (P=NP)
& LEP (P=coP)
& LENP (P=NP)

& 1 (=1)EcoNP (NP/coNPDEZ &KUY
S NP =coNP Q.E.D.




5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP 2> NP = coNP
(2) coNP & NP > NP =coNP
(3) NP £ coNP > Pz NP

We strongly believe that P # AP, and then we have

£ Y 4

or
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(1) NP € coNP > NP = coNP
(2) coNP € NP > NP =coNP
(3) NP #coNP > P NP
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