1216 Computational Complexity and Discrete Mathematics Report (1)

2015, Term 1-1
Ryuhei Uehara(Room I67b, uehara@jaist.ac. jp)

Propose(O 0): April 16 (Thu)
Deadline(0 000 ): April 20 (Mon), 12:30pm.

Note(O O ): Do not forget to handwrite your name, student ID, problems, and answers on your report.
(0000000000000 0O0O0DUOO0O0DUODOOoUOooOoOoUoOn)

Answer one of the following three problems in English or in Japanese. (00 000000000000
Ooooooooo)

Problem 1 (5 points): Let X, X5, ... be the Turing machines, and x1, xs, ... are their corresponding
binary string. (That is, a string z; is the binary code of the Turing machine X;.) We denote the
output of X; with a binary input = by X;(z). For two strings x and y, their concatenation is
denoted by z -y (e.g., 000 - 111 = 000111). Let f be the function defined as follows:

fz) =

Xi(x;) - Xi(x;) if X; halts for the input x = z;
0 otherwise

Prove that this function f is not computable. (X7,X0,... 0000000000000, zo,...
00000 200000000(000 ;0000000000 X;02000000000000
000)X;020000 0000000000 Xy(x)00OOODO0O0O0OOOO0OOOODOO 20 y0O
0000000000 z-y0000O0O0O0O000-111=000111000000000000 fO000
000000000000oo0ooooooon)

Problem 2 (5 points): The set N of natural numbers is enumerable. Now, prove that the set 2V of
subsets of N is not enumerable by diagonalization. (000000 NOOOODOOOOOOONDO
000000020000000000000000000000000) (Hint: For S = {1,2,3},

we have 2% = {0, {1}, {2}, {3}, {1,2},{2,3},{1,3},{1,2,3}}.)

Problem 3 (5 points): For any given string x, we denote by lo(z) and oo(z) the indices of z in the
pseudo-lexicographical ordering with length preferred and the usual lexicographical ordering, re-
spectively. For example, we have lo(e) = oo(e) = 1010(0) = 00(0) = 20 lo(1) = 30 and 00(00) = 3.
We also denote by n < oo when a number n is finite. Now, declare if each of the followings is true
or false. If it is false, show a counterexample. In the followings, x denotes a string and n denotes a
positive integer. (000 0000000000000 O00O0OO00 000000 lo(x)D0OD0OO
0000000 2000000 00o(x)D00000O0O00OOOUO lo(e) = 00(e) = 1010(0) = 00(0) = 20
lo(1) =30 00(00) =3 000000000 »n000000000n<o00o00000000000
god00oo0ooo0ooooo0ooo0UooooooooOUooDo0UooDoooooDoOoooDO
x00000n000000O0O0O)

Vean[|z| < oo — lo(z) <n]

[
InVz| |z] < oo —lo(z) < n]
Ve In] |z| < oo — oo

[

x)<mn]
<n

(
InVr | x| < 0o — oo(x) ]



