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Computational Complexity

e Goal 2:

— How can you show “Difficulty of Problem”

e There are intractable problems even if they are
computable!
— because they require too Many resources (time/space)!
e Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction
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5. Computational Complexity

5.1. Time Complexity Classes

5.1.3. Time complexity of a problem

Definition: For a function t(n) over natural numbers, the set of all sets
(i.e. recognition problems) with time complexities O(t(n)) is
called O(t(n))-time complexity class, and it is denoted by TIME(t(n)).
Such a function t(n) is called a time limit.

5.2. Representative time complexity classes

Up polynomlal (p()

E = TIME(2¢
Uc>1 (27)

exp =\UJ TIME(2°!))

p:polynomial

Cset: setinthe complexity class C.
C problem: problem of recognizing a C set.
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Ex.5.1: Polynomial makes no serious difference in the classes
P, E, EXP.
P: polynomial X polynomial->polynomial
E: linear power of 2 X polynomial = linear power of 2
EXP: poly. power of 2 X poly. = poly. power of 2

Ex.5.2: Complexity class of PRIME
Ex.4.7 2 PRIME € TIME(2/)

Def.5.1: T: set of time limits
Ut ETTIME(t): T time complexity class
—It is denoted by TIME(T).

C
Theorem5.1 (1) P = U oTIME(F),  (2) EXP = U oTIME(2")




$15.1: 25 AP, E, EXPTIL, ZIEABFMEEEDEWIIRE
TIE7RLN.
P: ZIET x ZIEFX>LZIES
E:2D#EHE X ZIEX 2 20K E
EXP: 2D ZIEHE X ZIEX > 20ZIEAE

5]5.2: PRIMEDETEEYIS X
{514.7 > PRIME € TIME(2))
#(Z, PRIME € E

EES.L T HIRFRIORS

U, o TIME(t): TESRREH B E V5 R
STNETIME(T)EXRT .

FIE5.1: (1) P = UssGTIME(K),  (2) EXP = Ucs0TIME(2')
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Theorem 5.1: (1) P = U5oTIME(F), (2) EXP = U, TIME(2')

Proof: The proof of (2) is omitted.
T,: set of polynomials of the form of /.
T,: set of all polynomials

-2 since T, €T,, TIME(T,) & TIME(T,)
p: arbitrary polynomial (p is any element of T,)

if the maximum degree of a polynomial pis k, p(/) = O(/¥)
Now, for any times t,t,,

t,=0(t,) implies TIME(t,) & TIME(t,)

Therefore,

TIME(p(/)) € TIME(/) € TIME(T,)

Therefore, TIME(T,) = TIME(T,)

Q.E.D.




5.1: (1) P= U gTIME(F),  (2) EXP= U_ o TIME(2" )

SEEA: (2)DEERR XA RS,
T fELVOEZDZIERDES.
T,: ZIHKD LA
> T, € T, 7EMT, TIME(T,) € TIME(T,)
p: FEDZER (pIITOEENDER)
ZIAXp DI RRZTkET HE, p(l) = O
CCT.IRNTOHIREM ¢,¢ ITxFL.
t,=0(t,) 1E5 X TIME(#) S TIME(Z,)
Lf=A>T
TIME(p(/)) € TIME(X) S TIME(T,)
&2 T TIME(T,) = TIME(T,)
alE BA#&




5. Computational Complexity

5.2. Representative Time Complexity Classes
5.2.2. Representative problems and their complexity

5.2.2.1. Problem of evaluating propositional expression(PROP-EVAL)
Input:<F,<ay a,, ..,a,>>
“F is an extended propositional expression

* (a4, a,, ..., a, ) is a truth assighment to F
Question: Flay, ay, ..., a,) =17

X—Y XY

%Y) [ (XVY) [(X=Y) A (Y—X))
(0,0) | 1 1

©0,1) | 1 0

(1,0) | 0 0

(1, |1 1
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X—Y XY
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©0,1) | 1 0

(1,0) | 0 0

(1, |1 1




5. Computational Complexity

5.2. Representative Time Complexity Classes

5.2.2. Representative problems and their complexity

5.2.2.1. Problem of evaluating propositional expression (PROP-EVAL)
Input:<F,<a,, a,, ..,0,>>
*F is an extended prop. expression
“(a,, a,, ..., a,)is a truth assignment to F
Question: F(ay, gy, ..., a,) =17

PROP-EVAL € P

Construct a computation tree from a code of F.

It is built in time O(| F|3). F(0,1,0)=1
Once computation tree is built,
we can easily obtain the value F(1,1,0)=0

F(a,, a,, ..., a,) in a bottom-up fashion.

Ex.: F(xy, X5, X3) = D A T %]V X — Xx3]

computation tree
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5.2.2.1.8n 8 imIE =X D 51{f (PROP-EVAL)
AJI1:<F,<a,, a,, ..,aq, >

“F ld:?IE%E SmIE
(0, 0y -, 0, )'i FADEBIESIHT
Bf: Fla, ay ...,a,)=1?

PROP-EVAL € P
FOIO—FMoETEKRFES.

FBEEIZWELERMIX O(|F|3). F(0,1,0)=1
OEFEUVEHERNTES L,
MRELT7YTIZEHET BHE F(1,1,0)=0

Fla,, a,, ..., a,) DIEIXEEITKFS.

Ex.: F(xy, X5, X3) = Dy A T %]V X — Xx3]




5. Computational Complexity

5.2. Representative Time Complexity Classes

5.2.2. Representative problems and their complexity

5.2.2.2. Satisfiability (SAT)
Input:<F> Fis 2-conjunctive normal form
Question: Is there any assighment such that F(a,, a,, ..., a,) =17

Conjunctive Normal Form (CNF)

F=( 'V V..V )JA( V..V )A.AL(.)
- described by A of V of literals.

k SAT: Each closure contains k literals ﬁ exactly/at most

We can define 3SAT, 4SAT similarly.

SAT consists of any CNF.

ExSAT consists of any extended propositional expression.
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5.2.2.2. FTE B Al BETE (SAT)
AFT:<F> F & 2-FFEIE#E TS
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FIFIZEZERZ (CNF)
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SAT [Z1EE D CNF %E‘FT
EXSAT [XLsEmmERIERX (V, A, > ) ZEFT



5. Computational Complexity

5.2. Representative Time Complexity Classes

5.2.2. Representative problems and their complexity

5.2.2.3. Graph reachability problem (ST-CON)
Input:<G,s,t>: an undirectd graph G, 1=s,t=n(=|G|)
Question: Does G have a path from sto t?

5.2.2.4. Euler cycle problem (DEULER) y A;itualéy, |
Input:<G>: a directed graph G irected/undirecte

Question: Does G have an Euler cycle? cycle/path
do not matter

5.2.2.5 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

» Cycle is a path that shares two endpoints.
» Euler cycle is a cycle that visits all edges once.
»Hamiltonian cycle is a cycle that visits all vertices once.
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5. Computational Complexity

5.2. Representative Time Complexity Classes

5.2.2. Representative problems and their complexity

It is known that:

» The following problems are in P:
v'PROP-EVAL, 2SAT, ST-CON, DEULER

»The following problems are in E, but...
v'3SAT, DHAM

(D
The class NP between P and E?
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5. Computational Complexity

5.3. Class NP
5.3.*%. Nondeterministic computation

Some problems (like 3SAT, DHAM, etc.) have

a common and natural property;

e once you get a solution, you can check it efficiently

e without solution, it seems to be quite difficult; you
may check all possibilities

 Many natural problems have this property in

the real problems.

* This property leads us to the notion of
“nondeterministic computation”
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5. Computational Complexity

5.3. Class NP

5.3.*%. Nondeterministic computation
“Nondeterministic computation”
* From the viewpoint of Function:

input X e—) r mmmmmm) output y (0 or 1)

t “witness” w

L is called an NP set if there is a function F s.t.
1. For each x, there is a binary string “witness” w s.t.

2. |wl| is bounded by a polynomial of |x|
3. Frecognizes x€L with win polynomial time of |x| and |w|

c.f.:NP=Nondeterministic Polynomial
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c.f.:NP=Nondeterministic Polynomial



5. Computational Complexity

5.3. Class NP
5.3.*%. Nondeterministic computation Such a Sltlri(rj\g
“ . ., w is calle
Nondeterministic computation witness”

* From the viewpoint of Logic:

Suppose that we have a polynomial g and
polynomial time computable predicate R for a set L such that

for each xeX*,xe L« IweX :|w< q( x|)[R(X, W)]
l.e.,

L={x:qweZ*[|w=q( X]) AR(X,W)]}
Then, L is called an NP set, and the problem of

recognizing L is called an NP problem.

Also, the whole set of NP sets is called the class NP.
c.f.:NP=Nondeterministic Polynomial
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5. Computational Complexity

5.3. Class NP o
A “nondeterministic choice”
5.3.*%. Nondeterministic computation | isakind of parallel computing

that generates two branches.

“Nondeterministic computation”
* From the viewpoint of Turing Machine:

Suppose that Turing machine has “nondeterministic choice”
that admits us to two possible choices at the same time;
i.e., it has “one of two cases (0) and (1)” statement.

* A nondeterministic choice allows to assume of two choices
and it will be “true” if “at least one of them is true”.

Then, NP problem L can be recognized by a
nondeterministic Turing machine in polynomial time.

c.f.:NP=Nondeterministic Polynomial
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5. Computational Complexity
5.3. Class NP

5.3.*%. Nondeterministic computation

* From the viewpoint of the computation tree of
a Turing Machine:

e Computation tree of a deterministic Turing machine forms a path;

initial state accept/reject state

e Computation tree of a nondeterministic Turing machine forms a tree;

initial state

* each computation halts in an accept/reject state or loop.
* it accepts if the tree has at least one “accept” in poly-length.
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5. Computational Complexity

The witness w
5.3. Class NP gives the right

5.3.*. Nondeterministic computation choices
* From the viewpoint of the computation tree of

a Turing Machine:
e Computation tree of a nondeterministic Turing machine forms a tree;

initial state

each computation halts in an accept/reject state

An NP problem L is recognized by a nondeterministic Turing
machine in polynomial time. That is, there is a computation
path to an accept state of length polynomial of n.
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5. Computational Complexity

5.3. Class NP

5.3.1. Representative NP problems

 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

* We can certainly check all possible
permutations of n, that counts
uptonl~nn...
it takes exponential time.

* If G has a Hamiltonian cycle C, and

we have it as a witness, we can check
that it surely a Hamiltonian cycle.
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5. Computational CompIeX|ty

5.3. Class NP

5.3.1. Representative NP problems

 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

* We can certainly check all possible
permutations of n, that counts
uptonl~nn...
it takes exponential time.

* If G has a Hamiltonian cycle C, and

we have it as a witness, we can check
that it surely a Hamiltonian cycle.
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5. Computational Complexity

5.3. Class NP

5.3.1. Representative NP problems

e SAT, kSAT, ExSAT (Satisfiability)
Input:<F> Fis conjunctive normal form
Question: Any assignments. t. F(a,, a,, ..., 0, ) =17

e If Fis satisfiable by an assignment A, and we have it as
a witness, we can check it in polynomial time by
the same way as the PROP_EVAL.

e We can certainly check all possible assignments of (a4, a,, ..., a,).
The assignments are 27, that takes exponential time.
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5. Computational Complexity

5.3. Class NP
5.3.2. Another aspect of the NP problems

 What does it mean by being an NP set?
* Using g and R satisfying the predicate characterizing an
NP set, we can determine “x&L?” in the following way.

for each W e 259D do
if R(x, w) then accept end-if

end-for;
reject;

If we enumerate and check all possible strings of length at most

g(|x|), we can accept or reject them.
Here note that there are 29(Ixl) (exponentially many) such strings.

We may think that those sets recognizable as above are NP sets.
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5. Computational Complexity
5.3. Class NP

5.3.3. More representative NP problems
* Knapsack Problem (KNAP)

Input: n+1 tuple of natural numbers<a,, a,, ..., a,, b>
Question: Is there a set of indices S & {1, ..., n} s.t. Z . a = b?
le

* Bin Packing Problem (BIN)

Input: n+2 tuple of natural numbers<a,, a,, ..., a,, b, k>

Question: Is there a partition of a set of indices U={1, ..., n}
. -
into U, ..., U, such that Zier a. <b foreachj:

* Vertex Cover Problem (VC)

Input: pair of undirected graph G and natural number k <G, k>
Question: Is there a vertex cover of k vertices over G?

Vertex Cover S contains at least one of u and v for each edge {u,v}.
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5. Computational Complexity
5.4. Class coNP

Definition
A set L is in coNP if and only if its complement belongs to NP,

Theorem
For every set L, the following conditions are equivalent.
(a) L €coNP
(b) The set L can be represented as
L={X:vweX*: |wi<q(|X)[Q(X,W)]}
by using some polynomial g and polynomial-time
computable predicate Q.

[Note] It is nonsense to define coP since it is equal to P.
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem P € E € EXP

We have a proper

] o hierarchy
Proof: Obvious from the definition.
EXP
Theorem P& E G EXP -
Proof: Out of scope in this class... -

(Brief idea: We can use diagonalization
to show a hierarchy theorem that says
TIME(t,(n)) & TIME(t,(n))
for, e.g., t;(n)3=0(t,(n))).
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem
(1)P & NP, P & coNP (.".P & NP n coNP)
(2)NP € EXP, coNP S EXP (.. NP U coNP S EXP)

Proof (Outline):
(1) PENP (P € coNP is similar)
lgnoring the “witness” in the definition of NP,
we immediately obtain the definition of P.
(2) NPSEXP (coNP<EXP is similar)
For the “witness” w of length m, we can check all possible
strings of length m in exponential time.
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP #coNP - P #NP

Note: From (3), proof for NP # co-NP is harder than that for P # NP.
Proof :
(1) NP € coNP = NP = coNP
By assumption, it is sufficient to show that coNP & NP.
We will prove LENP _for any LE coNP.
L € coNP & L € NP (by Definition)
> L € coNP (NP S co-NP) _
<L ENP (Definition and L=L )
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(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP £coNP - P #NP

F: (3)kYNP # co-NP MDEFBAIEP 2 NPDEEEAKY £ EEL LY.
sEBH :
(1) NP & coNP = NP = coNP
RFE LY coNP S NPETREIE KLY,
ZZTHEE®D LECONPIZX LT LENP &R
LECONPSLENP (EELY)
= L € coNP (NP € co-NP)
SLENP (EEEL=L&Y)




5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP #coNP - P #NP

Note: From (3), proof for NP # co-NP is harder than that for P # NP.
Proof: (3) NP # coNP = P # NP

Contraposition: P = NP = NP = coNP

If we assume P=NP, for any L we have
LENP & LEP (P=NP)
& LEP (P=coP)
< LENP (P=NP)
<L (=Z)EcoNP (Definitions of NP/coNP)
.. NP =coNP Q.E.D.
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(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP £coNP - P #NP

E:(3)RYUNP # co-NP DEERFILP = NPOFEBALYBEELLY.
ZIFBH: (3) NP # coNP = P # NP
LITOX{EZ7T : P=NP > NP =coNP
P=NPEIRET HE, EFEDNDES LIZHLTUTERS
LENP © LEP (P=NP)
& LEP (P=coP)
& LENP (P=NP)
& [ (=L)EcoNP (NP/coNPDEE LY)
. NP =coNP Q.E.D.




5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP #coNP - P #NP

We strongly believe that P # NP, and then we have
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(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP #coNP = P #NP
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