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Computational Complexity

e Goal 2:

— How can you show “Difficulty of Problem”

e There are intractable problems even if they are
computable!
— because they require too Many resources (time/space)!
e Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction
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5. Computational Complexity

5.3. Class NP

5.3.1. Representative NP problems

 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

* We can certainly check all possible
permutations of n, that counts
uptonl~nn...
it takes exponential time.

* If G has a Hamiltonian cycle C, and

we have it as a witness, we can check
that it surely a Hamiltonian cycle.
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Note: The Hamiltonian Problem can be solved in O(n?2") time by using
smart algorithm based on “Dynamic Programming” technique

5.3. Class NP

5.3.1. Representative NP problems

 Hamiltonian cycle problem (DHAM)
Input:<G>: a directed graph G
Question: Does G have a Hamiltonian cycle?

* We can certainly check all possible
permutations of n, that counts
up to nl~n"...
it takes exponential time.

* If G has a Hamiltonian cycle C, and
we have it as a witness, we can check
that it surely a Hamiltonian cycle.
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5. Computational Complexity

5.3. Class NP

5.3.1. Representative NP problems

e SAT, kSAT, ExSAT (Satisfiability)
Input:<F> Fis conjunctive normal form
Question: Any assignments. t. F(a,, a,, ..., 0, ) =17

e If Fis satisfiable by an assignment A, and we have it as
a witness, we can check it in polynomial time by
the same way as the PROP_EVAL.

e We can certainly check all possible assignments of (a4, a,, ..., a,).
The assignments are 27, that takes exponential time.
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5. Computational Complexity

5.3. Class NP
5.3.2. Another aspect of the NP problems

 What does it mean by being an NP set?
* Using g and R satisfying the predicate characterizing an
NP set, we can determine “x&L?” in the following way.

for each W e 29 go
if R(x, w) then accept end-if

end-for;
reject;

If we enumerate and check all possible strings of length at most

g(|x|), we can accept or reject them.
Here note that there are 29(Ixl) (exponentially many) such strings.

We may think that those sets recognizable as above are NP sets.
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5. Computational Complexity
5.3. Class NP

5.3.3. More representative NP problems
* Knapsack Problem (KNAP)

Input: n+1 tuple of natural numbers<a,, a,, ..., a,, b>
Question: Is there a set of indices S & {1, ..., n} s.t. Z . a = b?
le

* Bin Packing Problem (BIN)

Input: n+2 tuple of natural numbers<a,, a,, ..., a,, b, k>

Question: Is there a partition of a set of indices U={1, ..., n}
. -
into U, ..., U, such that Zier a. <b foreachj:

* Vertex Cover Problem (VC)

Input: pair of undirected graph G and natural number k <G, k>
Question: Is there a vertex cover of k vertices over G?

Vertex Cover S contains at least one of u and v for each edge {u,v}.
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5. Computational Complexity
5.4. Class coNP

Definition
A set L is in coNP if and only if its complement belongs to NP,

Theorem
For every set L, the following conditions are equivalent.
(a) L €coNP
(b) The set L can be represented as
L={x:VweZ*: [wl<q( x])[Q(x,w)]}
by using some polynomial g and polynomial-time
computable predicate Q.

[Note] It is nonsense to define coP since it is equal to P.
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem P € E € EXP

We have a proper

] o hierarchy
Proof: Obvious from the definition.
EXP
Theorem P& E G EXP -
Proof: Out of scope in this class... -

(Brief idea: We can use diagonalization
to show a hierarchy theorem that says
TIME(t,(n)) & TIME(t,(n))
for, e.g., t;(n)3=0(t,(n))).
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem
(1)P & NP, P & coNP (.".P & NP n coNP)
(2)NP € EXP, coNP S EXP (.. NP U coNP S EXP)

Proof (Outline):
(1) PENP (P € coNP is similar)
lgnoring the “witness” in the definition of NP,
we immediately obtain the definition of P.
(2) NPSEXP (coNP<EXP is similar)
For the “witness” w of length m, we can check all possible
strings of length m in exponential time.
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP #coNP - P #NP

Note: From (3), proof for NP # co-NP is harder than that for P # NP.
Proof :
(1) NP € coNP = NP = coNP
By assumption, it is sufficient to show that coNP & NP.
We will prove LENP _for any LE coNP.
L € coNP & L € NP (by Definition)
> L € coNP (NP S co-NP) _
<L ENP (Definition and L=L )
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP #coNP - P #NP

Note: From (3), proof for NP # co-NP is harder than that for P # NP.
Proof: (3) NP # coNP = P # NP

Contraposition: P = NP = NP = coNP

If we assume P=NP, for any L we have
LENP & LEP (P=NP)
& LEP (P=coP)
< LENP (P=NP)
<L (=Z)EcoNP (Definitions of NP/coNP)
.. NP =coNP Q.E.D.
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP > NP = coNP
(2) coNP & NP > NP = coNP
(3) NP #coNP - P #NP

We strongly believe that P # NP, and then we have
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5. Computational Complexity

e Observation of the classes

Definition: Class P
Set Lisintheclass P <
There exists a poly-time computable predicate R such that
for each x€3", xELSR(x)

Definition: Class NP
Set Lis in the class NP &
There exists a poly g and a poly-time computable predicate R such that
foreachx€i’, xele Iwe " : |w| =q(|x|)[R(x,w)]

Definition: Class coNP
Set L is in the class coNP <
There exists a poly g and a poly-time computable predicate R such that
foreachx€:", xeleVwe 3" : |w| =q(|x]|)[R(x,w)]




S.ETE=NDIEEE
HEBISADEEREBET L

HS5APNDEE
BLBNITAPIZAD ©
DJ\T%%T:T IETH#FEﬁ :d‘%:_f ﬁbLnan\ﬁE
& x EYTXELSR(x)

DS ANPD E
EBLHIZANPIZAS ©
UTZEm-9 2B g ZERFRFTERRERERNFAE:
B x €EFTxELSTWE 3 |w| Zq(|x])[R(x,w)]

2S5 XcoNPDEE
BLNYS5RAcoONPIZASD ©

LT Ziil-9 2IENXqe SIEA KT E R g FBRMTFE:
& x ETTXELSVWE " : |w| =q(|x])[R(x,wW)]




6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Definition

Let A and B be arbitrary sets.

(1) function h: A—>B: polynomial-time reduction
" (a) his a total function from X* onto **

| (b)xeZ*[xe A<>h(X) e B]

_(c) h is polynomial-time computable.

(2) When there is a poly-time reduction from A to B,
we say A is polynomial-time reducible to B.
Then, we denote by ASrF; B

(...within polynomial time, hardness of A = that of B)



6. Z IR\ 5T B R He 4 0D R 4T =

6.1. % TH 7 BSRS;E S AT ARt

e e 3
JE =%

ALBZHREEDNDREGLET S

T
I

ik

(1) B h: A>B NZIEXFEEIEZTTH S

(@) h [FZ DDA DE:
| (b)XxeZ*[xe Ae>h(X) e

HEWTHD
B]

(c) h (FZIEXEFMETERIEETH S.

(2) A Db BADZIEXFHIETINFET HEEF
AlEBAZIEFFFEE T A BETHHELIY,

ASrFr)] B EH <.

(..Z2IHAFEREDEZERINIE, ADHLS= BOHLS)




6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem A<’ B leads to

(1)BEP>AE P

(2) B € NP> A € NP.

(3) B € co-NP > A € coNP.
(4) B € EXP > A € EXP.

Note:class E is exceptional. Generally, BEE - AEE is not true.

Ex.: When we define ONE={1}, for each set L in P we have
L SrF; ONE

if we define h(x) = 1, ifXEL_
0, otherwise
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem A, B, C: arbitrary sets
1A < A
QA< BAB< C >A< C

Definition
A= B A< BABKS A

=" is an equivalence relation.

m
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem
(1) 2SAT <° 3SAT <” SAT < EXSAT
(2) 3SAT = SAT =" EXSAT

Proof
(1) we have some proofs depending on definition:
(a) each instance of 2SAT is also in 3SAT if the
definition is “at most 3 literals in a clause”.
(b) each clause (x V) can be replaced by (xVy Vy).
(c) each clause (x Vy) can be replaced by
(xVyVz)A(xVyVa).

In any case, they are poly-time reduction, and the original
formula is satisfiable iff so is the resulting formula.
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem
(1) 2SAT <° 3SAT <” SAT < EXSAT
(2) 3SAT = SAT =" EXSAT

Proof (Outline)
(2) It is sufficient to show that EXSAT < 3SAT by (1).
Strategy:
For any given F in EXSAT, we construct another F’in 3SAT
such that F is satisfiable iff F’is satisfiable.
To do that, we first construct the computation tree of F,
and construct F’ that represents the computation process
of F.
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT = SAT = ExXSAT

Proof (Outline)

(2) It is sufficient to show that EXSAT <~ 3SAT by (1).
Reduction from ExSAT to 3SAT by an example:

F (X%, %) =1 € %] = [X A X ]V =X,

(1)/\/\ (LV, =V, v =X,
2O (2)V, =[V; > V,]

\\ RBV; =[x, <> X, ]

Y x, (4)V, =X, A X,

(2)
e

(3) <> (4

/

b A
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT = SAT = ExXSAT
Reduction from ExSAT to 3SAT by an example:
F(X, X, %) =[[X © X] = [X AX]]v =X,

1) DV, =V, v —
2) /\/\ ( ) 1 2\/ X3
/_) B (2)\/2 = [Vs _)V4]
B2 @A BV, =[x <> X,]

\/ \ (4)V\:sx21/\x3

X3

F "(X1’ Xy Xs) =U, /\[Ul <_)[U2 V—|X3]]/\[U2 (_)[Us _)U4]]
ANMU; & [ XA U, © [X A XS]]
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT = SAT = ExXSAT

Reduction from ExSAT to 3SAT by an example:
F (%%, %) =Up AlU; © U, v =X ]IAU, < [U, > U, ]]
ANMU; & [ o X]IAU, © [X A XS]]

Then, by constriction, F() is satisfiable iff F”() is satisfiable.
We show F”’() can be represented by an equivalent F’() in 3SAT.

U, & [U,v—=X]=[-U,vU, v-x]A[U;v—U, v-=X]]
=[-U, vU, v=X]A[U, v[=U, AX]]
=[-U, vU, v =x]A[U,v=U,]JA[U, v X ]

=[-U, vU, v-X]A[U,v=U, v=U, AU, v X, v XS]

The other cases are similar, and F’() is in 3SAT.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Definition

For a class C, if a set A satisfies
(a)VLEC[L, Al

the set A is called C-hard (under <, ).
Moreover, if we have

(b) AEC,

then A is called C-complete.

Ex. Examples of NP-complete sets
3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem. For any C-hard (or C-complete) set A,

(1) AEP > CCP CP: CZ P > AZP
(2)AENP > C S NP CP: CZNP > AZNP

(3) AEcoNP = C € coNP CP: Cx coNP > A€ coNP
(4) AEEXP > C SEXP CP: CZEXP > A €EXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B <., A and by the assumption AEP, we have B €P

(2), (3), (4) are similar.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem. For any C-hard (or C-complete) set A,
(1)A€EP>CEP CP: CZ P > A¢P
(2)AENP > C S NP CP: CZNP > AZNP
(3) AEcoNP = C € coNP CP: Cz coNP = A€ coNP
(4) AEEXP > C SEXP CP: CZEXP —> AZEXP

Ex. : Meaning of Theorem for class NP
Let A be NP-complete set.
By the contraposition of Theorem (1) we have
NPzP => A & P
That is, NP-complete sets are NP-sets that cannot
be recognized in polynomial time unless P = NP.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness

6.2.1. Definition and basic propet EXP

NP-complete problems
form the most difficult
problems in the class NP.

Ex. : Meaning of Theorem for class NP
Let A be NP-complete set.
By the contraposition of Theorem (1) we have
NPzP => A & P
That is, NP-complete sets are NP-sets that cannot
be recognized in polynomial time unless P = NP.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem 6.4. A: any C-complete set
For any set B we have
(1) A<” B B is C-hard.
(2) A<, Band BEC - Bis C-complete.

Proof: Once you have an
By definition, vL e C[L <}, A] NP-complete
By Theorem, L<? AAA<? B L<? B | ProblemA,itcan

Therefore, vL e C[L <* B] be used to
measure to the

That is, B is C-hard. other problems
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