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Aim:
Learn discrete mathematics

Introduction to Group, Ring, Field, Number
theory

Maybe, one report will be...
Final exam will be on November 28,
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Textbooks and references

English
* A Course in Computational Algebraic Number
Theory, H. Cohen, Springer, 1993.

* A Computational Introduction to Number
Theory and Algebra, V. Shoup, Cambridge, 2008.
http://www.shoup.net/ntb

Japanese
» ITText IFEE+2!)7r, EMFTF, FMEH,
A—L%t, 2003.
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Today’s topic:

* Introduction

* Semi group

* |dentity element, inverse

* Group

* Subgroup, Cyclic group

* Generating from element, order
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Background: Extension of numbers

e ... to solve equation

* It is important to be close under operations
* For example, it is known that equations with coefficients of complex numbers have

their solutions in complex numbers.

__ Complex numbers(C)

—— Real number(R)

— Rational numbers (Q)

—_ Integers(Z)

Irrational numbers

Natural Numbers (N )

10
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c FRAZHI-DICHRDOMRZELITTES:

ERICEALTHALTVWAIENEE

c ERVEFBRBETOIRMAREKIIERBDGEBE THEEIFOENAHMONTNVSD

— BRI

— E#H(R)

— FEH# Q)
— EBR(7)

45 T Hir

BAAE(N)
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Binary relationship

Definition 8.1

* For a given set (7, suppose that a mapping from ¢ X G to G is given. This
mapping is called a binary relation of G. The image of an element (a, b) in
G X G by this mapping is called product of a and b, denoted by a - b or ab.
Then, we say that a binary operation (or just operation for short) is given to
the set G, and denote by (G, -).

Examples of binary operations
* Arithmetic operations (+,-, X,/), set union (I )

Binary relation has an important property; it is closed under binary
operation
o “4 7
* Natural number-+natural number=natural number
* We say that natural numbers are “closed with respect to operation +.”

° o ”

* Integer—integer=integer
* The set of Integers is “closed with respect to (or under) operation —.”

12
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TEF:S8.1
c EECHEREESGC X CHLEADEZENIDEZAONTINSETS. CDE
BECHD_ZIEEELLS. GXGDIL(a, H)DZNEBRIZLDEZFalbDIEL

LY, a- bFEFIFabTRY . Tz, COESHAGITIDDIIRER (HAHLE
BHITHEE)NEZLNTLSELLY, (G, HERT.
“IEEEF
- MAEEOMESLE
TIEEE, EEICEALTCHALTWAELDS EELEEEED
° r-I—J
- BARK+BERM=BEHAR
- BAMIIM+EVSEEIZBELTHELTLSIEWNS
° r—J
o EEHH B — By
o BEFI—ENSEEIZELTEL TS IEWNS
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Overview of Group=Ring=Field

* Field

* Like set of real numbers, arithmetic operations (+,—, X, /) can be defined
over the set.

* Finite field
» Sets consists of discrete and finite elements, and we can define arithmetic
operations.

* In cryptography/coding theories, we need this notion since we cannot deal
with real numbers directly.

* Ring
» Sets without “identity element”, “inverse”, “commutative” for products in the
properties of fields
* Group
» Sets with one operation that satisfies “closed”, “identity element”, “inverse”,
and “associativity”.

* Intuitively, group has + and —, ring has +, —, and X, and field has
+, —, X, and ./, respectively.

14
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- BRABICIE, BHEIMEE, RIIMBERE, KIIMBERRELNERSN
TWAEBEBZBZRDHIENTES

15

124



Semi group

Definition 8.2

* For a set A and operation -, if (4, -) satisfies the following conditions,
itis said a semi group:
* ForanyA3a,b, a-b €A (Thatis, Ais closed under )
e ForanyA>3a,b,c,(a-b)-c=a-(b-c) (associative law)

Exercise

* (Z, +) is a semi group

* ForanyZ 3 a,b,wehavea+ b € Z

* ForanyZ 3 a,b,c,wehave(a+b)+c=a+ (b+c)
* Is (Z, X) asemigroup?

* A semi group is a group if it has an identity element, and every
element has its inverse.

16
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TE 8.2
c EFANER - ITHLTUTZERE-TEE, (4, )TFEEND
« A2 a,bl®LT, a-bed GEEIZELTEHLTLS)
« A3a,b,clZ®LT, (a-b)-c=a-(b-c) (FEEHE)
15!l 28
« (Z, +)ITH 5
« Z3a,blZxLT, a+beZ
e Z3a,b,clZx®LT, (a+b)+c=a+ (b+c)

e (Z, X)IXFEE7

CHBE BATERD, @TOTNETELDERITNS
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ldentity element

Definition 8.3

* An element e in a semi group (4, -) is called an identity element if it
satisfy the following for A 3 Vx

e x=x-e=2X

Exercise

* For a semi group (Z, +), does it have an identity element?
* ItshouldsatisfyZ3Va, [ |+a=a+][ ]=a

* For a semi group (Z, %), does it have an identity element?
e ltshouldsatisfyZ3Va,[ |Xa=aX][ ]=a
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TE 8.3
« A, YDeH, A3 VxITHLTUTER=F &,
e xX=x-e=Xx
151l =8

* (Z, +)F38T, BfmlE?
«Z3ValZxLT, [ J+a=a+][ ]=a
« (Z, X)IF+ET, Bfixmlx?
e Z3ValZxLT, [ [xa=ax][ ]=a
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Unigueness of an identity element

Theorem 8.1
For a semi group (4, ), if A has an identity element e, it is unique.

Proof

Suppose that e, f are elements such that both satisfy ae = a, fa = a for

any a € A. Then, for e, we have fe = f. On the other hand, for f, we have
fe = e. Therefore, we have f = e.

Definition 8.4
* If a semi group (4, -) has the identity element, 4 is called monoid.

Exercise
* Are (Z, +) and (Z, X) monoids?
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BATh—=M%

TFEIES.1
« EE(A, HITHLT, AIZBEfIeNFEITNIE—ENTHS
AR

ce, M, ENENae=qa fa=aZml=9xET S CDEEF, elCEALT,
fe=fO—2A, fIZEALT, fe =ehHYILD. 2T, f =ed¥b.

oo
Ex=8.4
« 334, )IZHATHINFETBHEE, AZE/A1F (monoid) ELVD

15| 28
c (Z, +H)BELV(Z, x)IXFE/AR?

124



Inverse element

Definition 8.5
* For an element u of a monoid (4, -), if an element u’ in A4 satisfies

u-u'=u-u=e
uis a regular elementin 4, and u’ is the inverse element of wu.

Theorem 8.2

* For a regular element u in a monoid (4, -), its inverse element is unique.

Proof

* Suppose that we have two inverse elements u’, u'’ of an element u. Then, by
associative law, we have the following;
u=u-e=u-w-u)=W-uw)-u'" =e-u’" =u"

* For a regular element u of a monoid (4, -), its inverse element is
denoted by u™ 1.
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TE 8.5

« BE/MRA, YDTulZHLT, ADTTU AL FE 1= _

Foir @ JOZUEALL. ADTU DT ERLT C2, u2ADENATHS

TFEIES.2
« B/MF, YDEHTulZX LT, FDHETIE—ENIZEETS
s1F BA
c U, UDEBITUDETTHEHLT D, COLE, BEREZAVDTUTH
BYiLD

u'=u-e=u-w-u)=@W- -w)-u' =e-u’" =u"

s /A4, YDERTTUDFE TEHU I TRY
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Group

Definition 8.6
* For a monoid (4, -), if A 3 Va has its inverse element a™1,
A is called a group.

Definition 8.7 (Axioms of Group)
If a set G and operation - satisfy the following, G is called a group:
(D(Closed under the operation) For any G @ a,b,wehavea-b € G
@ (Associative)Forany G 3 a,b,c, we have (a-b)-c=a-(b-c)
@(Identity element) There is an element e € G such that
e-a=a-e=aforanyG 3 Va
@ (Inverse) For each G 3 Va, there is an element a~1 € G such that
a-al=a'l-a=e
Moreover, G is called commutative group or abelian group if it satisfies
® (commutative) a-b=b-a

* A group is called finite group if it consists of finite elements.

24
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« EF8.6

« E/AR(4, )DA 3 VallLTHita 1ZFDEE, A% E (group) ELAS
« EERS.7(BED )

s EECHEER - ITHLTUTZ@mI-TEE, GEEELD

- DCEHEICEALTHALTWLS)G 3 a,bITRLT, a-bEG

c QUEEEE)G3a,b,cl®LT, (a-b)-c=a-(b-c)

« QELLITTDEFEE)G I ValZxLT, era=a-e = atlibe € GHFIE

c D(HFETDOFE)GOIValZDOWVT, a-al=al a=ettbal e GHEE
c SHIZUTZEMmI=9 &G #HLEE, R=IEXT7—NILEERS

c ®(A[HE)a-b=b-a

s TOEBNERBEORZRRIFELS
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Examples of groups

Exercise 8.1
* (Z, +)is a monoid with the identity element 0
* What is the inverse element of Z 3 Va?
e[ ]+a=a+] ]=0
* Any element in Z is a regular element with respect to addition.
* Is(Z, +)agroup?

Exercise 8.2
* (Z, %) isa monoid with the identity element 1
* What is the inverse element of Z 3 3?
e[ | xX3=3x%x[ |=1
e Z has an element which is not regular with respect to multiplication.
* Is(Z, X)agroup?

26
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5l 2E8.1
« (Z, H)IFE/AF, BfrgtlFo
e Z3VaDiFEolL?
e[ J+a=a+[ ]=0
« ZOAEREDTIIMEIZEALTERTTELES
« (Z, H)ITEE?

{5 2E8.2
e (Z, X)IFE/AF, Bildl
« Z33MFETlL?
e[ |x3=3x[] ]=1
« ZIZIXFEICEHL TR BTG TTh H S
e (Z, X)ILEE
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Non-numerical group (rotation of a triangle)

Definition of elements

* r:rotation equilateral triangle (A) 120° clockwise

* £:rotation A 120° counterclockwise
a :flip along the vertical line
b :flip along the line of 60° passing down-left corner
c:flip along the line of -60° passing down-right corner
e :do nothing

Definition of an operation o
* a o r:operate a after operation r
A

S(Q (S [®
QO (T Q [HF|N |V |D
S(Q |0 |||
Q [O|T|X|0 |]|S
R0 |[T]|Q |Q
|0V |S|Q |0 ||

RV (RIS (Q | |0
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%&u%d)ﬁ(iﬁ FDEIER)ZEZE A5

RDITHETE
e r:IE= ﬁﬁ/?{il 120E BlERSH HIRE
« £ F=ANEEIZ120FE RERSE ik
ca: FETERELTEARMICEERT HIEE
c b ETZ#ERELTEAXMMICEERT HIEE
c c:ATZIERELTEAXFRZRELT DiRE

e: H:EUEL\
,,ﬁi’&
cqor: #zd’ET’éL,'Cb\%?ST“J’Fa’ET%) olel|lr|f|lal|b|c
elel|lr|f|la|b]|c
A

r|lr|f|le|b|c|a

£ | |lel|lr|clal|b

alalcl|b|lel|f|T

b|blal|lc|r|e|®

B C clc|blalf|r]|e
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Check the rotation system is a group

Confirm that G = {e,r,¥,a, b, c} is a group:

* (Closed under the operation)
* |t is clear the table in the previous page.
* However, it is not commutable—it is not an abelian group

 (Associative)
e(roca)eb=ro(aoch)="*
* (An identity element)
* e is an identity element

 (Inverse element)
 The inverse of r is £, the inverse of a is a, etc.

30
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ZAORENETHLI_EETEND S

G ={e,r,t,ab cINBETHLI_LTHERETD
- GEEIZEHLTEALTLNA)
« HIR—DEFRELYBALH,
e 12120, AMEIIRY L= ST —RILE TG
° (l\:l:tléfi)
e (roa)ob=ro(aoch)=L%E
« (BITDFE)
« eNNEITT
e (HITTDFTE)
e TN TTIFL, aDHTTlFa 5E
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Example of proof of group

Exercise 8.3

* Show the set @[ﬁ]*which is obtained by removing 0 from @[\/7] is
a group with respect to multiplication. (Here, we assume that
arithmetic operations over Q are defined in a usual way.)

Proof (outline)
Follow the axioms of group;

M Forany x,y € Q[ﬁ]*, show it is closed under multiplication.
@ Foranyx,y,z € Q[ﬁ]*, show they satisfy associative law.
3 Show there is an identification element.

@ Show there is an inverse for any x € Q[\/f]*
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FETHAHZEDFERAHB

{5l 2E8.3

. Q[V2] A 0BV -EEQ[V2] IEREICBELTRICHAIEETE
(7=2L, QL OmEEEFERSN TS ETB)

AEBA (7 &)
BONEBIZLF- > T
Dx,y € QVZ] IZMLT, TAICBELTHLTWNSILETRT
@x,y,z € Q2| ITHLT, EAEEFBRETHEERT
@ B TDBFEEETT
@D EFEDOTICHTHETDFELEETT
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Example of proof of closeness of operation

Exercise 8.4
* Let S = R\ {—1} and consider an operation defined by

aob =a+ b+ ab. Then prove that “o” is an operation

on S. Here, we suppose that arithmetic operations over R
are defined.

Proof (Outline)
It is sufficient to show thata,b € S > aob € S.

It is equivalenttoa # —1and b # —1 = a o b # —1 since
aESea+*—1

We can show that by contraposition.

124



BEREICEALTHAC TSI EDERBAY

{5l 2E8.4

* S=R\{-1}&LTEHach=a+b+abZEZSD. [ NS LDEHET
HBILETRE (L, REOWEAEENKYIIDET D)

sEBA (5 &1)
ca,beES=>a0beSTHAEEZTEIXLL

ca€ESoa+*—1THALIZTEFETSHE, a#+—1landb#—-1=>ao
b+ —1LRE{E

« MMETERY
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Subgroup (1/2)

Definition 8.8
For a group G, if its subset H itself is a group with the same operation over G,

H is called a subgroup of G. Precisely,

D ForanyH 3 a,b, wehavea-b € H,

@ ForanyH 3 a,b,c,wehave(a-b)-c=a-(b-c),
@) e € H exists, and

@ For any Va € H, its inverse a1 € H exists.

To show a subset being a subgroup, the following theorem is useful;

124



G B (1/2)

— ==
* EF£8.8
c HCOEBREBHIZBEWT, GOFEEZFHD LICHIPRLTERT,
HB B AW #IZEEHEE, HEGDEN 7 E (subgroup) &ELVD, DFEY,
cMDH>23ablxLT,a-beEH
c@H>3ab,clc®LT, (a-b)-c=a-(b-c)
c @e € HWEE
s @DVa e HIZHLT, a ! € HWNFHE

BB THILETRTITIEROEENED
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Subgroup (2/2)

Theorem 8.3 (Decision theorem for subgroup)

Let H be a nonempty subset of a group G. Then H is a subgroup of G if and only
if H satisfies the following two conditions (1) and (2):

(1) VabeH=>a-beEH
(2)VaeH=aleH

Moreover, two conditions (1) and (2) are equivalent to the following single
condition:

(3)ForVa,b € H,wehavea-b ' € H

Proof of equivalence
(=) If H is a subgroup of G, it is clear that for Va,b € H, we havea - b~! € H.
(<) Itis sufficient to show that H satisfies the axioms of group when (3) holds.

(Identity element) Forany H 3 a,a sincea-a~! = e € H, the identity
element of G isin H.
1 _

(Inverse) H 3 e,Va, we havee -a~! = a~! € H. Thus, every element has
its inverse in H [1 We have (2)

(Closed under operation) For any H 3 a, b, since its inverse exists in H, we
have H 3 a,b~tandhencea-(b™1)™' =a-b € H[] Wehave (1)

(Associative) Trivial.

38
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BRoEE (2/2)

T8I (F#HDHIEEE)
BCOETHWVDESZHET S, HN D BETHA=-HDORE+H
EHIE, HOARDOEH () Q)FEHERLTWAIETHS.

(1)VabeH=a-beEH

(2)VaeH=>aleH
SHI2) Q) IF, XOEHEG)ERETH D
(3) Va,b € HIZXLTa-b~t €H

[EI{E D EEER
(=) HNCHOEPETHNIX, Va,b € HIZHLTa- b~ € HIXEASH
(&) BVl &&, HNBEO N BEE-I&xTrEIE L
(BAIomDFE) H3a,alZ20WZWC, a-al=ee HRYBNTTMNFE

(WITTDIFE) H3e,ValZDWWC, eral=ale HKYFEEDTIC

WIENFERE [ (2)EFm=9
GEEIZCEALTHLTWA)H 3 a, b IZLT, BT FERET B1=0HH 3
a, b ITHY, a- (b VD) 1=a-beH O)&im=T

(fa &) BH
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Check subgroups of the group defined by
rotation of A

G ={e,r ¥, a,b,c}has 6 subgroups defined by the following 6
subsets;
{e,r,%,a,b,c}{er ¥} {e a},{e b} {e c} {e}

For example, show that the subset{e, r, £} is a subgroup of G;
eor l=eof=¢
eof l=¢or=r
rof l=ror=¢
roel=roe=r
Poe l=foe="¢
Porl=pol=r

That implies we havea - b~' € H forVa,b € H
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A (ZAROREER) OMTBEZHRNS

G={er?tabcDLTDDODDEHEEIIEDEETHD
{e,r,?,a,b,c},{er ¥} {e a} {e b} {e, c} {e}

BIZIL, E&le,r, IDCHDELEETHAIEETRT
eor l=gof=¢
eof l=¢cor=r
rofl=ror==¢
roel=roe=r
Poe l=pfoe="¢
Porl=pop=r

LLEXY, va,b € HIZXLTa-b~t € HABARKYILD
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Example of a proof of being subgroup

Definition 8.9

Let e be the identification of a group G. Then we define as follows for any
element a and integer n.

a"=a--am>0),a"=emn=0), a* = (a )"l (n <0)

Exercise 8.5
Let a be a rational number not equal to 0. Then show that the set H =
{a™|n € Z} is a subgroup of Q*, which is the multiplicative group

formed by non-zero rational numbers. (Here we assume that
arithmetic operations over Z are defined.)

Proof (OQutline)

We use subgroup decision theorem.
First confirm H # ¢.

(1)Showx,y € H=>x-y€H
(2)Showx e H =>x"1 € H

By (1) and (2), H is a subgroup of the multiplicative group Q*
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MR THAZED LRS!

=

E#8.9
FHCOHEGMNITTZeL,THEE, CGDEEDTaLEBEHNIZTOWVWT, XROLOHIZEET S

a=a--a(n>0), a =e (n=0), a® = (aH" (n < 0)

{5 288.5

aZOTHWEEHETD. ZDEE, £68H = {a"|n € ZHIOTHWLWEEBHNDDLS
FEBHQDENEBTHALERE (=L, ZEOWALEEARKYILIDET D)

sIERR (73 %1)
HAEFDHEEEZTMES
H+ ¢ &WHET D
(Dx,y€EH>x-y€EHZTRYT
(2)x€H=>x"'eH%ETRY
FEE() Q) &KY, HEFEEFHQ DN EHTHS
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Generation of group

* For the rotations of a A, consider a set H = {r}, which is not a subgroup
* We generate a subgroup from this set.

* It is sufficient to add elements to satisfy the subgroup decision theorem
e Since H does not contain an inverse element € of r;

thus add £ >{r, £}
* To be closed under the operation, from rof =e¢, adde > {e, 1, ¥}

* Now we obtain a subgroup {e,r, £} of G.

44
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FEDERIZDOINT

s ZAKDOEEIZEWT, MAHETLEWESH = {r1z&A5

c CDEENEAEFZEMLTHS

c BN BDHIEEEZT®BI=T LOITTZEMT NIEKLY

s HIZIZrD TN EENTUWNED T, MRS >{r, ¢}
EEICEALTHILTWASEOIZIK, rof =el&VYeZEMMAS Sfe, 1, £}
« LUEIZKY, GOEN DB e, r, 3D LEMND
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Definition of order and cyclic group

Definition 8.10 (order of group)
The order of a group G is defined by the number of elements in G, and denoted by
|G|. If G contains infinitely many elements, we define as |G| = oo.

Definition 8.11 (order of an element)
Let G be a group with an identity element e. For an element a in G, the minimum
positive integer n with a™ = e (if it exists) is called the order of a. If such an integer
does not exist, the order of a is infinite.

Definition 8.12 (cyclic group)

If every element in a group G is a power of an element a in G, G is said to be a cyclic
group generated by a, and the element a is called generator. That is,

G :cyclic group < Ja € G,G = {(a)

* A cyclic group is a commutative group.

* Finite cyclic group
* The element a will return to the identity element after applying operation in a finite
number.

46
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GIEEKEIEFDER

« EF8.10(FFDHLEN)

. ng_%ﬁ?‘%i@ﬁl%ﬂ%G0)1&%51&““, IGITRY. GHAERKDESF|G| = o

« £&8.11(FTtDIN)
« BAItZel T DGO ITalZHLT, a" = eEBHRIER/NDIEEHnE (E0
MBHHEEL)aDELEELLY, ZDEOTEHMALGENES, aDEITEEELD.

« BF8.12 (K@ EE)
c HCDIRTODTIENCDHATTaD BEIZLEOTUNSEE, GlEaTERSIN =K ]
HTHAHEVL, aZZDERITTEND. Tahb,
G: B < Ja € G, G = {a)
« EIBEII AT EFETH D

- AR 2%
- e AENERLORTEATIIRS
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Example

Order

* Foranelementi, let G = {1,i,i%, i3} be a multiplicative group. Then, what the
orders of G 2 i,i%?

* What the order of (1)?
* Can i? be a generator of G?

Cyclic group
* The group (1) of natural numbers with respect to + is a cyclic group
* The group (i) of complex numbers with respect to X is a cyclic group

124



{5
- {38k

« iI[TXLTG ={1,i,i%, 3 }aTEHEEZRD. G, DL
« (1)DRIEKIE ?
c PIICDERTELGENDI?

« {21 8%
« BRO+ICET DB I [EF
« ERBOXIZET DB () K EIEF

124



Theorem for cyclic group

Theorem 8.4

Let a be an element in G. Then the subset (a) = {a"|n € Z} of G that
contains all powers of a is a subgroup of the group G. (This {a) is called a
cyclic subgroup of G.)

(Proof)

By the decision theorem for subgroup, we show that {(a) is a subgroup of G.
@D Show x,y € (a) = xy € {(a)

x=am™y=a"(@m,n€Z)

xy = a™a™ = a™™" € (a)
@ Show x € (a) = x~! € (a)

x=a"*(3An €Z)

xt1=(@) t=a"€(a)

By D@, {(a) is a subgroup of G.
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KEEFCREET D EE

TIE8.4

BCOTaDBEEFDEENSEECDERES (a) = {a®
NS Ser b RN e

(FEFA)
HAHEEDOFEEEZRAT, () CHENHETHALETTRT
Dx,y € (a) = xy € (a) THAHEZTYT
ex=amy=a"(Am,n €Z)
e xy =a™a™ = a™" € (a)
@x €(a) = x"1 €(a)THAIEZETRT
ex =a" (3An € Z)
ex =@ 1=a"€(a)

D&Y, (A)FXCHEHETHD
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Exercise (8)

(1) HIRE8.AIZEUNT, (S, )W EETHAH_ LA Rt (Prove that
(S, o) is agroup in Example 8.4.)

« EEICEALTHALCTWAZEIEEEBALZEK T KLY (Not need to prove

“Closure”)

(2) GEREE, kEEDBHLETHEE, ¢ = (xF e Glx € G}
CDERNFETH A EH R (Let G be an Abelian group and k be a
positive integer. Prove that G¥) = {x* € G|x € G} is a subgroup of
G.)

o f=12L, GHOR[BREDEE, GOEED ITa, bIZDWVT(a-b)* = a™ - BN
LT A EEFALTEL (Youcanuse (a-b)* =a™ - b™fora, b € G
when G is an Abelian group.)
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