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“Complexity” of folding...?

Computation Model:
We have “7 axioms” in origami society
We have “standard operation set”

Al A2. A3, ; \
T - - - - - P : .
N A \..-' - \\ . ! %,
- '| H \
7 -7 —————gm-- : \\
o -~ i :
R R -/ |
- - .________ !
Ao A A6 Hatori’s axiom A7..
oy / .a“'-
o ., — @ - _~
- u A=<
~ 1 , Y ~ S *;.- -
| L - - Hh“‘m‘ P

These 7 axioms can solve

Huzita’s six axioms. quartic equations.
(More powerful than “ruler

and compass” construction)



We may have
another
measure
corresponding
to “space
complexity”

“Complexity” of folding...?

-WWe may measure it by...

1. The number of folding operations
« Natural analogue of “time complexity”

2 Th e n u m be r OfFI@@Rm |mpoiﬁm% olved at the Historical

Society office

Many |aye rS Cal:!\ %ugpe Qheres no usetrvmg she said; "one can't
“FOId|ng paper |npwgﬁl§ tﬁg% "jdaresay you haven't had much

3. The area you needto fold??...

BRITNEY'S FOLDING RECORD STILL HOLDS

The long standing challenge was that a single piece of
paper, no matter the size, cannot be folded in half more
than 7 or 8 times. Recently, reports have been made

that Britney’s paper folding record of folding a piece of

paper in half 12 times has been broken. These current
attemnts thouah laudahle and will eventuallv he




“Complexity” of folding...?
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1. The number of operations

-...corresponds to “time complexity”
My paper:

J. Cardinal, E. D. Demaine, M. L. Demaine, S.
Imahori, T. Ito, M. Kiyomi, S. Langerman, R. Uehara,
and T. Uno: Algorithmic Folding Complexity, Graphs
and Combinatorics, Vol. 27, pp. 341-351, 2011.

The 7th EATCS/LA Presentation Award!




1. The number of operations

Algorithmic Folding Complexity:

+ 1D origam Input: paper strip of length n+1 with M/V assignment
» Creases are .
of the strip
at regular | | |
intervals Question: How many folding operations you need to

make the given creases?

Rules:
Simple folding (flat — flat)
All unfolding at once with no cost!
Each crease remembers the last direction.



1. The number of operations

Algorithmic Folding Complexity:
Rules:
Simple folding (flat — flat)

All unfolding (at once with no cost!)
Each crease remembers the last direction.

Two trivial bounds:

Dragon curves Lower bound: log n operations needed to make n creases.
Upper bound: any pattern can be made by n operations.
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1. The number of operations

Our 3 log? n /2 algorithm for pleats is not so simple... ;-)
Algorithmic Folding Complexity:
Non trivial results:

of it. The algorithm consists of three steps:

Step 0.

Step 1.

Step 2.

Repeat folding at the middle crease k — 3 times. After that, we have the patt
“[wex]” of length 4 on the paper. Then mountain-fold three times and obtain
“[MMM]". Next, unfold the paper and obtain the sequence “4MMM-HVWV-+MMM
+ VWVHMMMAVA- -
In order to pile all patterns “VVW"™ at the same place, repeat folding k — 3
times at the middle crease in the “MMM™ pattern which is the closest one to
the center of the paper. (Note that this step requires k& — 3 foldings: since
the “MMM” pattern closest to the center of the paper is not on the center
exactly. Hence the algorithm first folds & — 4 times, and the last one folding
is done to fix the length to 8.) After that, we have the pattern “[M-+VVV-+ME
of length 8. Then mountain-fold five times at each place with label “v'
“+7, and obtain “[MMMMMMM].™ Unfold the paper and obtain the sequence
VM MMMMMMM MV M- MMMMMMM-- MV VVIEM- -
Repeat Step 1; precisely, (1) pile all patterns “vv- - -v™ at the same place by
repeatedly folding at the middle crease in the pattern “MMM- - -M" that is the
closest to the center, and (2) mountain-fold at each place with label “v" or
“+", and unfold the paper.

Step 1 is repeatedly performed for each § = 2,3,4, ..., k — 2. Finally,
when i = & — 2, the number of consecutive patterns of “v" becomes one, fix
it, and algorithm halts.

* General pattern:

N E

== f)‘:!?i:i

I0=2

MRS VIS5
ESBE~ORKA

For pleats:
Upper bound: O(log? n)
Lower bound: Q(log? n/log log n)

Exceptionally simple pattern. i 1“7

Gap=4
Almost all patterns require Q(n/log n) folds

General algorithm folds any pattern in O(n/log n) folds



1. The number of operations

Algorithmic Folding Complexity:
Future works

Fill the gaps between upper/lower bounds
Different folding model (not ‘simple’ fold model)

How about counting “unfold operations™?
Non-regular creases
2 dimensional (~ “map folding problem™)

[Map Folding Problem]
Given M/V assignment for a map of size n X m, determine if it can be
8 folded into size 1 X 1.
« Poly time if only simple folds are allowed

« Poly time for 2 X n. but it takes O(n®) [Morgan 2012]



2. The number of paper layers

“Crease width”MiE A

2 D @itz 2.1. The number of paper layers at the crease;
 Creases are L . .
* Minimize the total/maximum crease width.
at regular " |
Intervals y papers.

T. Umesato, T. Saitoh, R. Uehara, H. Ito, and Y. Okamoto:

Complexity of the stamp folding problem, Theoretical Computer
Science, Vol. 497, pp. 13-19, 2012.

R. Uehara, On stretch minimization problem on unit strip paper,
CCCG 2010, 2010, pp. 223-226.



2. The number of paper layers

ZELFELEDHIIZ...?

21. BZonf=n\3—VIZEHTHHhYUAIIE...?
« BEZon-IUBNFI—UIZERYFDEZHREE?
« “Stamp folding” [ %&:
The number F(n) of folding ways of strip length n
Better bounds for long standing open problem as
3.06" = F(n) =4"
* My paper:

R. Uehara, Stamp foldings with a given mountain—valley
assignment, in: ORIGAMI®, CRC Press, 2011, pp. 585-597.




2. The number of paper layers

How can we estimate thickness...?

2.1. “Crease width”: Survey of results

* Find the “best” folding way to minimize the maximum
crease width is NP-complete.

* We give a simple FPT algorithm w.r.t. the total crease
width.



2. The number of paper layers

How can we estimate thickness...?

2.1. “Crease width”: Future works
 Better bounds for “stamp folding”
 Better FPT algorithm?

« 2 dimensional extension...?

* Non regular creases...?

In regular creases, all creases are piled on two endpoints, which
makes the problem “local” problem.

2.2. "Non regular creases...”

« Different criteria (we must consider “global” structure)
« WALCOM 2015@Bangladesh (02/26-02/28)!!



Future work

3. The area you need to fold? Other measure?
* We need natural analogue of “space complexity?”
... that have “time-space trade-offs?”

« Many unsolved problems from the viewpoint of
theoretical computer science, namely,

 Algorithms
« Computational complexity.

 Extension to 2-dimension, non-unit creases, some
models of folding ways...



Complexity of Origami folding: Conclusion

Goal would be to answer:
“which is more complex?”

You have to fold g '
simultaneously in 3D! | G
But | can fold it in 10 min yy

without textbook.
You have to fold many times -7 | &

with accuracy! | need more S——
Kawasaki Rose than 40 min to fold with Maekawa Devil
textbook still now!
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