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Computational Complexity

e Goal 2:

— How can you show “Difficulty of Problem”

e There are intractable problems even if they are
computable!
— because they require too Many resources (time/space)!
e Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction
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6. Analysis on Polynomial-Time Computability

6.2. Completeness

There are two ways to prove (NP-)completeness:

1. show ‘for all I according to the definition
. Cook’s Theorem; he simulated Turing machine by SAT in 1971!

: Basically...
Easy to handle since, e.g., 1 F in standard f
3SAT has a uniform structure. ' _Or any p.rogram 'n stahdard torm,
2. simulate it by SAT formulae
T > pretty complicated and tedious

2. use some known complete problem as a seed

. 3SAT§FF[’] DHAM,|3SAT <" VC,...
e  Thousands of NP-complete problems are reduced from 3SAT!

. E.g., from “DHAM is NP-complete for general graphs”, we have

— DHAM is NP-complete even for planar graphs max
DHAM is NP-complete even for graphs with max degree=3 4 degree=5

— DHAM is NP-complete even for bipartite graphs...
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6. Analysis on Polynomial-Time Computability

6.2. Completeness

Theorem VCis NP-complete
[Proof] Since VC € NP, we show 3SAT <" VC.

For given formula F(x,,x,,...,x,), we construct a pair <G, k>
of a graph and an integer in polynomial time such that:

There is an assignment that makes F()=1
<G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x; and the edge (x*,x;) for each variable x; in F

2. Foreach clause C=(/;; VI,V 3) in F, add vertices I}, I, I;; and three
edges (lip, 1), Ui lis), (li3,1)

3. addthe edge (/,,,x;) if the literal [, is x, or add (/.;,x;) if it is —x;for
each clause C

4. letk=n+2m
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Theorem VC is NP-complete

There is an assignment that makes F()=1
<G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x” and the edge (x;*,x;) for each variable x; in F

2. Foreach clause C=(/; VI,V 3) in F, add vertices I, I,,, I; and
three edges (/.,,1,), (1,.13), (15,1,1)

3. addthe edge (/,,x*) if the literal /., is x, or add (/.,,x;) if it is —x;for
each clause C,

4. letk=n+2m

Ex:  F(x,x%3,%,) = (X, VX V) A (T Vs V) AV =3 V x,)

k=442 X 3=10




FIE VCIINPSEL R RE

FINSGOMALIE, BISM - S EXBMCTRETHD.
LiehtoT, MTEERTRIEEN: [0 o

G NARSSADTERBEEZLD

COBHSEND, THRHE S X { Xt orx; MBHEER—D

UTFOEAELTES
= CD=DDIEEIBDHEEL =D

RABFIAERIE—DBEL!
Bl Fx,xx3%,) = (5, VX, V) A (T, Vs VX)) AlxV —x3 V x,)

k=442 X 3=10

KoT|S| 2 n+2m=k




Theorem VC is NP-complete

It is easy to see that the construction of G from F can be done in polynomial
time of the size of F. Hence, we show that...

There is an assignment that makes F()=1
<G has a vertex cover of size k

From the construction of G, { at least one of x* or x;

any vertex cover S should contain o
at least 2 of 3 vertices in C;

Hence we have |S| 2 n+2m = k.
We have no extra vertex!!

Ex:  F(x,x%3,%,) = (X, VX V) A (T Vs V) AV =3 V x,)

k=442 X 3=10
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Theorem VC is NP-complete

There is an assignment that makes F()=1
=G has a vertex cover of size k

1. Put | % =1 into S for each x..
x; if x=0

2. Since each clause C=(/;,,1;,,1;3) is satisfied, at least one literal,

say /., the edge (/.,x,;) is covered by the variable x;,. Therefore,
put the remaining literals (/,,/;) into S.

= From the _ S is a vertex cover of size k.

Ex:  F(x,x%3,%,) = (X, VX V) A (T Vs V) AV =3 V x,)

k=442 X 3=10
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Theorem VC is NP-complete

If G has a vertex cover of size k, there is an assignment that makes F()=1

1. From _ a cover S contains 2m vertices

from the clauses, and n vertices from the variables.

2. Thus the cover S contains exactly one of x;* and x; and
exactly two literals of a clause C,.
3. Hence each clause C; contains exactly one literal /; which is not in S,

and hence incident edge should be covered by a variable vertex.
x=1lifx*in$S J

= The following assignment satisfies F: |
€ Toliowing assignment satisties X,-=O ifx,.'inS

Ex:  F(x,x%3,%,) = (X, VX V) A (T Vs V) AV =3 V x,)

k=442 X 3=10

Q.E.D.
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Theorem VC is NP-complete... Addition

What happen if the formula is not satisfiable?

F(x3,%5,%3) = (X VX VXA (T V60V —00) A (G Vs Vixa) A (T, Vi, V —xg)

G

k=3+2X4=11

If Fis unsatisfiable, it contains at least one clause s. t. each literal
is not covered by a vertex. So, Vertex Cover should contain three
literals in the clause. Hence any vertex cover has size at least k+1.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness

Theorem

degree: the number of
edges incident to a vertex

N\

DHAM is NP-complete even if maximum degree=5.

[Proof]

Since DHAM & NP, DHAM <5 ENP
We show DHAM <. +DHAM ..

Replace the set of “arcs to v”
and the set of “arcs from v”
by a right ‘gadget’.

A Hamiltonian cycle through v
on the original graph
corresponds to the
Hamiltonian cycle through v
on the resultant graph.
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6.2. Completeness

Theorem DHAM is NP-complete even if max. degree=5.

Points:

e Up to down via cycle |

e Each vertex has deg=5 Hd_ﬂ | height: O(log d))
4 212 number: O(d))

[Proof (sketch)] i

For each vertex v of degree=6, replace the edges around v by
the gadget.

1. If the original graph G has n vertices with m edges, the resultant graph
G’ contains O(n+m) vertices with O(m) edges. Hence the reduction can
be done in polynomial time of n & m.

2. Each vertex in G” has degree at most 5.

3. G has a Hamiltonian cycle < G’ has a Hamiltonian cycle. QED
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